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P  R  E  F  ACE. 


THE  fiiljeS0f  the  f^Uawing  lmthh\ffA 
bra,  afcieme  ef  wtiverfid  MJt.  i>r  ifmjlii^ 
tbmaiks.  I$i  iujinefs  mti  ufk  is  ^  fih^ 
difficult  froUims^  to  find  out  ruks  ami  iiifcrmi  Hk 
^  Mjr  ps  riicuUfr^  bramh  ^  fnence  %  to  dtfcovr  tkffto^ 
^  parties  ^/usk  fuantities  as  are  ean(»Mi  in  Oit^^A^ 
^tS  we  have  a  mndtp  eei^fider.  M  pMe^femm^ 
^ibefe  two  fundamental  branches^  Aritomctic  and 
k  GeooMCry^  but  is  vafily  Juperkr  im  itahane  /»  idtb^ 
as  it  emf4ifi  qu^iM  ptiie  hrf$nd  the  reaek  ef  §i^ 
tier  4f  them. 

This  is  an  art  U^fiMiwu^  and  rf  am  ifkiAMlMh 
eutent^fcrif  the  eanditiaas  of  a  p^km  ie  m^n^  Jff^ 
£00/^^  and  though  the  fuantities  eememnd  dn^  ni^e^- 
fo  much  entangled  with  one  another^  yet  the  jUgebraif^ 
can  find  means  to  dijfolve  and  feparate  them  \    or  if 
they,  he  e^erfa  remote^    his  art  can  ftcndfii  him  iMb 
methods  to  iring  them  t^her  and  connate  thm.    R 
is  true^  he  is  often  obliged  to  traverfe  hf  tl/a^Of  rdknd^ 
about  woffSt  to  get  the  relation  of  the  fuauMfes  (eih 
cerued ;  yet  iy.  certain  rides  be  son  furfui^tbe  cottf^l^ 
tion  of  UsproUem  through.'^  ibefe  intreoeOfo  tmf^kin^ 
asid  windings  \  and  iyhisJUH  iaid  (mtit^  /an  hfaSit . 
it  through  all  thefe  labyrinths^    till  be  arrives  fafefy 
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at  tbt  end  of  the  cbace^  viz.  the  fgluHim  of  the  pro- 

"  The  meut  of  tkb  curious  art  is  fa  greaS  that  it 
has  gained  the  titU  of  Uiii?erfal  Mathematics ;  and 
is  caOidfy  way  ofomnence^  The  Great  Art;  and  has 
been  efieemed  the  very  aftexpf  bumoB  reafon.  Jt  is  alfy 
eaUedSpcdom  Arithmetic,  tJniverfal  Arithmetic, 
The  Aiialytic  Art*  The  Art  of  Refolution  and 
Equa^Q  i[  ^b  a  view  iafome  or  otbarjof  iirfro- 
feUiee  or  aperutions.    * 

The  nature  of  ibis  excellent  art  isfucb^  that  it  may 
i^'afpUi4,to\afQ  fubjeOy  provided  the  prinmples  of 
tbatfubjtSt^  it  is  applied  to^  be  nnderfioad.'  Its  great 
ktautj  is^-^tbat  it  deals  in  generals.  For  wbilft  other 
t$anebes  go  no  farther  thate  their  £mn  pariiiular 
fiehje&^  xmd  can  only  find  folutions  in  particular  tafes ; 
ibis  art  finds  oiut  general  folutions^  general  ruteiy  f  I- 
neral  theirems^  and generalmtbods* 

Tnn. noble  fdence  has  alfo  this  peculiar  pnper^^ 
that  it  not  only  inveftigates^  rules  in  aMtbe^tberparts^- 
of  the  Mathematics  \  but  by  the  moft  fubtle  art  and  in* 
vention^  it  finds  out  its  own  rulesi  models  tbeni  ac- 
^dieig  to  asey  Jorm^  and  varks  obem.  at\fkafitNii  fb 
af\  t^.j^ftfwer  suff  end  propofiuL  Jt  .would  ie  m^  wkfi 
to  4$t/fntf^  ta  enumerate  all  the  ufeleftbismbmriKt^ 

,By  m^nF  ufe  of  letters  infiead^numheps^i^bks 
^nn  gr/flt.  awantage  above  arithmetic^  Yiz^ykat^tn 
tbi  Jkveral  operations  of  aritbmeticj  the  numbers  "009 
le^^/wol^kwod  upland  ebanged. into  ot^ir^  bat 
bet^  tb^  are  prefervad  d^nSt^  viftble^  and  Uuobimg^ 
ed.  By  ioHek^  means  general  rules  are  dsi^n  fiwk, 
pstrticitlm^ftfMons^  to  anfwer^Ul  cafes  of  Uke  namre%^ 
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.     Tho  P  R  E  F  A  C  E.  -r 

Bv  belf  of  algtbrnic  cbaraSers^  geomciricat  Jk^ 
wwnfirations  are  oftm  rendered  mere  fitort^  comf^ndi- 
€us^  and  clear.  So  that  iy  ibUmans  we  anj6td  th 
tedioumfs  of  a  long  verbal  profefs^  wbkb^  f^HkMOfe 
me  Jbould  necefforily  be  iwuohod  in ;  0td  wbkk  iieUr 
fails  io  darken  and  obfewre  fbe  fubje^.  '  ^ 

It  isJUgbly  frobaUi  tbe  anem^s-mad^  ^feofime 
art  of  anakifii^  whereby^  ibey  found  out  tbeir-io^ 
Sbeories. .  For  it  is  bardly  foffiblefo  tfmnyfiv^  iberenis 
in  Geometry^  fhould  be  groped  out  or  ftumbled  on^  wtb^ 
out  fomefucb  method.  But  as  it  was  then  on^in  its 
infancy y  it  mufi  have  been  far  Jhort  of  tbe  petfeSliM 
vo  have  it  in  at  prefent. 
•  >      •   «  • 

As  to  the  Reader*s  qualifications^  it  is  abfautefy  tie- 
aeffary  that  be  underhand  Arithmetic  and  Geofietry^  as 
the  keys  to  all  tbe  refi.  And  it  is  alfo  necejary  that 
be  underjland  tbe  principks  of  every  branch  of  fcience^ 
io  which  he  would  apply  algebraic  calculations ;  other- 
mft  it  would  be  in  vain  to  attempt  the  fo lotion  of  any 
froklooK  ibereini  by  the  help  of  Algebra. 


'  Tmih  oks  ta  the  method  I  have  foUo^ed^  it  it  thh. 
J  have  gathered  "t&gether  the  mqft  valuible  rules  and 
pracepts^  whieh  Be  fca tiered  up  and  drum  in  oU  tht 
Jhfi  bobks  of  J^febrd  \  and  what  was  Heficient^  I  have 
fuppUed  as  well  as  1  could.  Then  I  have  thrown  aft 
thefe  precepts  and  rules  of  workings  into  fo  many  pro- 
Umt  \  which  I  have  reduced  info,  atfhert  a  compafs^ 
.eend  enpr^ed  in  as  plain  terms  as  po^te^  fo  as  ih'^y 
weft  bo  ekar  and  intell^ble.  And  the  ntethod  Tbave 
Uken  Ifuppofewill  appear  to  be  i^yimpk-atut  eafy^ 
eoftd  wOl  readily  be  apprehended  by  'fitch^  pei^li^i^  Bitvie 
^oteademiftifionand  difficulty  in  other  methwls:!  I  bt* 
Ueve  I  have  omitted  nothing  that  iyfkndamcntaT%  hn3 
ST  ^^  thing  of  lefs  moment  is  pajfed  by^  it  is  either 
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lecauft  it  is  of  little  ufe^  or  is  fupplied  hy  {onu  other 
^thfod  or  rule.  And  dt  the  rules  mud  problems  are 
«r  fucb  order,  that  the  eufieU  appear  fir  ft ^  and  Wad 
^  ta  the  harder^  wbieb  follow  in  due  tour  ft  after -^ 
iSards:  tbefe  make  up  tbefitft  book.  And  the  feeond 
kok^  contains  the  application  rf  Algebra  to  all  forts  of 
problems ^  of  wbiek  thePo  is  great  variety^  and  many, 
of  them  perfeBly  new  \  others  that  are  not  foy  have 
tenratfy  new  folutiotts  fo'  them.  So  I  hope  I  have 
delivered  both  the  pritkipks  and  the  praHice  at  krge^ 
^d  yet  iMve  not  clogged  the  Reader  with  anyfuper^ 
JUtyy 
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ALGEBRA. 


DEFINITIONS. 

r.  v§L  G  E^RjI  IS  a  general  method  of  com- 
•^^  puting  Problems,  by  help  of  the  letters  of 
.  th^ '^Iptiabet;,;  and  other,  chara&ers.  It  is 
of  the  fame  nature  as  Arithmetic,  but  more  gene- 
ral, and  therefore  it  is  called  Univerfal  ArithmetiCy 
as  likevrlfe  the  4nalyiic  Aft.  The  peculiar  pradice 
of  this  method  isV  to  ailume  the  quantity  fought  as 
if  it  was  kno^yn^  and  •proceeding  to  work  by  the 
rules  of  this  art,,  till  at  laft  the  quantity  fought,  or 
fomc  powers  thereof,  is  found  equal  to  feme  given 
quantity,  and  confequently  itfelf  becomes  known. 

2.  Like  quMtiiies^  are  thofe  that  confid  of  the 
lame  letters.-,  as  a^  4^,  — ^a.  Alfo  bb^  ^bb^ 
—11^^;  alfo  2abc^  iS^bc^  — abc  \  &c. 

3.  Unlike  qt^antiiiesj  are  thofe  con  lifting  of  dif- 
ferent letters,  or  of  the  fame  letters,  differenilv  re- 
peated.    As4,  ^,2r,  — 3^/.     Alfo  ^,  2^n,  -^gaaa. 

4.  Given  quantities^  are  thofe  whofe  values  are 
known. 

5.  Unknown  quantities^  are  thofe  whofe  values 
are  not  known. 

.6.  Simple  quantities^  are  thofe  confifting  of  one 
term  only;  as  5^,   ^a^c^  i^^dcc^  &c. 

7.  ComfoHnd  quantities y  are  thofe  confifting  of  fe- 
deral terms,  as  a+b^  la — 3^,  a+Qb-^^$d^  &c. 

B  8.  Pq/}tive 


2  DEFINITIONS. 

8.  Pqfitive  quantUies^  are  thofe  to  be  added, 

9.  Negative  quantities^  are  thofe  to  be  fub- 
tr  acted. 

jo^  Like  Jignsj  arc  either  all  +,  or  all  — ,  (Sec 
the  Charadlcrs.) 

ii..Unlike  Jtgns  are  +  and  — . 

12.  The  Coefficient^  is  the  number  prefixed  to  any 
letter  or  letters  in  any  term.  As  3  is  the  coeffici- 
ent of  2^a.  If  no  number  be  prefixed,  then  i 
mud  be  underftood,  as  ^  ^fignifies  laa. 
.  13.  yf  Binomial  quantity ^  is  one  confifting^/'/a;^ 
termsy  as  2  <?  +  3  ^.     A  Trinomial  of  3  terms,  as 

a  ^  b  —  c.  A  ^adrinomial  of  four,  £5?r.  A 
Rejidual  is  a  binomial,  where  one  of  the  quantities 
is  negative. 

14.  Power  of  a  quantity,  is  its  fquare  cube,  bi- 
quadrate,  i^c. 

15.  An  Equation^  is  the  mutual  comparing  of 
one  thing  with  another,  by  the  fign  of  equality  put 
between  them. 

16.  A  dependent  Equation^  is  an  equation  which 
may  be  deduced  from  fome  others. 

17.  An  independent  Equation^  is  one  that  cannot, 
by  any  means,  be  produced  from  the  others. 

18.  Pure  Equation^  is  an  equation  containing  but 
one  power  of  the  unknown  quantity,  as  a  fimple 
Equation^  zpure  ^adratiCy  etpureCuHc^  &c. 

19.  An  affetJed  Equation^  is  that  which  contains 
feveral  powers  of  the  unknown  quantity ;  and  is  de- 
nonfinated  according  to  the  higheft  power  in  it;  as 
an  affeSled  Sluadratic\  znaffeSled  Cubic  \  an  affe£led 
fourth  Power^  &c.  Thus  a  fimple  equation  con- 
tains only  the  fimple  quantity  itfelf.  A  quadra- 
tic, a  quantity  of  2  dimenfions  ;  a  cubic,  a  quan- 
tity of  3  dimenfions  \  a  biquadratic,  of  4  dimen- 
fions, Qc 

20.  Index  or  Exponent^  is  the  number  fet  over 
a  letter  (hewing   what  power  it  is :  as  ^i^  j  here  3 

fliews 


DEFINITIONS.  3 

fhews  It  is  the  third  power;  or  'that  a^  is  cquiva- 
lenc  to  a  a  a.  And  thus  a^.  is  the  fame  as  aaaa', 
a^  the  fame  as  aaaaa^  &c.  the  index  always 
ifaewing  how  oft  the  letter  is  repeated. 

21.  A  FraSiony  confifts  of  two  quantities  placed 
one    above   another,    with  a  line  between  them, 

as  -T->   the  upper  i^d)  is  called  the  numerator y  the 

lower  {b)  the  denominaicr. 

^^.  A  Surdf  is  a  quantity  that  has  not  a  proper 
root,  as   fquare    root  of  a  (\/tf),    cube  root  of 

a  [y/bb)^  &c.  roots  of  compound  quantities  that 
contain  other  furds  are  called,  Univerfal  Surds. 

23.  A  rational  quantity^  is  a  quantity  that  has  no 
radical  (ign. 

CbaraSers  ufsd  in  Algebra. 

more,  to  be  addedy  being  the  fign  of  ad- 
dition. This  is  called  an  affirmative 
fign.  Thus  a  '\'b  fignifies'  b  added 
to  a. 

Jefs^  'abating^  the  fign  of  fubtraftion. 
This  is  alfo  called  a  negative  fign. 
Thus  a  —  by  fignifies  b  fubtrafted 
from  a. 

Thcfe  figns  always  afFedil  the  quan- 
tity following;  and  are  always  to  be 
interpreted  in  a  contrajy  fignification. 
If  4-  fignifies  upward^  forward,  gain^ 
increafej  above^  before^  addition^  &c. 
then  —  is  to  be  interpreted  down- 
w^trd^  backward^  lofsy  decreafe^  below, 
behind^  fubtraSlion,  Sec.  And  if  +  be 
be  underftood  of  thcfe,  then  —  is  to 
be  interpreted  of  the  contrary. 

B  2  CO    dif' 


4  '      CHARACTERS. 

CO       iiffertnce  ^  ^s  a  (O  k^    fignifies  the  differ- 

.     .  J    cnce  be.tvyeen  a  and  ^. 

X      muUiplied  by  \  zs  aX  if  fignifies  a   mul- 

•     tiplied  by  b.     Likewife-  a  b^    fignifies 

a  multiplied  by  b.     All  letters  joined 

together  fignifies  a  multiplication.  For 

brevity's  fake  points  are   often    ufed 

inftead  of  x,  as  n  . . ,    fig- 

^  3 

nifies  n  x  -^  X  — r-. 
-rr     divided  by^  2l%  a  -r-  h^  fignifies  a  divided 

by  b^    and  -;  fignifies  the  fame. 

=       equal  to^  as  a  +b  zz,  idy  fignifies  a  and 

b  equal  to  2d.  . 

c"      greater  than^    as    ^  c~  ^,    is   ^i  greater 

than  b. 
c       /(^  /i&^ir,  as  tf  c  ^,  is  i7  lefs  than  ^. 

y/      a  root^  as  v/^,  is  fquare  root  of  a.  l/a^ 

cube  root  oia.    ^/a^  fourth  root  of  ^, 
&c.  it  is  called  a  Radical  Sign.  - 
@»     involved  to^    as  (^2,    involved  to  the 
fquare  ^    ^3  involved  to  the  cube» 

toi      extraSed.   Iw  2,  fquare  root.  lu;  3,  cube 
^^^_^      root,  £sf^. 

tf+^+r,  a  liney  or  vinculum^  drawn  over  feveral 

quantities  a^  by  r,  denotes  them  to  be 
efteemed  a  compound  quantity. 

EXPLANATION. 

aa^^bb+^ed.  fignifies  b b  fubtrafted   from 
aaj  and   ^  r  J  added. 

a  a  —  1/1/  —  cd — dd,  fignifies,  that  r  r — dd  h 
fubtrafted  from  a  a  —  bb. 

aa  +  2  ab 


EXPLANATION. 


aa  -^  za  b  ^  rr  —  s s^  fignifies  the  difference 
between  ^  ^  +  2  ^  ^  and  r  r  — s  s. 

^^hcc  fignifies  the  produ6t  of  a  and  b  and  c c. 

a  +  b'Xaa^  fignifies  the  fum  oi  a  -{-  b  multi- 
pKed   hy  aa. 

a  +  bxaa^  fignifies  the  produft  of  b  into  a  a 
is  to  be  added  to  ^.  . 


a  a  —  2a  b  ,  fignifies  the  fquare  of  the  com* 
pound  quantity  a  a  —  2  a  b. 

\/ b  b  +CC  fignifies  the  fquare  root  of  b  b  +  cc 

y/  2ab  —  ccy  fignifies  the  cube  root  of  2ab — cc. 

aa  , 

^~^i  fignifies  a  a  divided  by  a  —  b. 

*J:  i^vJL/ia  "8**'^^^  '^^ fquare  root  of  a'  d\' 

▼ided  by  xx  —  a  a. 

a^b^  fignifies  aaaxhb^  or  the  cube  of  a  mul- 
tiplied by  the  fquafe  of  ^.  .     .     ^     > 

gax'^x  X  \rg  a Xy  fignifieis  th^  /quare  root  of 
^ax  multiplied  by  ^a x^-x  x\  and  to  6f  others. * 

Quantities  that  have  ho  fign  prefixed,  muft  be 
underftood  to  have  the  fign  +5  leading  g[uantities 
feldom  have  the  fijgns  put  down,  when' tney  are  af- 
firmative.        '  \     '  /        • 

If  A  B  and  C  P  be  two  lines ;  then  A  B  xC  D, 
in  a  geometrical  fenfe,  fignifies  the  re<flan|;lfe'  made 
by  the  lines  AB  and  CD. 

Alfb  p^,  fignifies  the  ratio  that  A  B  has  to 

^1  O  T  A  T  I  O  N. 

I.  In  the  computation  of  problems,  putthefirft 
letters  of  the  alphabet,  b^  f,  dy  /,  g,  h^  &c.  for' 
known  quantities,  and  the  laft  letters  of  the  alpha- 
bet for  unknown  ones.     Yet  feme  put  vowels  for 

B  3  unknown 
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unknown  quantities,  and  the  reft  of  the  alphabet 
for  known  ones. 

2.  For  general  forms,  piit  the  capitals  A,  B,  C, 
D,  t?r.  for  the  general  quantities. 

3.  Or  in  univcrfal  forms,  let  the  quantities  be 
denoted  by  the  Greek  capitals,  r,  A,  Z,  0,  A,  n,  2, 
T,  $,  ^,  12,  and  indices,  coefficients,  &?r.  by  the 
fmall  letters,  J",  £,  tj,  6,  a,  p,  v,  tt,  t,  ^. 

4.  In  cafe  of  neceffity,  make  ufe  of  any  other  fort 
of  letters,  or  of  any  charafters,  that  have  names^ 
as  t,it,  <?,G,   ?,    5,   D,   b,a,  4^,x,  &c» 

AXIOMS. 

1.  If  equal  quantities  be  added  to  equal  quanti- 
ties, the  fums  will  be  equal. 

2.  If  equal  quantities  be  taken  from  equal  quan- 
tities, the  remainders  will  be  equal. 

3.  If  equal  quantities  be  multiplied  by  equal 
quantities,  the  products  will  be  equal. 

4.  If  equal  quantities  be  divided  by  equal  quan- 
tics,  the  quotients  will  be  equal. 

5.  The  equal  powers  or  roots  of  equal  quantities, 
are  equal. 

6.  If  to  or  from  equal  quantities,  unequal  ones 
be  added  or  fubtrafted  ;  the  fums  or  remainders 
will  be  unequal. 

7.  If  equal  quantities  be  multiplied  or  divided 
by  unequal  quantities  ;  the  produfts  or  quotients 
will  be  unequal. 

8.  Quantities  feverally  equal  to  a  third,  arc 
equal  to  one  another. 

9.  The  whole  is  equal  to  all  the  parts  taken  to- 
gether. 

JO.  If  a  quantity  be  addec^  and  the  fame  quan- 
tity fubtraded,  they  deftroy  one  another,  and  arc 
both  reduced  to  nothing. 


BOOK 
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BOOK      I. 

The  fundamental  Principles  of  Algebra. 

SECT.    I. 
*The  primary  Operatiom  of  Algebra  in  Integers. 

PROBLEM    I. 

To  add  fever al  Quantities  together. 

I    RULE. 

F  the  quantities  are  like  and  have  like  figns ; 
add  all  the  coefficients  together,  for  the  coef- 
ficient to  that  quantity,  and  predx  the  fatpe  Ggn, 

Ex.   I. 

to  +  5^  to— i6ij^  to  +  4  a  —  3x 

add  +  ya  add  —  5  ah  add  +  5a  —     x 

■  add  —  2a  b  add  +  a  —  gx 

Sum  +12  a  — 


I 


2iab     Sum+io  tf  —  9* 


Ex.  2, 

to  +   135^^*  —  202  xxy^ 

add   +     ijaib  —  1^5  xxy* 

+       3  abb  —     ly  X  X y 

4.  abb  — 

—  3^4  X  xy^ 


; 


Sum  +   issabb 

2    R  U  L  E. 

If  like  quantities  with  unlike  figns  ;  add  all  the 
affirmative  coefficients,  into  one  fum  5  and  all  the 

B  4  nega- 
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negative  ones  into  another ;  fubtraft  the  lefler  fum 
from  the  greater,  and  to  the  ditference  prefix  the 
fign  of  the  greater,  with  the  proper  quantity. 

Ex.  3. 

to+6a  —  iS  d  ^  a  —  y  b 

add  —  2  a        ;+    ^  d  '-^  3  a  +  8  b 


Sum   +  ?  ^  —  13^  o     +    ^ 

■   ■  ■  ^  11  ■  ■'>  '"■  J—  ,    ^  ■  , .fc  I  ■   11^   >  V         ^y 

w 

Em.  4. 

— :  126  ab  +  34  ^'jy 

+         a  b  —        xy 

+    gg  ab  +92  xy 

+  too  a  b  +126  «*jr 

Sum  -eiab  -  y^  ""'9 


+'  so  xy 


Ex.  5, 


—  ^, 

—  2^/«  —  g  b  cd  +  ^fi//  +  2  tf 
+  y  aa  — 20  ^ r^T— '1/ ^  +  5  ^ 
+  3  ^  ^  +  4  ^  ^^ 

Sum    +8/7^  — 25  i  f  ^/  +  7  ^ 

3.  RULE^r, 

Set  down  all  the  unlike  quan^iti^s  with  thdr  pro- 
per figns. 

Ex.  6. 

+  2  a 

+  3  ^ 
—      c 

+      d 


Sum    za  +  2  b  —  c  +  d 

Ex. 


Sea.  I.  A  D  p  I  T  I  O  N,  9 

B^x.  7. 
+  iZ^(L  —  z  a 

-*-      idd  +  6  d 

Sum  +   13  tf^  —  4i3^4-ir— 2^^4-6^. 

'  . .    ■  " 

'Ex.  8. 

2ee  +  sef  —   ff+  17 
—  3  *  f  +  5  f  /  +  2// —  " 


The  reafon'of  this  rule  is  evident  for  like  figns ; 
and  in  unlike  figns,  i^  follows  frpm  the  nature  of 
affirmative  and '  ncgsRivc  miantiries,  that  the'  diffe- 
rence ought  to  be  taken,  to  make  up  the  total.  As 
iF  a  man  owes  ibL  then  jo  /.  ought  to  be  deduc- 
ed ffoiti  his  ilock  cafind  hk  reai  worth. 

Cor.  r.  ti^Ben  Jevefal  quantifies  are  Iq  be  added  t(h 
geibeTj  it  is  the  fame  things  in  whatever  order  they 
are  placed. 

Thus  ^  +  ^  —  c  r:^— r  +  ^rz  —  r  +  tf  +  i 
=  ^  +  <J-r-/,  &c.  /or  all  thefe  are  the  fame. 

Cor.  2.  H^AC  the  fum  of  atrf  nun^er  cf  affirmative 
quantities^  is  affirmative  \  and  the  f urn  of  any  numb^ 
of  negative  quart ti ties y  is  negative. 

P  R  O  B  L  «E  M    11. 

TofiAtraSl  quantities  from  one  another. 

RULE. 

Change  the  ifigns^  alLthejquamicie^  to  be  fpb* 
traded  5  and.th^  add  them. all  together  by  Prob.  I. 
and  their  fum  will  be  the  remainder  fought. 

Ex* 
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Ex.  i. 
4-  8fl                i6b                    —  IK- 
+  ?»            —  5^                      +    ic 

Rem.  8tf — 3«        16^+5^        .^nc^^c 
or         5  a                 or  21 A     ,          or--=-i4f 

t 

—  20 

—  6 

or 

20+  6 
~  14 

£;c.  2. 

from        6tf  —  3^?  +  ^^— '7 
take  +  8tf  +  4Ar-|-6jK4.5 

Rem.  — ^  2  tf  —  7^  +  0  — 12 

£x.  3. 

from  tf  +  3  tf  +  ^ 

take  a  —  l(        .^  a  +  i 


Rem.'+  lb  z  a 

« 

Ex.  4. 

from    a  a  -{-  2ab  -{-  b  b 
take         +  4  ii  ^ 

Rem.  aa  —  2  a  b  +  bb 

Ex.  5. 

from  aa—'bb 
take  r  r  —  dd 


Rem,  ^tf  —  ^  ^ — cc+dd 

Ex.  6. 

from       3^a—^2a  +  cd^dd    ^ff 
take  — 2tffl  —  5a  —  tf^ %  dd 


Rem.      5tftf  +  3tf+ir^  +  tf^  -^dd^f 

Cor. 
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Cor.    I .  Hence ^  To  fubtraS  one  quantity  from  ano- 
iter  J  is  tbejame  thing  as  to  add  them  together^  when 
all  the  figns  of  the  fubtr abend  are  changed. 
a  —  — '  A  —  tf  +  ^. 

For  it  is  the  fame  thing  to  fubtraft  — ,  as  to 
add  +  ;  and  to  add  — ,  as  to/ubtraft  +.  For 
fuppofe  a  man  to  owe  lo  /;  bccaufe  it  is  a  debt  it 
muftbe  writ  — loA  therefore  if  any  body  would 
take  away  this  — lo,  it  is  the  fame  thing  as  if  lie 
added  +10  to  his  ftock  :  but  before  it  is  difcharg- 
cd,  this  — ID  is  the  fame,  as  +10  dcdufted  out 
of  his  ftock. 

PROBLEM    III. 

To  multiply  one  quantity  by  another. 

RULE. 

Multiply  every  particular  term  (or  fimple  quan^ 
tity)  of  the  multiplier,  into  every  term  of  the  mul- 
tipJicand,  one  after  another  ;  fo  that  the  coefficients 
be  multiplied  into  the  coefficients ;  and  the  Jettera 
into  the  letters,  by  placing  them  all  together,  like 
letters  in  a  word.  And  prefix  +  to  produds  of 
like  figns,  and  —  to  unlike  ones.  The  fum  of  all 
is  the  produft  fought. 

Ex.  I. 


+  a            — a 
+  lf           —b 

+  3«. 

_4f 

+  ab           ^  ab 

—  6ab 

2. 

a  +b 
a—b 

—  20  c  J 

Ex. 

a  +  h 
a  +  b 

a  a  +  ab 

-i-  ab+bb 

aa  +  2ab-\-bb 

a  a  -{-  ab 
—  ab- 

a  a  —  b  b 

-bb 

Ex 

12 
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Ex.  3. 

3  tf  —  %b 

54  +  4.  If 

i^aa —  loai 
+  12  ak 


Stb 


15  a  a  +   2  ab  —  8  i  b' 

>■  'I    ■ .  ■    1  ■  ■        »'  ■   ' 

a  a  '■\'  ah  —  h  b 

a^  ^  aab  — abb 
— Yi  ab-^-^-abb  +  b^ 

■     ■■■■■  I       I— — J1^»^—— ^i— — MM^— ■<  <* 

«» — 2  a  ^^  +  ^f    •        ' 

Ex.  5.    , 
«^  —  ^e  d  +  r  s 

5^  —  7^ ^ . 

Ex.  6. 
3  aa—  2ab  +  ^ 

'aa  +  2ab  —  2 


2^4  —  2ba^  +  g  aa 

+  6ba^  —  4.aabb  +  10  a  b 
^^  g  a  a     —    6ab  - 


dd^  +  4.ba^ — Aibaa — 4.aa  +    16  ab 

£;?.   7. 


f  c 


dd 


iM 


dda  a  —  ddbb 


c  c  aa  —  dda  a  +  ccbb  • —  ddbb 


15 


J5 


£x. 
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Ex.  8. 

tf»  —  ih 


^5  —  12  ^» 

That  every  term  Tn  the  multiplicand  muft  be 
ihuitiplied  by  every  term  in  th^  muftiplier,  is  thus 
made  evident.  ^  Let  a  +  i  be  multiplied  by  ^  4-  ^ ; 
it  is  pTain,  a+h  muft  be  taken  fo  often  as  there  are 
fuppo(ed  uAits  in  c  ^nd  i,  tK^t  is,  as  bfcen  as  there 
are  units  in  r,  and  alfo  as  oft  as  there  are  units  in  d. 

Therefore  the  produft  wift  be  ^ +^  y  c+  a+b  xd. 

But  for  tne  fame  reafon  a-^-bxczzac-^-bc^ 

alfo  a  +  ^  xd  zz  a  d'-^  b  d.  Whence  tHe  pro- 
dud  will  ht"a  c  '+  b  c  +  a  d  +  bd\  that  is,  the 
fum  of  all  the  produds  oF  every  'term  ihultiplied 
by  every  term. 

That  Jike  /igns  give  +'j  and  unlike  figns  — ,  in 
ttie  produft,  will  appear  thus. 

Cafe  1.  "Let  +a  bemnltiplied  fey  +b.  I'hen 
iihce  this  rftultlplication  fuppoles,  that  +  ^  is  to  be 
fb  often  added  together  as  there  iare  units  in  +  I  \ 
arid  the  fum  of  any  number  of  affirmatives  is  affir- 
rriative,  therefore  the  whole  fiim  is  affirmative,  that 

is+tfX  +  *=+^*- 

Cafe  1.  Let  +  ^  be  multiplied  by  — b.     Now 

(ince  this  implies  that   +a  is  to  be  as  often  fub- 

trafted  as  there  are  units  in  b  j  and  the  fum  of  any 

number  of  negatives,  is  negative,  therefore   that 

whole  fum,    is  negative,  that  is,    +  ^^  X  —  ^  = 

Cafe  3.  Let  —  a  ht  multiplied  by  +  b.  It  is 
plain  here,  that  —  ^  is  to  be  fo  often  taken  as 
there  .are  units  in  b ;  and  the  fum  of  any  number 
of  negatives  being  negative,  therefore  the  whole 
fum  is  negative;  that  is,  —  aX  +  b  =:;  —  r.b. 
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Otherwife^  Let  d — a  h^  multiplied  by  +  ^  j 
then  [Cafe  i.)  the  produft  will  h^  b  d  together 
with  —  ^  X  +  ^  '  but  b  d  \%  too  big,  as  being 
the  produft  of  d  by  b^  inllead  of  i  —  a  \yj  b 
{d  —  a  being  lefs  than  d)  j  therefore  b  dy  being 
too  much,  the  produft  —  ay,  +  b  mull  be  fub- 
traded  ;  that  is,  the  true  produdt  will  be^^  —  ab^ 
and  confequcntly  —  a  b  zz  —  ax  +  b. 

Cafe  4.  Let  —  a  ht  multiplied  by  — b.     Here 

—  a  is  to*  be  fubtrafted  as  often  as  there  are  units 
in  b  :  but  fubtraiSting  negatives  is  the  fame  as  add- 
ing affirmatives  (Cor.  2.  Prob.  2.)  s  confequently 
the  produ6l  h  +  a  b. 

Or  thus.     Since  a  —  a  zzo^  therefore  ^ — a  x 

—  ^  =:  o,  bccaufe  o  multiplied  by  any  thing  pro- 

duces  o';  therefore  fince  +  a  —  ax  —  b  zzo  i 
and  the  firft  term  of  the  produfl:  is  —  ab  {Cafe  2); 
therefore  the  laft  term  of  the  produdt  muft  be 
+  aby  to  make  the  fum  o,  or  • —  ab  +  abzzo-, 
that  is,  -^  <a  X  —  b  zz  +  ab. 

Otherwife.  Let  d — ^  be  multiplied  by  — b. 
Then  {Cafe  2.)  the  produd  will  be  — bd  toge- 
ther with  —  ax  —  b  \  but  —  bd  the  quantity 
to  be  fubtraded  is  too  big,  being  the  produft  of  d 

by  —  by  inftead  of  ^  —  a  by  -^^,  {d — a  being 
Icfs  than  d)\  therefore  the  quantity  —  b  d  to  be 
fubtrafted  being  too  much,  fomething  muft  be 
reftored,  that  is  — ^  ^  x  —  b  muft  be  added  -,  and 
the  true  produft  will  be  —  b  d  +a  b\  and  there- 
fore +  ab  -=.  —  ax  —  b. 

Cor.  I .  If  fever al  quantities  are  to  be  multiplied 
together  \  it  is  the  fame  thing  in  whatever  order  it  be 
done.  Thus  ab  c  zza  c  b  zz  c  a  b  zzbc  a^  &x.  for 
all  thefe  are  equal. 

Cor.  2.  The  powers  of  the  fame  quantity  are 
multiplied  together ^   by  adding  their   indices.     Thus 

a'-x  a^  zz  a     ^zz  a^. 

Con 
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Cor.  3.  Any  odd  number  of  — ,  multiplied  together 
produce  —  j  Md  any  even  number  of  — y  fro^ 
duci  +•  « 

SCHOLIUM. 

In  the  multiplication  of  compound  quantities,  it 
is  the  bcft  way  to  fct  them  down  in  order^  accord- 
ing to  the  dimenfions  of  fome  of  the  quantities. 
And  in  multiplying  chem,  begin  at  the  left  hand, 
and  multiply  from  the  left  hand  towards  the  right, 
^hc  way  we  write,  which  is  contrary  to  the  way  we 
multiply  numbers.  But  this  will  be  moil  expedi- 
tious, and  the  feveral  produfts  will  by  this  means 
be  fo  ranged  under  one  another,  that  like  quantities 
will  fall  in  the  fame  places,  which  is  the  eafieft  way 
for  adding  them  up  together. 

In  many  cafes,  the  multiplication  of  compound 
quantities  is  only  to  be  performed  by  writing 
their  fums,  each  under  a  vinculum,  and  putting 
the  fign  (  X )  of  multiplication  between.  As  if 
the  iquare  of  a  a  — x  x  was  to  be  multiplied  by 
ag  —  bbj  and  that  by  ac  -{-  b  d^  it  may  be  writ- 
ten thus,  ax  —  XX    y.ag  —  b  bycac  +  bd. 


PROBLEM    IV. 

^0  divide  one  quantity  by  another. 

I     R    U    L    E. 

In  fimple  quantities,  which  will  divide  without 
a  remainder ;  divide  the  number  by  the  number, 
and  put  the  anfwer  in  the  quotient.  Then  throw 
out  all  the  letters  in  the  dividend  which  are  found 
in  the  dirifor,  and  place  the  remaining  letters  in 
the  quotient.  And  like  figns  produce  +>  and  un- 
like figns  — ,  in  the  quotient. 

Ex. 


r 


16 


DIVISION: 
E^.  I. 


B.  L 


aa)aah  {fi 
aah 


aa)a  ah  (— ^ 
a  ab 


^ab)\saabcd  {saciL 
i^a  a  b  c  d 


Be.  2. 


15  aa  bcd{5  ^  cd 
15  a  a  be  d 


Ex.  3. 

^cdd)  — 6  c  c  dd{+  2c 
—  6  c  €  d  d 


:+  6^*^0 


Ex.  4* 

iSb^a^d^c  (• 
18  b^a^d^c 


Sabcdi 


Ex.  54 

5  tf*^)  10  a*b  b  d(' 
10  tf^^  ^  i 


2^i 


9  ^y) 


Ex.  6. 

•  9  xy^-b  ( 

-  9  X»J^*^ 


yb 


Ex, 


■ 

I 

i 
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Ex.  q._ 


o. 

2    R    U  L    E. 

In  compound  quantities,  range  the  terms  of  the 
diviibr  and  dividend,  according  to  the  dimenfion^ 
of  fome  letter.  Then,  t)y  Rule  i,  divide  the  firft 
term  of  the  dividend  by  the  firft  term  of  the  divi- 
for,  placing  the  refule  in  the  quotient.  Multiply 
the  whole  diwfor  by  the  quotient,  and  fubtradt  it 
from  the  dividend,  to  which  bring  down  the  next 
term  of  the  dividend,  call  this  the  Dividual. 

Divide  the  firft  term  of  the  dividual  by  the  firft 
term  of  the  divifor  v  then  multiply  and  fubtraft  as 
before,  and  repeat  the  fame  procefs.  till  all  the  quan- 
tities be  broughr  dowiT.  This  is  in  efix:6t  the  very 
liime  rule  as  is  ufed  in  arithmetic. 

•Ex.  3, 

a)ah-\-ac'^a  (^+f  — ^  1  the  quotient 
ab 

+  ac 
+  ac 


a 
a 


Ex.  ^: 

2.b'^^c)tbaa  — 3  c  a  a(a  a 
2b aa  '^  ^  c  a  a 


Ex. 
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Ex.  10. 

k^b)ac  +  bc  +  ad  +  id{c+d 
a  c  +  b  c 

+  ad  +  bd 
'^  ad  +  bd 


mm 


^ 


Ex.  II. 

/;»— 4)^'* — syy  —  ^y  +  l^(y 


—3yy 

+  12 
4-  12 

o 

Ex.  12. 

#  +i)  aa-^  bb{a^ 
aa  +  ai 


ab^bb 
ab^bb 


Ex.  1 3* 

^Or^b)  3^ '—  1 2<w — ^<:w + 1  odb'-^zbb  (aa  — 4fl + tb 

— iiaa         +ioab 
^— I2M  4-  4ab 


+  Sab^^ibb 
4-  6fli — 2^^ 


3    R   U   L   E. 

When  the  divifor  does  not  exaftly  divide  the  dt* 
t^dpnd  ^   place  the  dividend  over  the  divifor,  in 

form 
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Ibnn  of  a  frafiioQ  ;  tbrowiog  out  itich  letters^  as 
are  found  in  all  the  terms  of  both  the  dividend 
and  dtvifbr. 

Ex.  14. . 


)  «  vr~-  the 


a—x         quotient 

Ex.  15. 

^\       .      f^+xx     a+x  , 

ax^^xx)  jox+xx  I  —5 —  =— ^   quote. 

Ex.  16. 
1— *)i      {i+x+xx+x^-^x^  +  Sccjaefne. 


+x  ^  x^ 


MhM^Hirt^i 


i*— r 


+r^>  Stc: 

I 


+  ^  Rem. 
C  a  TbU 
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This  and  fuch  Ijke  example*  will  be  better  under- 
ftood  afcer  the  next  iedion. 

Ex.  i8.      , 
Ex.  19. 

Ex.  20. 

aa  —  xxfaa — xx    [a  a  —  xx   » 

»  ■      f  .  .- 

aa  —  X  X 


That  like  figns  give  +,  and  unlike  figns  — ^ 
in  the  quotient,  will  appear  ihus.  The  divifor 
multiplied  by  the  quotient  muft  produce  the  divi- 
dend. Therefore,  i.  When  both  are  +,  the  quo- 
tient is  +>  bccalife  then  +  x  + 
t.  +)+(+     muft  produce  ■+•  in  the  dividend. 

2.  — ) — ( +     2.  When  they   are    both    — ^   the 

3.  +) — ( —    quotient  is  +  again,  bccaufe  +X"^— 

4.  — )+( —    muft  produce  -»—  in  the  'dividepd. 

Again,  3.  When  the  divifor  is  -+•  ■ 
and  the  dividend  • — ,  the  quotient  fs  '^  becaufe 
—  X  +  muft  produce  —  in  the  .  idrvTdend.  4; 
Laftly,  If  the  divifor  is  -^,  and  the  dividend  +, 
the  quotient  will  be  — ,  bccaufe  —  x. —  produces 
+  in  the  dividend. 

Cor.  I.  Orte  power  of  a  quantity y  is  divided  fy 
another  power  thereof  \  by  fubtraSing  the  index   of 
the  divifor^  from  the  index  of  tbjf  dividend.      Thus^ 
4^5-       5— 3_  ,        .     ,  i6i       4^'-3     ^^-^ 4^ 

Cor. 


I 
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Cor.  2.  Hence  any  power  of  a  quaniity  may  be  ta- 

len  out  of  the  denominator  and  put  into  the  numerator^ 

and  the  contrary  5    by  changing  tbefign  of  the  index. 

'  a        ab^^  b 

Thus  — t;  z; -.     And  — :  =baK 

Cor.  3.    Hence  —  divided  by  +^  or  +  divided 
by  — ,  give  the  fame  quotient^  viz.  — ,  That  is^ 
a  a 


T-—b-^b\ 

PROBLEM    V.- 

To  involve  a  quantity  to  any  power* 

I     RULE. 

Multiply  the  quantity  fo  often  into  itfelf  as  the 
index  denotes.  And'  v^here  the  root  is  +,  all  the 
powers  are  +.  And  where  the  root  is  — ,  all 
the  odd  powers  arc  ~,  and  all  the  even  pow- 
crar  +. 

Ex*  I. 

a   root  a^  root 

a  a  fquare  a^  fquare 

a^  cube  a^  cube 

a^  4th  power  a^  4th  power 
&c.  &c. 

—  2a^    root 
+  4a^    fquare 

—  8^9    cube 

+  i6a^^  4th  power. 
&c, 

Ex.  2. 

* 

a  h  root  ■ —  3  a  b  b    root 

aahi  fquare  +  gaab^     fquare 

a^b^  cube  — 27  a^  b^     cube, 

&c.  &^ 

C  3  Ex. 
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4 

Ex.  3. 
Imolve  a+i  to  the  tube  or  ^d  fonoer^ 

n  +  h 
a  +  i 

aa  +  a  B 

+  aB  +  is 


iquare     aa  +  laB  +  Bi 
a  +  B 

a^  +  znaB  4-  aBB 

+    aaB  -{'  2  aBB  +  B^ 

cube    a^  ^  ga ak+  ^aB  B  +Bi 

2    RULE. 
Multiply  the  index  of  the  quantity,  by  the  Index 
of  the  po\*er,  and  make  the  %ns  as  in  Rule  i. 

Ex.  4. 
root    «   or  «'         •— 2 BB a}  or  2 i*  a 

fquare  a} x*  or  «•      +4  J*^'  a'^*  ©r  +  4iV 

cube  tf  ***?  or  «»      .^8  ^*^J<»'^3  or 8i<«» 

m  power   «  _^2    y.1   <^ 

Ex,  5; 
root       0 X 

^  fquare   ^H;^*^*  or  a^ 
cube      «— **^3  (jf  511^ 

m   power  a—*'  ^*  or  a—***" 


3  RULE, 


6 
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3    RULE. 

In  a  binomial.  The  power  will  confift  of  i  term 
more  than  the  index  of  the  power.  The  higheft 
power  of  both  is  the  index  of  the  given  power,  and 
the  index  of  the  leading  qoantity  continually  de* 
creafes  by  i  in  every  term,  and  in  the  following 
quantity,  the  indices  of  the  terms  are  o^  i,  2, 
3,  4,  Gftf. 

Then  for  finding  the  uncias  or  coefficients.  The 
firft  is  always  i ;  the  fecond,  the  index  of  the 
power.  And  in  general,  if  the  coefficient  of  any 
term  be  multiplied  by  the  index  of  the  leading 
quantity,  and  divided  by  the  number  of  terms  to 
that  place ;  it  gives  the  coefficient  of  the  next  fol- 
term. 

LafUy,  When  both  terms  of  the  root  are  +9  ^H 
die  terms  of  the  power  will  be  4- «  but  if  the  fe- 
cond  term  be  — j  then  all  the  odd  terms  will  be 
-f-^  and  all  the  even  terms  — . 

Ex..  6. 
hnvohc  a^e  to  tbe  gib  power. 

The  feveral  terms  without  the  coefficients  will  be 
a^ ,  a%  tfVr,    tf V',    ae^f     i^ ;  and  the 

coefficients  i  ,  5  »  ^,  -j^,  — ^,  ^  -  \ 

thatis,    1,5,     10  9    10,     5        I. 
And  therefore  the  5th  power  is 

tf  *  +  5  a^e  +  iOflV^+  10  tfV'  +  5  1^^  +  e^. 

.  ^ 

Ex.  7. 
.    Involve  a — »  to  the  ^tb  power. 

t  *•       -         ,     .  4X3  /        6x2  4Xr    , 

the  root-is  a^ — 4^'^?+ — -a^x'' — --— iax'  +  --    at*; 

2    .  3        ^  4      ' 

that  is,      tf ♦ — ^411' X  +6 J*  X »— 4tfxJ  +xK 

C  4  4  R  U  L  E. 
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4    R    U    L    E. 

In  trinominals,  quadrinomials,  (^c.  Let  one 
letter  remain,  and  put  another  letter  for  the  reft 
of  the  quantities  ;  then  involve  this  binomial  by 
Rule  3  ;  then  inftead  of  the  powers  of  the  affum- 
ed  letter,  find  (by  Rule  3.)  the  powers  of  the 
compound  quantity  it  reprefents,  which  put  in  its 
ftead.  ' 

Involve  a^h — x  to  the  third  power. 

Put  e  for  I — x^  then  the  cube  of  a+e  is 
a^  +  3aai-{'2aee  +  ei     (Rule  3),     that    is, 

^+J^^X^ — x+^ax  i — ^  +^ — ^-    But  (Rule  3.) 
h — x*z=:ih — ilx+xx^    and  B — x^zzh — ^hix+^hx* 

—xK     Therefore  a+b — x^  z=:a^  +  ^aab  ^^^aax  + 
2,all  — 6ahx + ^axx+b^ — ^^bx+^bxx — xK 

Cor.  1.  The  n^^  power  of  a+e^  that  is^ 
a+e  ;=:a  +m       e+nx ^       ee+nx 


n — 2  «^3  n — I   n — 2  n — 3  »— 4 

X—--a       e^+nx-^X-'r-'X—ra      <?*+,&c. 

Thls  rule  is  proved  by  involving  a+e  as  far 
as  you  will,  for  the  feveral  powers  will  always  agree 
with  the  rule. 

Cor.  2.  jill  powers  of  an  affirmative  quantity^  are 
affirmative.  And  all  odd  powers  of  a  negative  quau" 
.  tityy  are  negative  \  and  all  even  powers  affirmative. 

Cor.  3.  The  index  of  the  power  of  any  quantity^ 
is  the  produSl  of  the  index  of  the  power ^  and  index  of 
the  quantity. 

Cor.  4.  The  »'*  power  of  any  produ5t^  is  equal  to 
the  n^^  power  of  each  faSor^  multiplied  together. 


a  0'^  zza  X  b   , 


PRO- 
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PROBLEM    VI. 
To  extras  ibe  root  of  any  quantity. 

Evolution  is  juft  the  reverfe  to  involution ;  and 
is  performed  as  follows. 

I    RULE. 

For  fimple  quantities  ;  extra6t  the  root  of  the 
coefficient  for  the  numerical  part,  and  divide  the 
index  of  the  letter  or  letters,  by  the  index  of  the 
power,  gives  the  index  of  the  root. 

The  cube  root  of  a'  is  a^  or  a. 
'  tbefquare  root  of  2^a^  is  5a*  or  gaa* 

7.     6 

the  fquare  root  of  2a^b\  is  a'^l^  ^/z 

or  ah^\/z\ 

the  cube  root  of    —12559  is  — ^5^  or — ^l\ 

2    RULE. 

For  the  fquare  root,  of  a  compound  quantity ; 
range  the  terms  according  to  the  dimenfions  of 
fome  letter.  Then  find  the  root  of  the  firfl:  term 
( I  Rule),  and  fet  it  io  the  quotient :  fubtraA  its 
fquare,  and  bring  down  the  next  term,  which  di- 
vide by  double  the  quotient,  and  fet  the  anfwer 
in  the  quotient.  Multiply  the  divifor  and  quo- 
tient by  this  lad  quotient,  which  fubtraA  from  the 
dividual,  proceed  thus,  juft  as  in  common  arith- 
metic. 


Ex. 
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Ex.  24         ' 

Extras  the  fquare  root  if  M+44iS+4B — lax-^ 
4ix+xx. 

M+4ai+4Bi — zax-^/^Sx+xx  (a+ih^x  ro^ 
f'  aa        •       • 

ta+zb)  4ab'i'4iB 
4aB+4iB 


^      ^  — 2ax — 43x+xx 


Ex.  3: 

ExtraH  the  fquare  root  of  aa^^na+iza+ofm^ 
€fiz+zz. 

+22    —6nz  V**  J^z 
aa       •    +ZZ 


— 6n     +gnH 

+2Z    — onz 

+  zz 


Ex. 


I 
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Ex.  4. 
MxtraS  tbefyumre  root  of  aa+xx, 

«»+**(» +^ , 


M^ 


0      Sa»' 


X*^      JC< 


4AI     8«*     64il* 

\  9fi  9fi 

3    R  U  L  E- 
In  Inglier  |>ower8.    Find  the  mot  of  the  fitft 
member,  which  place  in  the  quotient :  fubtraft  its 
power,  the  remainder  is  the  refiduaL    Involve  this 
looc  to  the  next  lower  power,  and  mulcipl^  it  by 
the  index  of  the  given  power,  for  a  divilbr  \    by 
this  divide  the  firft  term  of  the  refidoal,  the  quo- 
tient is  the  next  term  of  the  root.    Then  involve 
the  whole  root  as  before,  and  fubtraft :  and  repeat 
the  operation,  till  all  the  terms  of  the  root  be  had. 

Ex,  $. 
Extras  tbi€uie  rcpt  of  ^4-6y^-*-40Ar)+96x'— 64. 
x^+6xJ— 40AfJ+96x — 64  (XX+2X— 4  root* 

3^)  o — i2y4(^4  

$c^+6x* — 40x»+o6x — 64z:xx+2X— 4  . 

a; 
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Ex,  6. 
Ex  trail  the  ^b  root  of  i6a^ — g6a]lf+2i6aa^^ 

1 6tf  ♦— 96tf'^+2 1 6aabb'-^2 1 6ah +8  i^*(2tf — ^ 
i6af  root. 


i^a^)  o  — g6a^h  ( — 4* 
— g6a^b 

1 6a^ — 96^?'^ +21  ^aahb — 2 1 6ah + 8 1^* 


%         4    R  U  L  E. 

The  roots  of  compound  quantities^  may  (bme- 
times  be  difcovered  thus«  Extract  the  roots  out  of 
all  the  fimple  powers  Or  terms  in  it;  then  conne£fc 
thefc  roots' by  the  figns  +  or  — ,  as  you  judge 
will  beft  anfwer.  Involve  this  compound  rooc  to 
the  proper  power  5  then  if  it  be  fame  with  the  gi- 
ven quantity,  you  have  got  the  root.  If  it  only 
differs  in  the  figns,  change  fome  of  them»  till  ita 
power  agrees  with  the  given  one  throughout. 

-Ex.  7. 
To  extract  the  cube  root  of  a^^'^a*b+ 1 2^^*— 8^». 

Here  the  root  of  a^  is  u,  and  the  root  of  —-8^^ 
is  -—2^.  Then  0—2^  is  the  root,  for  its  cube 
is  tfJ—- 6fl*i+i2tf^*— 8^S  as  required. 

Ex.  8. 

Est'traft  the  4th  root  of  j6a^ — g6a^x+2i6a*$i^ 
— 2i6i?x'+8ix^ 

The  roots  of  i6a^  and  8ix*,  are  2a  and  ^x. 
Therefore  if  2a+^x  be  made  the  root  and   in- 

volvedy 
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voWedy  it  is    i6a^:^$6aix+zi6aax>c+2 x€ax^  + 
8ijf*,  which  differs  in  the  fign3,  from  the  quantity 
given.    Therefore  make  2^1-^.3*:  the  root,  which 
being  involved  fucceeds ;  the  power  being 
1 6tf*— 96/i'x +21 6aaxx — 2 1 6ax^ + 8 1;^*, ' 


\    .   ^  5  ^  H .  U    J^   E. 

When  the  quantity  given  has  not  fuch  a  root  ss 
is  required,  fet  it  down  in  foun  <^  a  filtji. 

Ex.  9. 

5f«tfr^  r^^/  ^  a\  is  v/tf'. 

3 

Cute  root  of  isaa^  is  y/i^aa. 

4fh   root  of  2a^x\   is  y/%a^. 

Ex.    ID, 

g'if  cube  root  of  a} — 6a**+i2tfW+8Js  is 
V^iJ* — 6a^i+i2abk+^lfK 

Ex.  II. 
J^tf/  iV  /i^  5li&  root  of  a^-^x^.  \ 

the  root  is  i^^'-rt;r>. 

Cor.  I,  Tlb^  y5f^^^^  ^^^^»  ^^  ^*!y  ^^*  ^^^^>  ^  ^* 

diffirmative  quantity^  may  be  either  +  or  — . 

For  the  fquare  root  oi  aa  may  be  +^  or  — ^, 
for  +tfX+tf=:tf«»and — ^x — azzaa  :  alfo  the  4th 
root  of  a^  is  +/j  or  — a^  for  the  4th  power  of 
— tf  is  +a*,  as  well  as  of  +^i. 

Cor.  2.  //«y  odd  root  of  a  quantity^  will  have  the-t 
pnte  ftgriy  as  the  quantity  it f elf. 

FoT  the  root  of  +a^  and  — a\  will  be  +a  and 
for.+a  cubed  is  +^S    and  — a  cubed  is 

Con 


30 
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B.I. 


Cor.  3.  Tbi  fjuare  roty  or  dtrf  ewn  rMt,  tf  a 
negative  quatUityt  is  imfqffiUe, 

Voc  neither  +<ix+<»,  nor  — ^Q^-n?,   <»a  pro-; 
duce  -^M. 

Cor.  4;  The  f^  root  of  a^oduS,  it  equal  to  the 
««&  root  of  each  of  the  faSors^  muitifUea  together.' 


SECT, 


S  E  C  T.    II. 

Of    F  R  A  C  T  I  ON  S. 

TH  E  operations  of  algebraic  fraAions  are  ex« 
adly  the  fame  at  thote  of  vulgar  fradions  in 
arithmetic;  therefore  be  that  has  made  himfelf 
inafter  of  vulgar  fradions,  will  eafily  underftand 
how  to  manage  all  ibrts  of  algebraic  fradions^  as 
ia  Che  folklwing  problems. 

PROBLEM    VIL 

To  reduce  a  given  quantity  to  a  fraSion  of  m^^ 
ffem  denominator. 

RULE. 

Multiply  ^t  quantity  by  the  given  denomma- 
Cor,  and  under  the  produd  write  the  (ame  dcri 
pominator. 

Ex.  u 
tdt  4t+6  have  the  denominator  x. 

*  zz  '  y  anlwer. 

Ex.  2, 
idt  JfJH-jy  have  the  denominator  i. 

^^  ;=  ''JrS^  anfwcr. 

Ex.  3* 
Lit   2  have  the  denominator  b-^^e. 


1  X'    '        a — r 


I  —   ip    ■'■  ■-,  anfwcr. 

9' 


Cog. 
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Cor.  The  value  of  a  fraSHon  is  not  altered^  by 
'tnultiffying  both  numerator  and  denominator  by  the . 

,        ^,       rab    rabd    ab 

fame  quantity.    Tbus   — n— grir — • 

re      §ccL      c 

PROBLEM    VIIL 
7(0  reduce  a  mixed  number  to  afralHon. 

RULE. 

Multiply  the  integral  part  by  the  denomtna* 
tor  of  the  fradtion,  and  to  the  product  add  the 
Dumerator^  under  which  write  the  common  deno- 
minator, 

Ex.   !• 

b  ac^-^b 

Jjtt  U'^^  —  be  given.     Then  — 7-    is  the  . 

fraftiori  required. 

Ex.  2.  ' 

«    ^  ^                  aa  —  ax  -  '    '^ 

Suppofe  a — X  H — . 

,+       ax-^xx+aa — ax         aa^^xx\      *  "* 
Here  ,  or  •- la  that  re* 

XX 

quired. 

P  R  O  B  L  E  M    IX. 

»  .... 

To  reduce  an  improper  fraSion  to  a  whole  or  mixed 
numben 

RULE. 

Divide  the  numerator  by  the  denominator,  as  far 
as  you  can»  gives  the  integral  part ;  and  place  the 
remainder  over  the  denominator  for  the  frac« 
tional  part. 

Ex: 
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Ex.  I. 

Gimn--^ ^i  V^ ;^    anfwcr. 


£x.  2. 


Suppofg 


a — x)aa+xx  (    .     '     7.xx 


iKh'^'dX   \     '       •   (t^^X 


+ax+xx 
+ax 


+  2XX 

PROBLEM    X. 

T'l^  Jind  the  greatefi  common  divifoTy  for  the  terms 
•f  a  fr alt  ion  J  ^  for  any  two  quantiiies. 

RULE. 

The  quantities  being  ranged  according  to  the 
dimenfions  of  fbme  letter ;  divide  the  greater 
by  the  kfler,  and  the  laft  divifor  by  the  laft  re- 
mainder,  and  fo  on  continually  till  nothing  remain  \ 
then  the  laft  divifor  is  that  required.  Bur  obferve, 
firft  to  throw  out  of  each  divifor,  all  the  fimple  di- 
yiibrs,  (or  others)  that  will  divide  it;  and  then 
proceed.  The  limple  divifors  are  had  by  infpedion. 

Ex.  I. 

Lit  '      i^  b^  the  fraffton  fropofed. 

cd+dd  )  aac+aad  ( 
or    c+d  )  aac+aad  {aa 

aac+aad 

o 

D  There- 
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Therefore  c+d  is  tha  greateft  common  divifbr 

A  cd^dd      d 

Ex.  2. 

aa+2ab+bb)a^---^i  (a 

a}+2aah+abb 

^—2aab — 2abb  remainder* 

•— 2tfa^-*-2tf3i)  aa+2ab+bb  ( 
or    a+b    )  aa+2ab'fbb  {a+b 

aa+  ab 

+  ab-{-bb 

o 
Therefore  a+^  is  the  greateft  common  divlfbr. 

Ex,  3. 

» 

rem.  -^-^^^ '  +b^a)  a^^^b^  ( 

or        41  tf  —  kb)  a^—h  (aa+bb 

a^-mmibaa 

+bbaa — b^ 
+bbaa — b^ 


the  common  divifor  is  aa — bb. 


PRO- 
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^  R  O  B  L  E  M    XI. 

Ito  reduce  afraSion  to  its  hweft  terms. 

RULE. 

Find  the  greateft  cocntnon  meafure  (Prob.  X), 
by  which  divide  both  numerator  and  denominator 
of  the  fraction ;  the  quotients  will  be  the  numera- 
tor and  denominator  of  the  fradtion  required. 

Ex.  i. 

the  greateft  common  divifor  b  ^'+^.    Therefore 
'-^^r^^^d  -  -^thefraftionrequired. 

Ex.  2. 

^'"'      .  ^zab^b  ^' ^'"^'^'^^ 
Vi       a+b  is  the  greateft  conunon  divifor :  then 
\     rt- — abb  aa — /ib 

the  greateft  common  divifor  is  aa — hb',  then 
aa — bb\— — tt-.  (  =  — -7—  the  fradion  re- 


Da  PRO- 
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PROBLEM    XII. 

To  reduce  fraSiens  of  Afferent  denomuafon,  to  frac- 
tions of  the  fame  valuOy  having  a  common  deno- 
minator. 

1  RULE. 

Multiply  each  numerator,  into  all  the  other  de*- 
nominators,  for  a  new  numerator  \  then  multipljr 
all  the  denominators  together  for  a  common  de* 
nominator. 

JueX*     »• 

Let  -T- ,   ——  he  given. 

ae     ah+fb 

thefe  become  i-t  — l — '• 

hc^       be 

Ex.  2. 

a  .    c      f 
Let  nr^   'li   ~  he  propofed. 

they  become    jj^,  jj^  ^^. 

2  R  U  I.  £• 

Divide  the  denominators  by  their  greatefl:  com- 
mon divifor,  then*  multiply  both  numerator  and 
denominator  of  each  fradion,  by  all  the  other  quo* 
cients,  which  will  produce  as  many  new  fraftions. 

r 

Ex.  3. 
Aid 

23  2        I 

'   2tf     ihc      4id 

W^*  W*  ^  '''*  fradions  required. 

a       be      zid 

®^      ZW*    2W»    iB' 

Ex. 


I 

I 
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2aa       ^alh^ibb 


37 


Ui..  Jk 


aa — ab^       lac 

2C 


4^ac  ^ab—^%bb  X  g — b 

2aac — 2a^c  '  2aac — labc                ihat  is> 

4aac  ^aab-^^abb + 2b^ 

laac'-^iabc  *  2^^^ — zabc 

9 

PROBLEM    Xllt. 

To  add  fraElional  quantities  together*    , 

R    U    L    E. 

If  the  fradUons  have  not  a  common  denomina* 
tor,  reduce  them  to  one  (Prob.  XII)  %  then  add 
the  numerators,  and  under  the  fum,  write  th« 
common  denofninaton 

a  c 

9 

reduced  ^^  and    r^;  then  ■  r,  -   =  ium.    . 

Ex.  2.  k 

a      c     f 

^«/J to   - — ^^— ^, 

the  fum  r: —  zz  —-^ — ^— . 

3^  3^ 

D  3  £x. 
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Ex.  4. 
.  aa 

a—B 

add  b  +.  --—       « 


r             ,         ah — bb^caa 
lura  a+b  +  i . 

P  ROB  L  E  M    Xiy.      ' 

^0  fubtraSl  one  fraSion  from  another. 

RULE. 

Reduce  them  to  a,  common  denominator ;  then 
fubtrad  the  numerators  :  and  u^er  the  difference, 
write  the  common  denominator. 


Ex.  1. 

-,        a+b  ^ ,  e 

From  -J-  fuhraR  -^ . 

a—l—c 


=  difference* 


From 


Ex^  2. 

a+b        ab+bb 


d      -^      bd 

^        ^  aa        aad 
funtraSh  y  =  -^  ; 

,         ab+bb'^'-^ad  .    , 

then    - — ^^    ■■     =  remamder. 

Ex.  3; 
From'^    take'^. 

reduced    ^f^.   ^Jf^:]^. 

^5^d^   •        i^cd 

^    -  .  J        5^^ — Sl^d — 6bc+i2ar 

temamdcr  ■  ■ t — 

15M 


JE;f; 
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V 

Ex.  4* 
^  aa  aae 

a — ^         ,        ab — it 
take    h  +  — ^,  or^  H j^ 


difference  n — b  +  — — 


mmm^ 


be 

F  R  O  B  L  E  M    XV. 

5tf  muUiply  fraSions. 

I     R    U    L    E. 

In  fradlons,  multiply  the  numerators  together 
for  a  new  numerator  1  and  multiply  the  denomi« 
natQr9  ttgjether  for  a  new  denQtpinator. 

Ex.  i: 

i 

*^^       M  ^^  t2-  product. 

« 

Multiply  -J-  by  j^^. 

b         a-irb        ah-\-hb         .  ^ 

tf^i — ^^^    aa-^-bb  a^ — b^  ,   ^ 

then   -jj-X  -j:^  =  j^^;p^.  produa. 

D  4  2  R  U  L  E. 
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2  RULE. 

When  the  numerator  of  one,  and  denominator 
of  the  other,  can  be  divided  bf  fome  common  di- 
vifor,  take  the  quotients  infteaid  thereof. 

Ejc.  4. 

£'  aabb  ' 

Let  ~    muUipJj     ^. 

reduced    —  x    ^  =  3^  produft. 

Ex.  5. 

.  ,    .  a-\-b  d         ad+bd         ,   _ 

redubed  ^-^  X   -f  =  "^ZJ"*  pwdua. 

3  RULE. 

If  a  fradion  is  to  be  multiplied  by  an  integer, 
which  happens  to  be  the  fame  with  the  denomina- 
tor J  take  the  numerator  for  the  produft, 

Ex.  6. 

Multiply   T—  hy  a*^b, 

quotient  aa-^zbb. 

4  R   U  L   E. 

When  a  fraction  is  to  be  multiplied  by  an  inte- 
ger ;  multiply  the  numerator  by  the  integer. 

Ex.  7. 

MkUiplj      ^     J      by  xx. 
-       aaxx+7bbxx        aa+ibb  . 

*cn ^^j—  or  -  g^^    XX  =  theprod. 

Ex. 


gcft.  11.  FRACTIONS. 

Ex.  8- 
Multiply     — "-T —  by  tf+x 

then        7 =  product 

Ex^  9. 
Muliiffy   a  +  -^, 


-    ^      _     bb — be         ai+ac        bb-^cc 
produft  ^+— J-  —  -^ dd~^ 

SchoU  jBy  this  ruU^  a  compound  fraSlicn  mof  ii 
reduced  to  afimple  one. 

PROBLEM    XVL 

To  divide  one  [rati ion  by  amtber. 

I     R  U  L  E. 

In  fraSions,  multiply  the  denominator  of  the 
divifor  by  the  numerator  of  the  dividend,  for  anew 
numerator ;  alfo  multiply  the  numerator  of  the  dt* 
vifor  into  the  denominator  of  the  dividend,  for  a' 
new  denominator. 

Ex.    I. 

d  c 

Divide     -r-    by  -j. 

I  7)t(^  the  quotient. 


Ex. 
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2    RULE. 

When  the  numerator  of  one,  and  denominator 
of  the  other,  can  be  divided  bf  fbme  common  di- 
vifor,  take  the  quotients  inftead  thereof. 

* 

Ex.  4^ 

£'  aatb 

reduced    —  x    ^  =  3^  produft. 

Ex.  S' 

,  .    ,  a+b  d  ad+bd  ,    _ 

reduced  — J  X   "T-  =  j^t  product. 


3  RULE. 

If  a  fradion  is  to  be  multiplied  by  an  integer, 
which  happens  to  be  the  fame  with  the  denomina- 
tor }  uke  the  numerator  for  the  produft. 

Ex.  6. 

aa^^ibb 
Multiply   — /  ■-  by  a*^b» 

quotient  aa-^ibk 

4  R   U  L   E. 

When  a  fraftion  is  to  be  multiplied  by  an  inte- 
ger I  multiply  the  numerator  by  the  integer* 

Ex.  7. 

aH'i'^bb 
MuUiphf     — -ij—  by  xx. 

aaxx+7bbxx        aa+gbb 

*cn ^^j—  or  -  ^^^    XX  =  theprod. 


Sea,  II.  FRACTIONS. 

Ex.  Z. 

Multiply     — ^-T —  by  a-^-x 

_             laa^zxx  -   _, 

then        7 =  produtt. 

£x  9. 
Muliifly  a  +  -^^^ 


1   «      .     ^^ — it        ai+ac        ii—cc 
produft  i»^+— 5-  —  -J dr~' 

Schol.  By  this  rule^  a  comp^nd  fraSicn  m^  ii  ^ 
reduced  to  ajimple  one. 

PROBLEM    XVL 

To  divide  one  frattion  bj  OMtber. 

I     R  U  L  E.  , 

In  fraSions,  multiply  the  denominator  of  the  • 
divifor  by  the  numerator  of  the  dividend,  for  a  new 
numerator;  alfo  multiply  the  numerator  of  thcdt* 
vifor  into  the  denominator  of  the  dividend,    for  a' 
new  denominator. 

Ex.    I. 

d  c 

Divide     -V-    by  -j. 

C  \    H    fUd 

TJTVF  the  quotient.. 


Ex. 
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^ntple  froRions^  that  compofe  it.    Tins 
rx+icx — iirz         rx  -icx  iirx 

y — 2x  gr — 2 A  ^  yr — ix      jr — 2x* 

Cor.  3.    If  afraSion  be  multiplied  by  an^  given 

quantity  \  it  is  the  fame  thing  whether  the  numerator 

be  multiplied  by  that  quantity^  or  the  denominator  di- 

.,  ,  ,     .        dab      .    dabd        dab 
vtded  by  it.     -^y.d^-^  =  — . 

Cor.  4.  The  produSt  of  two  fraHionsy  is  equal  to 
thefraStion^  that  has  the  produS  of  the  numerators 
for  the  numerator  \  and  the  produSt  of  the  denomina- 
tors for  its  denominator.        


a  r — €    _  ayjr — c  ^ 

blt^  ^     X       ""  l+xxx   ""  bx+xx^ 

Con  5*  If  a  fraSion  is  to  be  divided  by  fome 
Quantity  \  it  is  the  fame  thing  whether  the  numera* 
tor  be  divided  by  it^  or  the  denominator  multiplied. 

^      2az  laz     ^    ,  2ar  2a 

For   —  -T-  r  z= .  And  —  -r-  r  =  -^^ 

X  rx  X  X 

Cor.  6.  If  any  fort  of  quantity  is  to  be  divided  by 

a  fraSion ;  it  is  the  fame  things   as  to  multiply  the 

faid  quantity 9  by  the  fraction  inverted.    Thus 

r  s  a        b 

ab -7- —  =:abx- .   And  —  -5-~        or 


L 


7" ^      ^         ^^  ' 

iT    -    c   ^1  -  Tc' 

T 

PROBLEM    XVIL 
To  involve  fraOional  quantities^ 

RULE. 

Involve  the  numerator  into  itfelf,  for  a  new 
numerator  ;  and  the  denominator  into  itfelf  for  a 
new  denominator  s  each  as  often  as  the  index  of 
the  power. 
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Involve 


a 
J 


Ex.  I. 


and 


aa 


root 
iquare 
cube 
4th  power 


a 

b 

aa 

Tb 

d^ 

b^ 
a^ 


I 

aa 

1 
'^ 

I 

I 
a^ 


_  gbbtc 


and 


^ad 

-^j^,  he  involved. 

ad  ^ 


aa^^bc 
Involve  to  tbefyuare^  &Ci 

a^'^iaabc+bbcc     _    , 
tf^-— 3tf*^f + ga^bbcc — b^c^ 


aJ+3aV+3^*+^» 


■,  cube,  &c. 


EMm 
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Ex.  4* 


Iwolve   — t—  to  the  4ibpow€r. 

It  IS j^, ^ -. 

-         a—x]  a^x  . 

or  thus    -^/    or  ^^^. 

* 

PROBLEM    XVIII. 

?(?  fx/r^^  the  rotit  of  afraSien. 

R  U  L  E. 

Extraft  the  proper  root  of  both  numerator  and 
denominator,  it  it  can  be  done.  If  not  fet  the 
radical  fign  {y/ )  before  one  or  both  of  them, 
as  they  happen  to  be  furdi 

Ex.  I. 

What  is  the  f quart  root  of    ^-^ . 

root     ^—r* 

2d 

Ex.  2. 

What  the  cube  root  of  -^,^3V^^3.^'+3»'  ' 

the  root  is  — ri* 

a+& 

Ex.  3: 

aabb    .       faaib  cb  , 


nabb  t  achb 

^be  fquare  root  of  -^T",  is  ^J  -^  or 


>    Ex. 
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Ex.  4. 
What  is  the  cube  root  of  T"^'f  ; 


r         t 
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^i  • 


,  .        -—ctab 

the  root  is 


v/a'— *»* 
£x  5. 


8«<^> 


the  root  IS  v^— 5-rn , 


Wb^  is  the  Atbroot  of  i,,.!lj^_^y,. 

the  root  is    \/  s — ;  ■  7^ • 

8a^^ — 8;r*jjy4-j4* 


or 


1/      S?5Z^ 


y/^ax^ — 8x*^*  +y* 


Cor.  Wtf  »'*  />^w^  ^  r^^/  ^  afraSion^  is  ejtuU 
to  the  n^^  power  or  root  of  the  numerator^  dividd 
iy  tie  »**  power  or  root  of  the  denominator • 


SECT. 


^ 


>J 


SECT.     III. 

0/    S   U   R   D    S. 


«Nte 


P  17  iS  D  ^  are  fuch  quantities  as  have  not  a  pro- 
^  per  root.  Simple  Surds  are  thofe  which  confift 
but  of  one  tern).  Compound  Surds  .are  thoie 
which  confift  of  fcveral  fimple  ones.  And  Uni^ 
Virfal  Surds  are  thofe  conlifting  of  feveral  terms 
under  any  radical  (ign. 

Surds  are  faid  to  be  commenfurable^  when  they 
are  as  one  number  to  another  \  and  incommenfura^ 
hle^  when  their  proportion  cannot  be  exprefled  in 
numbers.  - 

PROBLEM    XIX. 

^0   defignate  or  exprefs  the  roots  of  quantities  by 

fraSiional  indices* 

1     R    U    L    E. 

Divide  the  index  of  the  quantity  by  the  number 
expreiling  the  root  ;  the  quotient  is  the  index  of 
the  root  required. 

Ex.  I. 

Lei  the  quantity  a  he  proposed. 

13  I  4  t 

then  y/a  =z  a\  y/a  =  d^^  y/azz  a\  &c. 

Ex.  2. 

Let  ^ah^  he  propofed. 

y/Jab^  =  pJP^  —a^hs/i.   \/Z^i^—  a^^y/3* 
\/Japzza^h^x/3'     y/zabb  =a^ h^y/if  &c. 

Ex. 
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Ex.  3. 
•  Let  a}  be  given. 

then   y/tfi  zitf^,  y/^T  rr  «*  or  tf,  v^a?  =«%  &c 

£^.  4. 

X^/  ^»2 — ^x  be  prcpofid. 
,— — — ^—  » 

3  1 

-£*•.  5. 
Z^/    —  be  given* 

then  y^=-V.  ^i._J_    ^J ! 


£x.  6. 


J 


rf 


Ex.  7. 
JL*/  -77  3*  propofed. 


Ex. 
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Ex.  8. 
a+2x    .         ^  g.  J 


/a+2x       tf4-2x)^     \lfa+2X    ^    a+2x^ 
aa — ^xx  ~  aa—xpf^  *        aa-^xx  ^  ^ — xx^^ 


tf  +  2X 


^M — ^xx* 

2    RULE. 


fFben  any  quantity  is  in  the  denominator  of  a  frac- 
tion ;  fet  it  in  the  numerator ^  and  change  the  Jign  of 
the  index. 


Ex.  9. 


a  a^ 


=  a 


Ex.  10. 


then  they  become  a-'y  ar-\  ar-^,  ar^^  ar-s^  &c 


refpcftivcly. 

Ex.  II.    . 

*  Given   j^-.   This  becomes  abx-^jr^. 

Ex.  12. 

I    •  I  I  « 

Given     *- ^  a,  ■  3  »  ^^* 

*^ — XX      Htf— XX*^         tfij XX 


they  become  tf^ — ^xx   ',  a^a — ^xx  *,  aa — xx"^  ,  &c. 


Ex. 
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Ek.  13. 

aab         M^  A^i      « 

Let    — T— ,   ^=T=^»       ,    7    te  given. 
a+x    a+x       a+x 

they  are  aab  x«+*"*  >  ^^  X^-hT^j 


—3 


aab  X  a+x 

In  order  to  explain  this ;  lee  there  be  a  rank  of 
powers,  as  I,  ^,  aa^  aaa^  aaaa^  aaaaa^  &c.  the 
lame  will  (by  Def.  20.)  be  denoted  i,  a^  a*j 
a\  a^y  a^y  &c.  Now  thefc  quantities,  a^  a*,  ^S  • 
&c.  are  in  geometrical  progreflion,  and  their  in- 
dices, in  arithmetic  progrcflion,  as  is  plain.  Now 
fincc  I,  ^  tf*,  /j%  &c.  are,  geometrical  propor- 
tionals, therefore  thefe  will  alfo  be  geometric^il 
proportionals, 

I,  y/ay  v/tfS  v/flS  v/aS  v/aS  v/aS  s/^U 

\/a^y  &c. 

Aat  is  I,  y/tf,  i7,  v/tf^  aa^  \/a^y  ^S  \/^^j  ^S  &c. 
,  3  J  33  « 

and  I,  y/a^    y/aa^  a^  \/tfS  \/^S   ^S  v^^^ 

v/a%  &c. 

-♦44.  4.  4 

and   I,  y/tf,    \/^>  \/tfS  ^f    \/^S    \/^*» 

4 
\/^7,  /^^  &c.  and  fo  on. 

Therefore  by  the  rule  of  analogy,  the  indices  of 
all  thefe,  are  alfo  in  arithmetic  progreflion. 

Take  any  one  of  thefe  feries  as  1 ,    x/a^    \/a^% 

tf,  v^^S  &c.    riiefc  will  be  ei^valent  to   i,  -d^  • 

tf\  ^»   ^  ,   &c. 

Suppofe  now  the  feries  i,  a^  ^S  ^%'&c.  con- 
tinued {backwards,  the  powers  of  a  will  come  in- 
to the  denomiantor ;  and  the  indices,  which  con- 
tinually decreafc,  will  then  become  negative,  and 
will  ftand  thus  :  •     ' 

E  2  '  Powers 
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Powers     -r»   -^»  -^.        I,    «>    «%«',«♦,  &c. 

Indices  — 3,  —2,-1,  o,  i,  2,  3,  4,  &c. 
therefore  <r-3,  «— »,  <r-',  /i%  «',  a*,  «»,  a+^&c. 
will  reprelent  thcfe  powers  •,    that  is, 

•;^  =  «-^    ^  =  a-^y    ~  =^',    I  =«»,  &c. 

In  like  manner,  let  the  ferics  i,  a^^  d^^  a\  j  » 
&C,  be  continued  backwards ;  thefe  powers,  and 
their  indices  will  be  as  follows  : 

I  I  I  I  T  T  % 

^»    ^ »   :^»   "^'      '.*»'«.  a\  a\    &c. 
4  2  L  *      *  4 

""3 '  ""_^*  ""sj  ""3  \  °'  37  r  ''  ?  ^^• 

then,   a    %    4»~"',    a"^,    <»""*,    «»,    ^^^    ^^^    ^^ 

<}^,  &c.  will  denote   the   fame  powers ;    that  is 
I  —I     I         —II  — I      I        _^* 

«**=!,  &c.     And  therefore  the  feries, 
I  I  I  I 


"»      3         »     "3      '»  '3      *  I- 


\/aaaa       y/aaa        y/aa         y/  a  ^  ' 

-y/tf^,  ^aaa^  y/aaaa^  &c.  may  be  expreflcd  thus, 

I  I  I  I  If      'r        ^v 

y/a^     y/a^     y/a^     y/a 
3 
v/tf*,  &c. 

or  thus,    -J,    ~,  ^,  -r,  i>  tf^,  ^t^  ^7^  a^,  &c. 


or 
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or  thus,  a    ^9    a     ,    tf    ^,    ^    ^,  <a%   tf^»  a^,  a\ 

4. 

a^j  &c.    and  the  fame  is  equally  true   of  any- of 
the  other  feries. 

Cor.  I.  The  powers  of  any  quantity  are  a  fet  of 
geometrical proportionab  from  i  •,  and  their  indices^ 
a  fet  of  arithmetic  proportionals  from  o. 

thus,   powers     i,  a^  tf*,  a\  a^^   -f;    increafing. 

indices    o,   i,    2,    3,     4,    t.    increafing. 

alfo,,  powers     i,  -,    -,    -^     ^-;,  ^  decreaf. 
indices    o,  — i,  — 2,  — 3,  — 4,  -fr  decreaf.  , 

Cor.  2.  fllfnf^  /i^^  double^  triple^  quadruple^  &c. 
/i^  irtdex  of  any  quantity^  is  the  index  of  the  fquare^ 
cuhcy  biquadratCy  &c.  of  that  quantity. 

Cor.  3.  Hence  alfo^  the  index  of  the  product  of 
any  two  powers  (whole  or  f railed)  of  any  quantity ^ 
is  equal  to  tbefum  of  the  indices  of  tbefe  powers.  And 
therefore  to  multiply  any  two  powers  together^  is  to 

add  their  indices.    Thus  a^X(t^^a\  ^»x^""^=:^'"', 
&c. 

Cor.  3.   The  index  of  the  quotient  of  two  powers^ 
dividing  one  another^  is  equal  to  the  index  of  the  di- 
vidend —   the  index  of  the  divifor ;   whatever  the 
indices  be.     And  therefore^  ^to  divide  by  powers^  is  to 

a^ 
JubtraS  their  indices.     Thus  —  =  tf* ,    and 

J  =4-'.      Alfo   ^  =^S  &c. 

Cor.  4.-  Any  power  is  taken  out  of  the  denomina- 

tory  and  put  into  the  numerator^    by   changing  the 

fign  of  the  index :  and  the  contrary.    Thus 

I  -"^^      b  «».2 

--  =  tf     ,    —  =:  ^tf     .     Alfo 


a 


^^a^b    3  =;jr^,  &c. 


E  3  Cor. 
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Cor.  5.  In  fraHional  indices^  the  numerator  Jht%vs 
the  pawer^  and  the  denominator  the  roof* 

ScboL  In  all  the  following  problems,  it  will  be 
the  bed  way  to  reduce  the  iurds  to  fradional  in- 
dices. 

PROBLEM    XX. 

TV  reduce  a  rational  quantity  to  the  form  of  dfurd. 

RULE. 

Multiply  the  index  of  the  quantity,  by  the 
index  of  the  furd  root  given  ;  to  which  fet  the 
radical  (ign,  or  index  of  the  furd.  * 

Ex.  I. 

Reduce  6  /^  the  form  of  v/JT 

Here  6*^?    or   ^*=36 ,    and    \/^     is     that 
required. 

Ex.  2. 
Bjtduce  a  to  the  form  of  \/h. 
Here   a^^^.zia^^    and  ^a^  is   the  anfwer. 

Ex.  3. 

Reduce  a+b  to  the  form  of  s/hc. 

Anfw.  ^  a-^b  ^  or  x^aa-^tiab^bb  • 

Ex.  ^. 

a 
Reduce  r-y  to  the  form  of  y/i, 

Anf.      ^  -TV-  is  of  the  form  ^d. 

PRO- 
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PROBLEM    XXI. 

Ts  reduce  quantities  of  different  indexes ^  to  other  equal 
ones  J  that  Jhall  banje  a  common  index  given. 

R   U    L    K 

Divide  the  indexes  of  the  quantities  by  the  gi- 
ven index ;  the  quotients  will  be  the  new  indexes 
for  thefe  quantities.  Over  thefe  quantides  with 
their  new  indices,  place  the  index  given. 

Ex.  I. 

I  I 

Reduce  12^  and  7^  to  the  eommon  index  —i 

^J  —  f—   firft  index./  — n*-  ^^4 

^      4  ^  ^  V  then   12^  *   and  7^'    arc 

i  )  i.  (-1  fccond  index  (  *^  quantities  required. 
3^6X3  J 

Ex.  2. 
Reduce  a*  and  i\  to  the  common  index  |. 

~  )_  1 6  firft  index.  /  ,       -\«        j"7?>  1 

3      ^  I  then  a^U  and  ^A  •  arc  the 


PROBLEM    XXIL 

Ta  reduce  quantities  of  different  indices^  to  others  equal 
to  thefhy  that  (hall  have  the  leafi  common  index. 

RULE. 

Reduce  the  indices  of  the  given  quantities,  to 
a  common  denominator,  in  the  leaft  terms.  Then 
involve  each  quantity  to  the  power  of  its-  nume- 
rator; and  take  the  root  denoted  by  the  com- 
mon  denominator. 

E  4  Ex. 


5^  SURDS.  B.  I. 

Ex.  I. 

Reduce  b^  and  c^  to  the  kafi  common  indev. 

II  2  2 

•7  and  -7;  are  =  -f-  and    — .      Therefore 

^'=^^%  and  f'   =  f^^ 

or.^^  and  c^   bccome"7j|"  and  ^^V,     or 
bH^\  and  71)''^. 

£;:.    2. 

Let  P  and  ac\^  he  given. 

22  62 

^-   and    —    are  reduced  tx)  —   and  — . 

3  9  9  9' 

Therefore  P  and  J/     become    ^'     and  ^^% 

or  Pj  I  and  'I  ^,  or  Pl^  and  ^i^ f  ^ 

£x.  3. 

Let  y/a-^-b^  and  y/aa — xx  be  propofed. 

»  -  1* 

Thefe  are  a-^rb^  and  aa^xx^.       The   indices 

2  2 

arc  reduced  to  "g-   and     g*.    Therefore  the  furds 

become  ^ +*        and    aa — xx      ;  or 

a^+^aab+^abb-^-b^'^^j  and  tf*— 2tf»;^;^+;v*'i,  or 

« : .  ^ 

s/a^+^aab-^riabb+b^y    and  y^tf* — za^xx+x*. 

PROBLEM    XXIIL 
To  reduce  furds  to  their  moftfmple  terms. 

RULE. 

Divide  by  the  greateft  power  contained  in  it,  and 
let  the  root  before  the  furd  containing  the  remaining 
quantities.  £^ 
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Ex.  I. 
Reduce  v/48  to  ajimpler  form: 
V^48=v/3Xi6  F  4v/3  the  Turd  required. 

Ex.  2. 

Let  s/Z^^abT  be  propofed. 
y/T^aa  =  ia.     Then  y/t/^aabc  =  %a\/bc. 

Ex.  3. 
Reduce  a^x — a'^x'^  ^K 


Here  ^aazzaj  and  the  furd  becomes  axax+xx^ 
or  a^Aax^^xx  . 

Ex.  4. 

y^?»3 — 4aabb+4ab^   ,      . 
^r^/w». 


is  ^y 


The  furd  is  ^  _ X^3.      And   . 

■  ■     = .     Therefore  the  furd 

cc  c 

becomes   y.\/aby  or  — ;;: —  ^ab. 


Ex.  5. 


3^^  / 
reduced,  becomes   ^-r-v^i 


^— a 


PRO- 


1 
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PROBLEM    XXIV. 

To  find  whether  two  furds  are  commenfuroible  or  not. 

•  RULE. 

ReSuce  them  to  the  leall  common  index,  and 
the  quantities  to  a  common  d^ominator,  if  frac- 
tions, except  when  like  terms  arc  coromenfurable. 

Then  divide  them  by  the  greatcft  common  divjfor, 
(or  by  fuch  a  one  as  will  give  one  quotient  ratio- 
nal ;)  then  if  both  quotients  be  rational,  the  furds 
are  comnlcnfurable  ;  otherwife  not. 

Ex.  1. 

Let  v/i  8  and  ^/S  he  propofed. 

Thefe  are  \/iys)  and  V^2X4.  Divide  by  2, 
and  the  quotients  are  ^/p,  and  ^/\  ;  that  is,  3 
and  2  \  therefore  they  arexommenfurable. 

Ex.  2. 

Let   the  furds  be  v  *^    and    v — . 
•^16  25 

Thefe  are  ^^    and   ^^-.      Divide,  by  2, 

4  _    5 

and  the  quotients  are  \/25  and  v/36,   that  is  5 

and  6 ;  and  the  furds  become  -^v  2   and  — v  2> 

4  5 

5 
and  are   therefore  commenfurable,  being  as  -— 

6 
to     — . 

5 

Ex.  3. 

Let  v/48  ^»^  y/8  ^^  propofed. 

Divide  by  8,  the  quotients  are  ^6  and  vi   or 

I  i  therefore  they  are  incommciifurable. 

Ex. 
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Ex.  4. 
-^     tf»«    -y;    ^^  given. 

Here     — •,     and     -r*      are  reduced  to  — 

c  ^  PI  '         r ' 


^3 


vide   by  -^^   and  the  quotients  are  7^  -5   and 

?)^,  that  is,  iB  and  ^rj    therefore  the  fords  arc 
cothmenfurable. 

Ex.  5. 
Suppofe  \/a^+aabb  and  \/aabi+b\ 

Thcfc  arc    '^ aaxaa^bb^    and  "^bbxaa+hb. 
Therefore  dii^iding  by  aa+bb^  the  quotients    are 
y/aa^  and  \/^^,  or  a  and  ^,    and  therefore  they 
are  commenfurable. 

Ex.  6. 
yiSaa         ,      joaa  ■ 

That  is,   -j^    V    and   -^|^.      Divide  tlie  de- 
nominators by    2,     then   they  are  reduced  to 

/7^    *"*^   ;/i^  *"■  ^»     ^^  *"■«    «h««forc 
incommenfurable. 


PRO- 
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PROBLEM    XXV. 

To  add  fur d  quantises  togttber: 

RULE. 

Reduce  quantities  with  unlike  indexes^  to  thole 
of  like  indexes. 

Alfo  reduce  fradions  to  a  common  danemina- 
tOF,  or  elie  to  others  that  have  rational  denomi- 
nators (or  numerators). 

Then  reduce  the  quantities  to  the  fimpleft  terms 
(Prob.  23.)  This  being  done ;  if  the  furd  part 
be  the  fame  in  all,  annex  it  to  the  fum  of  the  ra- 
tional parrs,  with  the  fign  (x)  of  multiplication. 

If  the  furd  part  is  not  the  fame  in  all,  the  quan- 
tities can  only  be  added  by  the  figns  '+  and  — -. 

Ex.  I.     . 
Add  v/6  to  2y/6. 

The  fum  is  1+2  x  \/6  or  is/6. 

Ex.  2. 
Add  v/8  to  s/50. 
v/8r=2v/2,    and   ^50=5^/2^    and   the  fum 
=  i+5X\/2zzy^2  =\/98- 

Ex.  3. 


Add  \/500  to  \/io8. 

v/500  ==  V/4X125  =  5v/4-     And 
->  1  3 

v/108  1=  v^4X27  =  3v/4.      Therefore  the  fum 

=   5+3X^/4  =8\/4- 

Ex.  4. 

Jdd  v/48tf^^  /^  x/3^^^'' 
They  are  reduced  to  4^7^/3^  and  ahy/ib. 

And  the  fum  z:  4^^?+^^  X\/3^» 

Ex. 
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^•-  • . 


Ex.  5. 
Given  ^4a   and  ^a^. 


y/A^  =1  4^ '  n  4^7  IT  i6jtf'  =1  \/i6aa  =: 
2v/<^tf.      And  v^a«  =  Jv/tftf.      And  their  fum 

Ex.  6. 

,i5i/v/~    to  k/~. 
Thefe  reduced  to  a  common  denominator,  be- 

come    V'H  and  V'f ,  or  v/^f^  and  v-?^5, 
75  75    ,  75  75 

that  is,    6\/—   and  5\/ rr,   whofc  fum  is 

75  "^     75 

Or  /i&w. 

Here    v'if  =,  V^  =  iAx6        _»_^ 
*5  5  5  5 

Alfo  v^-^    =  >/-    =  ^.      And  their  fum 

•  I  >i6 

4  27      - 

Thcfe  become  x^ —  and  v^ — r,  or  v^ — 

4  .  100 '  4 

and 
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^d  4^-3ri  that  is  v/—    and    ^V'-^  t 

4x27 4  3      ,4 

.  whole  fum  is   i  A —  x  v^ —  =  -i-y^ J. 

3  4  3.4* 

Or  /i&///, , 

4      108    . »  4x27     34' 

«°*  ^f^  =  ^3^  =  4v^-^  =  i^-^ 

»7  »o8  ^      4x27  —    3  *^   4 . 

And  the  fum  =  — y — . 

3      4 

Ex.  8. 
Thefc  arc  reduced  to  -rj-l     and   -C-)^    or 

T^T?  ^^^  T^^'   ^^^  ^^^^  ^"ni  is 

*         *^     *^        —      by/be   • 

-Ex.  9.  * 

^^-^  s/ccddaa — €cddxxy/2  to  \/d^aa — d^xx^z  • 

They-are  reduced  to  cdy/ aa  —  xxy/2,     and 
diy/ag — xxy/z^    and  the  fum  is 
cd+dd  X  \/tf« — xx^2. 

Ex.  10. 

To  ly/aa^^x/a^  +  s/^Z* 
Add      v^tftf  +  2^/^  —  v/7 

3 

Sum  z>/^^  —  y/^^  +\/^3+2v/^ — v/7. 

PRO- 
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PROBLEM    XXVL 

^0  fubtraS  furd  quantities. 

RULE. 

Reduce,  as  in  the  laft  rule ;  then  fubtraft  the 
radoaal  qumntkies,  and  annex  the  difference  to 
the  comnion  furd»  with  the  figo  ( x )  of  mul- 
tiplication. 

Examples. 
I.  Subtrad  y/6  from  2v/6,    the  remainder  is 
2 — I  X  v^6  =  v/^- 

5-  v/500  — v^^o8  =  5v/4— 3v^4  =  2v^4- 

4.  v/48a^^ —  y/o^aab^  =  4^<'v/3^  —  ^by/jjb 

-zz  ^a-^ab  X  v^S^* 

5.  v^^a^, —  v/44  =  v^-tf  J  —  v/4tf  zz  tfy/ij  — 

2y/a  =  <^— 2  X  x/a- 

25  3  75  75  75 

—  ov/ —  =  \/ — . 

■75  IS 

.74.  .^  yiAt         /^    _ 

or  V V —   =  v—  —  V -7"  ^ 

25  3  25  9 

— s/(t \/b-zi  — y/S. 

5  3  >5 

7.  C/ii  «.  n/^  =  i-^/i-  -  n/-^    = 
27  434  4. 

T^l .    Or  thm,  v/-  ^Vj  =  v/-- 

4    "■    3        4  -     4  34 

8. 
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f  r 


cis/aa — x;r —  ddy/aa — ^^x  ==  c ^/ — di^^/aa^^xx. 

10.  From    2^aa —  ^/a^  +  x/i^* 
take      s/aa  4-  2v/tf  —  y/T* 


9 
rem.     \/tf^  —  y/a}  +  v/i  3— 2v/tf +v^7. 

PROBLEM    XXVII. 

yb  multiply  furds^ 

I    R    U    L    E. 

Surds  by  furds  $  if  they  have  not  the  (ame  in- 
dex already,  reduce  them  to  the  fame  *,  then  mul- 
tiply the  quantities  under  the  common  index. 

Ex.  I. 

Multipfy  v/5  h  v/3-  J/  I 


the  produd  v/15 
Ex.  2. 


produa  =  v/-g^   =  v/^. 


£y. 


f 


Sea  m.  SURDS.  6s 

Ex.  3. 

Mdtipfy  y/d  by  ^ah. 
Reduced  to  ?)*  and  7ab^  i   the  produft 

Multiply  a^  by  a*.      , 
Produa    tf*Xtf'=d^^*  =  ^^^" 

2  R    U    L    E. 

A  furd  by  a  rational  quantity;  conned  theni 
with  the  fign  (  x  )  of  multiplication  ;  or  clfc  re- 
duce the  rational  quantity  to  the  form  of  that  furd, 
and  multiply  by  Rule  i . 

Ex.  5. 
Muliipfy  \/^ — 'ix  'iy  2a. 

The  produdt  is  la  x  v/4^ — ^x. 

Or  ;ia  zz  s/^aa^     then  the    produft       n 
y/i6a^x — i2aax. 

3  R    U    L    E.       • 

When  rational  quantities  are  annexed  to  furds ; 
multiply  the  rational  by  the  rational,  and  the  furd 
by  the  furd. 

Ex.  6, 


Multiply    j^  \/a — x  by  c—d  \/ax. 

I    The  produa  =  ^^Vj=^.    = 

ac\ — ad      

F  Ex. 
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♦  <  « 

Ex.  7. 
Multiply    '^y/M  hj  ^*v  T'* 

Here    ^y/ax  =  -j-X^^  =    jxi^*.' 
And    * — x>/  -r-  =  ^— #  X     -r-]       := 

*  X  ""Ta"  I  •    Therefore 
^  X  a^>^  X  into  *— ^  X  -jA       zz 


tf 


a-^ry/b — ^ 


1*^ 


produft  aa — ad — b'{'d\/b 

Ex.  9. 

Multiply  la^^^a^d 

by        ^C^^2Cy/d 

6ac — gac\/d 

— \acy/d^bacs/dd 

produft  6tff— i3<ifv/^+6tffi/ 


£x. 
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Ex.  lOi 


or    v/STTf^TF. 

^  iSf^A  If  iiap(^ble  or  imaginary  roots  be  mul- 
tiplied tt^theti  they  always  produce  -^,  other- 
wife  a  real  produft  would  be  railed  from  impofli- 
Hc  favors,  which  is  ^bfurd.  Tljus, 
V — «Xv/ — ^  =  y/-r-ah,  arid  y^ — «  X  — v/ — *= 
»-y' — «*,  &c.  Alfo  v/— «  X  v'r-a  =  -*  tf  , 
«nd  v/— ax— V'— a  =i^  «,  &c. 

PROBLEM    XXVIIl. 
To  dfvidi  furds. 

t    K  U   h   E, 

In  furds  of  the  feme  Hmple  oMantitjr  \  fubtraft 
thcu-  indices  from  each  other. 


,Ex,    1, 

DrV/ii?  a^  >y  ^2* 

- 

quotient    a^    ♦    =  d"^, 

« 

EXm    2m 

j^             i 

ni^€  a""   by    "^^ 

I        i               abi-% 

..    - 

quotient    ^ '     *    —  ^  "^  • 

-            • 

F  2 

a  R  U  LE. 

1 
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2  R    U    L   E. 

If  they  be  different  quantities }  reduce  diem  to 
the  fame  index,  if  they  are  not  fo  already.  Then 
divide  the  quantities  under  the  common  index^ 

Ex.  3. 
.      Divide  v/15  h  v/5- 

5)  15  (\/3  *c  quoticnti.  . 

Ex*  5* 

6 

Divide    y/dabbd*  by  \/d. 

6  6  S 

y/d  Z2  i/dK    d^)aabbd^  {y/aabb  z:,^aFy  qoot 

3  RULE. 

If  rational  quantities  are  Annexed  ;  divide  ra- 
tional qualities  by  rational  quantities,  and  furds 
by  furds. 

Ex.  6. 
Divide  \/\6a^ — iiaax  by  la. 

quotient  — y/^Sa^-^^izaax'  _     yl^£l^ '  ?£f?L"" 
y ^         4aa 

V  ^<^ 3  AT.  .  . 


iSAT. 
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Ex.  7. 

DiviiU  — -T — \/aax — axx    by   ""lv  « — x. 

a    \iu — ad  /  c — d 

^J~jr  ^   1~-       a—x)aax—axx{^ax. 

Then  e — d  X  \/ax  zz  quotient. 

Ex.  8. 

ab—ax      l^^x^         ^^x^ 

Dtvtde—^^x\^-^  by  b^xV"-^, 

i     —         ^»  • 

Then  the  quotient 
ax  */i^        ax    .a  a     . 


jE>.  9. 

v/^)  aa-'^d^b'\'dy/b  (a+^b—d 
aa — a\/b  quotient. 

+^\/b 
+ax/b — b   , 


o    — ad 

— ad+dx/b 


o 


P  3  fy. 
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^m 


^by/bc — abbe 
"-bs/bc-^abbc 


Ex.  II. 
Divide  \/tf^— *+v/3    h  ^a^s/^b-i^^. 

<w — ^j\/^ — ^^ 
+a\/J—yJ^b+s/i 

Q 

Ex.  la. 


•    y/hbca-\-y/aab      •       • 


■«i 


o    — be — ^abe 
i^bc—^abc 


4    R    U    L    E. 

When  the  qaantities  will  not  divide,  fet  thcqi 
dowii  in  form  of  a  fraSion. 


Z*^ 


7» 


Sea.  III.  S  ty  R  D  S. 

E^.  13. 
Divide  y/  :  bed  -^y/abb  :    ^y  y/ab-^y/^c 

Tlie  quotient  is       ^^^_^^, 

PROBLEM    XXIX. 
To  invohe  furd  quantities  to  any  power. 

I     RULE. 

Multip]/  the  index  of  the  quantity,    by  the  in- 
dent of  the  power  to  be  raifed. 

Ex.  !• 
Ijtt  s/i  be  cubed. 

\/%    =T)**      Then  2^^^  or  2*  is  the  cube, 
xhat  is  v^2'  ov  x/8  =  the  cube  of  v/2. 

Ex.  i. 

m 

9 

^at  is  tie  fquare  of  -^y/bcc. 

» 

^y/bu  =  3  X  ^^^^-     Its  (quare     zz 

» 

What  is  the  cube  of  a>/ a — ;»:. 

a^a^x  =  tf^X^-^    5    cubed  Ft  is  a^xa^x^ 
that  is,  the  cube  =tf'v/ii'— 3a*A?+3«*— ^s 


F  4  -B^- 
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Ex.  4. 
fVbat  is  the  4/i  power  of  '"'p^'-^i* 
a      .la  a 


Here     -=T\/-^  r:  —  X  -^    •  And  its  4th 


power  IS  -   X  ^ 


—  76T*  ^r— * 


4^^  tf^ 


2     RULE. 

If  quantities  are  to  be  involved  to  a  power  de- 
noted by  the  index  of  the  furd  root  i  take  away 
the  radical  fign. 

Ex.  5. 
Lei     y/^~  be  fquared. 


cc 


•:i 


Its  fquare  is    —  • 

Ex,  6. 

3  - 

Wlat  is  the  cube  of  y/a^—d^+^by/abb  . 

Aiifwer,     a^r-b^  +  ^^b^abb. 

3    RULE. 

Compound  furds,are  involved  as  integers,  obferv- 
ing  the  rule  of  multiplication  of  furds. 

Ex.  7. 

Ut  2+^5  be  fquared.  3.+^^ 


the  fquare         i4+6v/5        Ex* 
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Ex.  8. 

Ui  a^-y/b  he  tabid.         ^^^^(/b    ^ 


aa^^ay/b 
i^b+b 


ai — 2aa^b+ab 
—  aa  y/b + lab — hs/h 

the  cube         a^ — yiay/b'\'%ab — by/b. 

P  R  O  B  L  E  M    XXX. 

^0  extras  any  root  of  a  furd. 

RULE. 

Divide  the  index  of  the  quantity  or  quantities, 
by  the  index  of  tht  root  to  be  extrafled. 

Ex.  I. 

Extras  the  fquare  root  of  a\ 

The  root'zi  a^  zzy/a\. 

Ex.   2. 

Extras  the  cube  root  of  ab\ 

The  root  is  a^b^  =  ^abbl 


Ex.  3. 

• 

fFbat  IX  the .  4/A  root  of  yia. 
The  root  is  d^y/i  zz  a^y/^  zzy/ay^y/^. 


Ex. 
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Ex.  4. 
What  is  the  cube  root  of  ^aa — x^^, 

The  root  is  aa — xx^   ^  =z  aa^xx^::z^aa'^xx. 

2  RULE. 

When  the  index  of  the  roqt  to  be  extrafted,  is 
tjie  lame  as  the  index  of  the  power  of  that  quan- 
tity 5  take  away  that  index,  and  the  quantity  itfelf 
is  the  root. 

Ex.  5, 
H^iaf  is  the  fquare  root  of  ^*a\ 
Anfw.  3<y,  the  root. 

Ex.  6. 

What  is  the  cube  root  of  gax — ^^x 
Anfw.  $ax — $xx^  the  root. 

3  R  U  L  E. 

Compound  furds  are  cxtrafted  as  integers,  due 
regard  being  had  to  the  operacions  of  fimplc  furds. 
When  no  fuch  root  can  be  found,  prefix  the  radical 
fign. 

Ex.  7. 

For  tie  fquare  root  of  aik-^^ay/i+^t^ 

aa — j{a\/b  -f  4^  (a— 2  \/^ 
aa 

ta — 2v/^)  o  — 4^v/i+43 


^ 


Ex. 
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Eit.  8., 
What  is  tbi  cub*  rwt  tif  Mt*->/ax — xx. 


■Aafw.  ^ax^—^ax — xx,  the  root. 

PROBLEM    XXXL' 

T^  change  a  binomial  furd  juqnjitji  intQ  another^ 

RULE. 

This  reduftion  is  performed  by  an  equal  involu-*' 
tion,  and  evolution.  Involve  the  binonyal  to  the 
power  denoted  by  the  furd  or  furds,  tlien  fet  the 
ra^al  %a  of  the  fame  root  before  it. 

,       JE^.  I. 
^0  transform    24-^/3    to  another. 

Its  fquare,        4+3+4v/3=7+4\/3 
the  fquare  root,    \/j  +^y/3' 

Ex.  2. 
Reduce    \/2  4-^/3    to  a  umverfal  furd. 
Its  iquare  2+5+4^/6  =  5+2v/6 
the  root        \/ 5+ 2^/6. 

Ex.  3. 
Let    y/a — 2v/x    be  given  to  reduce. 
The  fquare    rf+4Jf — A\/^ 
the  root        \/^+4x — /^ax* 

Ex.  4. 

JLet    y/tf  +  y/^  be  given. 

The  cube       'a'\^7,y/aah^  ;;x/^bb+b 

the   root        \^a+3^aab+ s^abb+b. 

Cor. 
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Cor.  y/aJfy/h  =  v^r^AHhT^)'  '»    anlin ge- 
neral a~  +  i,-  =  V  T~Fj[7^' 

PROBLEM    XXXII. 

To  extras  tbefquare  Hot  of  a  binomial  (or  refidual) 
jurdy  A+B,  or  A— B  j  ^r  <2  trinomial^  &c. 

I    RULE,    /flr  ^/«0Mw/f. 

Take   v^AA--.Bii=D.      Then  v^A+B  = 
^A+U        v^A— D 


and%/A=B     =  v^+P  -  v/4=:5. 

2  2 

For  if  v/--~  +  \/-T—  be  involved  by 
Prob.  29.  it  will  produce  A  +  >/a  A — D  D, 
that  is  A+B,  as  it  ought.    And  v^A±P  __ 

v^— -^    will  alfo  produce  A— B. 

Ex.  I. 
?«  «/rtf^  the  root  of  7  +y/20. 

Here  A =7,  B=v/2o,    and  v^AA  — BB  = 
V^29  =  D. 

Then  the  fquare  root  of  7+^20    = 

^J  .  v/7+\/29  ^•.\/-7— v/20 


£x. 
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Ex.  2. 

« 

What  is  the  fquare  root  of  3 — 2^/2. 

Here  \/a  A— -BB  =  y^i  =  1=  D,    and 

A+D  A— D 

—7—   =  2,     — T—    =  I.    And 

\/:3— 2v/2  =  v^2-i-v^i  ^v^2— I,  the  root. 

■E*.  3- 

v/AA  —  B  B  =  v/25  =  D=5.      And  th* 

root  =  \/^  +  y/—-    that  is, 

2        •     2  <■ 

1/  :  a7+v^^  =  V'le+v'ii  —  4+\/ii- 

^.  .4« 

^^<2/  «  /iJtf  y^«<»«  root  of  C — 2\/£. 

Here  v'AA  —  BB  =  x^^S—io  =  0=4, 

yA+D  .A—D 

And   V'— - —    =  v/5,    and  V     ^       =  i.. 

And  the  root   =  v^5— i. 

Ex.  5. 
ExtraEt  the  root  of  y/i  \  +^q. 

v/AA  — BB  =  \/iT=  0=4;     And 
A+D  _  v/21+4         A— D   _  v/21^4 
2       ~"         2*  2       ~         2         • 

And  the  root  v^;"^"'"^^    +  y/:'^"-^. 


£x. 
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Extrati  t^  root  of  aq + 2i(^t».^^x. ' 
Here  A^z:  My    H  —  pc  ^/gg-^x^    T^ 

--        A+D  .  A— D    ■-., 

Then  — -—  =  aa — xx,  and  — — —  —  joj,   ^md 


the  root  ^x+y/'ax — xx. 

What  if  the  root  of  b+i^i — \/i  a<*-v^t4. 

^  Let    A= 6 +\/8,     B=:v/ig+v/24.       Then 

V'AA—BB=D=V^:44+i.2y/8— 36— 2y'i2X24 
xo       A+D  ^'      A~D 

And  the  root  =  v/  :  3+\/8~  —  v/3.      But 

^  ••  3+\/8  =  I  +  ,v^2,    (fee  Ex.  2.)  j   there- 
fore the  root    =  i  +  \/2— \/3. 

2    R  U  L  E>  /<?r  tHnqmiaUp  ^.  . , 

For  trinomial,  quadrinpmial  furds^  &r.  fdivide 
half  the  produ6t  of  any  two  radicals  by  a  thirds 
gives  the  fquare  of  one  radical  part  of  (he  foot^ 
This  repeated  with  different  quantities^  will  give 
the  fquares  of  all  the  parts  of  the  root,  to  be  con* 
nefted  by  +  and  — .  But  if  any  quantity  occur 
oftener  than  once  ;  it  muft  be  taken  but  once. 

For  if  Af+j^+2  be  any  trinomial  furd,  its  fquare 
will  be  ;f»+7*+2*+2yy+2Af2+2j^^  i  theo  if  half 
the  produdtx^f  any  two  redangles  as  2xjt^2xz  (or 
2xy*)  be  divided  by  feme  third  2yz,  the  quotienC 

=:  XX,    muft  needs  be  the  fquare  of  one  of 

the  parts  i  and  the  like  for  the  reft. 

Ex. 
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Ex.  8. 

To  extraSt  the  fiuare  root  of 
6  +\/8— ^^i  2 — \/^^ 

"^^        ^   y^ — =i»  and' 7 z:4/4.=:2* 

,    \/l2X\/24  .  A     1     , 

and  — ^  yg     ■  =  y/9  =  3.     And  the  roo(  is 
1+4/2 


£x.  9. 

3i  )W  ^A^  yj^^flTtf  root  of 

J2— v/48  +\/8o— ^24+\/4o— v/6< 


^  v/32X48  ,24.      .  .  , 

Here         /■kq"   "^  ^ — »  produces  np- 

Jhing^    Again,      ^ ,,^'    =^16=4.      And 

V^40X6o  V^24X40         . 

1[;7T  =v^*5=5  J  aqd  -j;-;;^  =,/4=:2  j 

&c.  therefore  the  parts  of  the  root  are  y/^y  y/^y 
y/g,  y^2>  v^4,  &c.  and  the  root  2+v/2 — y/i 
+V^5 ;  for  being  fquared  it  produces  the  fiird 
^u^ptity  given. 

Cor.  I.  In  bfffomialsj  if  H  be  a  rational  quan* 
Hljt  the  root  will  confiji  of  two  furds ,  and  tber 
farts  of  each  under  the  radical  Jign  will  conftft  of  a 
rational  quantity  (D),    and  a  furd  (A). 

Cor.  2.  If  both  A  and  D  be  rational ^  the  rcct 
will  confift  either  of  the  two  fnrds^  or  elf e^  of  a  ra- 
tional fart  and  a  furd  \  which  is  the  only  caje  that 
is  ufeful  in  this  extf  afiion. 

PRO- 


7^ 


I 

I 
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\  to  nLE^  XXXIII. 

jj   [7  L   E.         . 
BB^P'  ^^  Q!^^ch»  that  QD=:«^, 

,    usit intcg^^P''"''    Let  VA+Bxv/Q=r. 

rt-  /^^g^**  number. 
the  ^^^^.  yQ  to  the  fimpleft  form  p^/s. 
jled^ce  ^v 


n 


r  +'^ 
;  .  £   r=  /,    the  neareft  integer. 


2y/^  

_  ts/s  +  Vtls — n 


r\xtxk  the  root  = -^^ ^  if  jj  c^    j,^ 

v^Q^  extrafted. 

'Hioiti  +  is  for  the  binomial  A+B^    and  — 
for  the  rcfidual  A — ^B. 

Ex.  I. 
What  is  the  cuhe  root  of  v/968+25. 
Here    D  =  343  =  7x7x7.       Q^fzzHU    and 

Q=i,  «=7.     Then  ^^A+Bxv/Q=  v^56+ 
=  r  =  4.     Ay/Q  =  v/968= 22^/2  =^^/i  and 

v/J=v^2.    '■  +  7  =  4  +  -^        ^ 

■  ,  ^    =:  /  =:  2.      And 

2y/s  2^/2 

/v/i=2v/2,   v///j — «ziv/8 — 7=1.     v^Q  =  I. 

And  the  root  ~^^^ =  2v/2  +  i  >      which 

I  ^ 

fucceeds. 


jZ«X» 
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Ex,    2. 
Extras  the  cube  root  of  68«-v^4374«' 

Here   0=250=5X5X5X2.     And    5'X2»=:4D 
=  Q^D  =  n\  and  Q^=  4,    »=2X5=xo.     And 

V^A+B  X\/Q  =  \/x34X2  =  6  =  r. 
A\/Q= i^6v/ 1  ~t^s^  and  v/j= i  . 

And    the    root 


v/2 

for  its  cube  is  68 — 27^/6. 

Ex.  3. 
Extras  the  gtb  root  of  2^x/6+4.i^3. 

Here  D=3,  ^=3,  Q=8i,    r=5,    ^s=z^6^ 
/=i,    /y/j=v/6,      y/tts—n  =    v/3, 

^Q  =y^8 1  =\/9.      And    the  root  to  be  tried 

Scholium. 

If  the  quantity  be  a  fradion  or  has  a  common 
divifor,  extra£b  the  root  of  the  derominatcr  or  of 
that  common  divifor,  feparately.  They  that  would 
fee  the  dcmonftration  of  this  rule,  mav  confuit 
Gravefandft  or  Mac  Laurinf^  Algebra.  For  as  it 
ieldom  .happens  that  fuch  quantities  have  a  proper 
root;  it  is  not  worth  while  fpending  any  mbre 
time  about  them. 

G  PRO- 
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P  R  O  B  L  EM    XXXIV. 

A  compotmd  fwrd  being  gvoeny  ceiling  of  iwo^  ibree^ 

I   or  more  terms^   which  are  furd  fqiiare   roots  :  ,  to 

find  fucb  a  multiplier  or  multipliers^  by  wbick  fnuU 

tipljing  the  given  furd  %'  tbeproduS  will  ke  rational. 

R    U    L    E- 

Change  the  fign  of  one  of  the  terms  in  a  bi- 
nomial, or  trinomial,  or  the  figns  of  two  terms 
in  a  quadriAomial ;  and  by  this  multiply  the  gt* 
ven  furd, 

Ex.  I* 

Let  «+v^3.  be  given. 
Multiply  by    a — ^i 

produft  aa — 3. 


Ex.  2. 
Given  y/^ — \^x. 
Multiply  by       s/s-^s/^ 


product  5 — X      rational. 

'        EU.  3. 
Multiply  by  v^5+y/34-y/2 

produtft         6+2v/i5  ^ 

multiply  by  — 6+2v/i5 


«»i 


produft  60 — 36=24, 


.t    EXt 


f 


Sea.in; 
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Ex.  4m 

There  is  given    x^a +\/b — x/^  +\/d 


Multiply  by 
produd): 

or 

multiply  by 

produA 

or 
multiply  by 

produft 


r — x/d 


—4 + 2\/alf + 2\/dc 

/+  2x/ai — 2x/dc 
ff+4f\/a^+4ab — 4iU 


gg—^¥M 


In  ^  this  procels  /  is  put  for  the  rational  part 
*+**— ^— i^i    and  g  for  //  +4ah^4dc. 

Cor.  ^  binomial  ie^^ms  rational  afur  mu  opera- 
HoHy  a  trifumal  aftir  twoy  and  a  q/tadrinomal  after 
tbree^  &c. 

PROBLEM    XXXV. 

« 

A  binomial  beingjiveny  confijing  of  one  or  two  furds^ 
whofc  index  or  root  is  any  power  of  2  \  to'  find 
a  multiplier  ^  m$tkiptiers  that  (ball  make  it  ra- 
tional. 

R    U   I-    E. 

Multiply  it  by  its  corrcfponding  refidual  (that 
is  when  one  fign  is  changed  )i  and  repeat  the  fame 
operation,  as  long  as  there  are  furds. 


Ex. 


I. 


Let  ^a — x^h  he  given. 
Multiply  by     ^/a +^b 

produft        a — b  rational. 

G  a 


Exi 
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Ex.  2. 

Lef     y/^  +  y/i  he  frofofya. 

4  4 

Multiply  by  ^5  —  \/^ 

I  product    x/fi  —  y/^ 
multiply  by  v/5  4-  i/3 


2  prociud    5 —  i  —2  y  rationaL 

£^.  3. 

«  8 

Z^/  /i&^r^  be  given  \/a  +  v^^. , 

8  8 

Multiply   by  y/a — ^b 

1  produd: 
multiply  by 

2  produA 
mult,,  by 

3  produd:  a  —  b  rational. 

Ex.  4, 
Lei  a  +  ^b  be  given. 

Multiplier  a^-^b 

'      ' '       — 
I  prod,  eui  —  ^s/b 

mult.  aa  +  y/b 


y/a 

a  • 

~* 

2  prod.  ij*  —  3 

Cor.  51&^  nnmber  of  operations^  is  equal  to  the  power 
of  2  in  the  index.  * 

P  R  O  B. 
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PROBLEM    XXXVI. 

yiffj^  linomial  furd  being  given^    to  find  a  multiplier 
wbi<b  Jhall  produce  a  r cation, I  produS» 

R    U    L    E, 

If  the  furds  have  not  the  fame  index,  reduce 
them  to  the  fame,  (Prob.  2\J) 

Take  the  two  quantities  (throwing  away,  the 
radical  (ign  or  index) ;  change  the  fign  of  one  of 
them.  That  done^  involve  thffe  to  'the  next  in- 
ferior power  denoted  by  the  index  of  the  root 
(Prob.  5.  Rule  5),  but  leave  out  the  iincise  or  co- 
efficients :  then  place  the  common  radical  fign  be- 
fore each  quantity,  but  after  its  fign.  And  this 
wiJJ  be  your  multiplier.    • 

Shorter  tbusy 
.  Binomial     v/A  +  v/B- 
Multiplier    v^A— '  +  v/A^-^B  +  v/A— 3B« 

:f:v^A*-4B'  +  &c. 

The  upper  figns  muft  be  taken  with  the  upper, 
and  the  lower  with  the  lower  j  and  the  fcries  con- 
tinued to  n  terms. 

Ex.    1. 

33  /  . 

^^  y/l  +  \/3  ^^  given. 

Multiplier    v/7X7  —  \/*7X?  +  VZ^Z 


7  +  v^7X7X3 
—  \^7>^7^i  —  \f7x2Xi     ' 

+  v/7X3X3  +  3 


h)R 


product       7  +  3   =  JO,    rational. 

G  3  Ex. 
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Lei  a-^^i  be  prapcfed.     rr  v/*'— v^fi . 

3  3 

Multiplier    aa+ax/2  +  ^/lyX 
produft        g»-!-2. 

£*.  3. 

3.3 

Let   y/a  +  y/^  ^tf  propofid. 

333 
Mult.      \/<?.^  —  y/ah  +  y/hh 

produfk      a  +  ^ 


4  4 

reduced  v/5  +  v/9,  given. 

Multiplier  v/5' —  V5*X9  +  v^5X9»— v^ 


produd 

5 

-9  =- 

-4. 

« 

Or  tbusy 

Surd 
mult. 

v/9  +  \/5- 

^/9»— V'9'X5  +  \/9y^5* 

-v/5' 

product 

1 

9 

~5           =4. 
Ex.  5. 

4             4 

Let    y/a}  —  -v/^J  3^  given. 

Multiplier  ^a^  +  ^A^^^?  +  ^a^b^  +  v<*9. 

1 

«^ 
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Or  tbuSf 

Surd  v/tfl — y/bK 

4-  4  4  >  4 

mult.        aaK/a  +  ay/aah^  +  b^a^lh^hh^/b 

product    a^    —    ^^ 


"•p—ii^i 


£;f.  6. 

3 
Let  \/a  —  y/b  be  propofed. 

reduced    to    v^tf ?  —  ^ybh 

put  xzi^\  yzzbb. 

6  6 

Surd  \A  —  v^ 

6  6  6  9 

mult,  v^x*  +  y/x^  +  \/^!y*  +  v^^*;'^  + 

produft     X  —  J  zz:  a^  —  bh. 


PROBLEM    XXXVII. 

[/t  fraBion  being  given  wboje  denominator  is  a  com- 
found  furd  \  to  reduce  it  to  another  wbofe  deno- 
minator is  rational. 

RULE. 

Find  fuch  a  multiplier  (by  Prob.  34,  35,  or  36), 
as  will  make  the  denominator  ^attonaf.  By  this 
multiply  both  numerator  and  denominator. 

o 

Lei        '  J  '  be  propofed. 

Here 


v/5— v/2X\/5+v/^ 

5— 2=^  X  IT 

.  G  4  '£  v» 
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PROBLEM    XXXIII. 

TV  exiraS  My  root   («)  of  a  bmotmal  furd  A+B^ 

or  A— B. 


R    U   L   E. 
Let  AA— BB=p,  take  Q^fuch,  that  QDzzif^ 

s  c     . 

the  leaft  integer  power.     Let  v  A+B  X\/Q=r, 

the   neareft  integer  number. 

Reduce  Ay/Q  to  the  fimpleft  form  p\/s. 

*Xet     =  /,    the  neareft  integer. 

Then  the  root  = ^^ ^  if  -^  ^^^   ^ 

\/Q^  ex  traded. 

Note,  +  is  for  the  binomial  A+B>    and  — 
for  the  rcfidual  A — B. 

Ex.  I. 

What  is  the  cube  root  of  x/^SS+ig. 

Here    0  =  343  =  7x7x7.       QX7'=»J,    and 

Q=i,  n=y.    Then  ^A^Bx^7q=  ^56+ 
=  r  =  4.    Av/Q  =  \/g68=22y/^2zzp^Si  and 

v/i=v/2.    ^  +  7  =  4  +  -^ 

^  < --i-  =  /  =  2.     And 

/v/i=2y/2,    v///j — ;?=v/8 — 7  =  1.     v^Q  =  t. 

24V^2  1    I 

And  the  root  ~^- zr  2^/2  + 1 ,      which 

fucceeds. 


Ex. 
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Extras  tie  cuhe  root  of  68«-v^4374«' 

Here   Dzz250=5X5X5X2.     And    5'X2»r:4D 
=:  Q^D  =  n\  and  O  =  4,    »=:2X5=xo.      And 

v^A+B  X  v^Q  =  \/x34X2  —6-r. 
'^^T    _  71    _  ii  _  ,  ^  ,     ,  . 

And    the    root 
ty/^ —  \/tts — n  _     -*'V^io — 10         4— v^5 

' 6 —     1 = 3 % 

v/2  V^4  v/2 

for  its  cube  is  68 — 27v^6. 

Ex.  3. 
ExtraB  the  gtb  root  of  2^\/6+4i^3. 

Here  D=3,  ^zzj,  Q=:8i,    r=5,    v^jzry/^, 
/=!,    /y/jziv/6,      x/tls—n  =    v^3, 

4f  10  5 

^Q  =:y^8 1  =  v^9.      And   the  root  to  be  tried 

Scholium. 

If  the  tjiiantity  be  a  fradion  Qr  has  a  common 
divifor,  extra£b  the  r(K>t  of  ihc  dcrominaicr  or  of 
that  common  divifor,  feparately.  They  that  would 
iee  the  dcmonftration  of  this  rule,  mav  confuit 
Gravefand<*%  or  Mac  Launnh  Algebra.  For  as  it 
feidom  happens  that  fuch  quantities  have  a  proper 
root;  it  is  not  worth  while  fpending  any  more 
time  about  them. 

G  PRO- 
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SEC  T.     IV. 

Several  Methods  of  managing  Equations. 


AN  Equation  is  the  mutual  comparing  of  two 
equal  quantities,  by  the  help  of  this  charac- 
ter (==);  the  part  on  the  left  hand  is  called  the 
jirftjide  of  the  equation ;  that  on  the  right,  the 
ficond  ftde.  And  the  iingle  qiyiantities  are  called 
terms  of  the  equation. 

An  equation  is  either  two  ranks  of  quantities 
equal  tq  one  another,  and  feparated  by  this  mark 
(zi)j  or  one  rank  equal  to  nothing.  And  they 
are  to  be  conlidered  either,  as  the  lafl:  conckifion 
to  which  we  come  in  the  folution  of  a  problem  ; 
ot  as  the  means  whereby  we  come  to  it.  In  the 
iirft  cafe,  the  equation  is  compofed  of  only  one 
unknown  quantity  mixed  with  known  ones,  and 
may  be  called  the  final  equation.  Bxit  thofe  of- 
the  lafl  fort  involve  feverai  unknown  quantities ; 
and  therefore  they  are  to  be  fo  managed  and  re- 
duced, that  out  of  all  the  reft  there  may  emerge 
a  new  equation,  with  only  otie  unknown  quantity, 
which  is  that  we  feek.  And  (his  is  to  be  made  as 
fimple  as  it  can,  in  order  to  find  the  value  of  the 
unknown  quantity. 

An  equation  is  named  according  to  the  dime'^- 
lion  of  the  higheft  power  of  the  unknown  quan* 
tity  in  it.  Ajimple  equation  is  that  which  con- 
tains only  the  quantity  itfelf  ^  as  azri — c.  A 
quadratic  elation,  k  when  the  highclt  power  is 
a  fquare>  as  aa — iui:z,d.  A  cubic  equaticn^  when  the 
higheft  power  is  a  cube,  z&  a^ -^-ba^^-^azzd.  A 
fourth  power  when  the  higheft  power  is  fuch,  as 
tf* — ^a^+azzd^  &c. 

PRO- 
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PROBLEM    XXXVIII. 

To  fun  preptrtional  jnantities  into  equations  i   and 

tquations  into  proportions, 

• 

Jo  the  fbtution  of  problems^  it  often  happens, 
that  we  have  feveral  quantities  in  geometrh^l  pro- 
portion, ^hich  are  to  be  reduced  into  an  equatibn  ; 
which  will  be  done  thus  : 

RULE, 

Multiply  the  extremes  together,  for  one  fide  t>f 
the  equation,  and  the  two  means  for  the  other 
£de ;  or  the  fijuare  of  the  mean,  wheii  there  are 
but  3   terms. 

On  the  contrary  in  a  given  equation,  divide 
each  fide  into  two  faftors ;  aiid  make  the  two  fac- 
tors of  one  fide  the  two  means ;  and  the  two  fac- 
tors of  the  other  fide,  the  extreams. 

Ex.  I. 
I/a:i::€+f:d.     Then  ai:zic^if. 

Esc.  z. 


L€t  a 


+b  :  «— *  : !  'T\^aa — X9C  :  — . 


Tu        ar-^-ir        ca — ch      .      .    .. 
Ihcn    —J —   =  —js^aa^xx. 


Ex.  3. 
If  oi  zi  hc-^-bf.    Then  a:  i::  c+/:i. 


»  M 


Ex^ 
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Ex.  4« 

ar+br  ca — cb        . 

Jf     — J —    =    -^    Vaa—xx. 

Then    — 7-  :  — t —  :  :  ^/aa — )cx :  r 


or 


a—*  :  a^h  •  '=  "7  •  -^s/aa^xx. 


Let  bc+bJn  da — eg. 
Then     I  :  hi:  c+d  :  da — eg. 


ot       b  :  y/da — eg  :  :  \/da — eg  :  c+d. 

PROBLEM    XXXIX. 

To  reduce  an  equation. 

When  a  queftion  is  brought  to  an  equation,  the 
unknown  quantities  are  generally  mixed  and  en* 
tangled  with  the  known  ones ; .  and  therefore  the 
equation  muft  be  fo  ordered  that  the  unknown  quan- 
tity may  iUnd  clear^  on  the  firft  fide  of  the  equa- 
tion ;  and  the  known  ones  on  tht  fecond  fide. 
Which  is  done  thus  : 

I     R  U  L  E. 

■  •  • 

When  any  quantity  is  on  both  fide  the  equation, 
throw  it  out  of  both. 

Ex.  1. 

If  3x+6b  rr  ^c — d  +  9*. 
Throve  out  6i.    Then  3^=4^— </+3*. 

2     RULE. 

When  the  known  and  unknown  quantities  are 
both  on  one  fide ;  tranfpofe  any  of  them  to  the 
contrary  fide,  and  change  its  fign.  Ex* 
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Ex.  2. 

If  5  *  +  3*  =  ^'^  +  W*  . 

Thei»     ^  ifi  zz  rpe -{-  hd  —  ji 
And      5  Af  -—  fx  =  W  —  3^. 

For  to  tranfppfe  a  quantity  with  a  contrary  fign^ 
is  the  fame  thing  as  to  add  it,  or  die  to  fubtraft  ic 
from  both  (tdes ;  therefore  the  quantities  on  each 
iidCy  remain  itiU  equal,  by  Axiom   i.  and  2/ 

3    R   U  ,.L   E. 

If  there  be  fraftions  in  the  equation^'  multiply 
both  fides  by  the  denominafiors. 

-Ex.  3. 

>  ■ 

suppofc  ^  +  r— /=-.  .;. 

Multiply  by  hi  'a  a  +  <h  —  fb  =  — 
muldply  by  a^  a^  +  bca  —  bfa  =;  Wx 

This  procefs  is  plain  from  Axiom  3. 

4    R  U  L  E. 

When  any  quantity  is  multiplied  into  both  fides 
of  the  equation,  or  into  the  higheft  term  of  the 
unknown  quantity;  divide  the  whole  equation 
thereby. 

Ex.  ±. 
If  yha}  +  bcaa  r:  bcda. 

Divide  by  itf,    jaaA- ca  zz  cd.      » 

ca        cd 
divide  by  7,         utf  +  -7  =  — . 

7         7 

The  truth  of  this  appears  by  Axiom  4.  . 

5   RULE. 
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5  R  U  L  E. 

If  the  unknown  quantity  is  ajQTeded  with  a  flird  i 
tranfpofe  the  reft  of  the  terms ;  then  involve  each 
fide  according  to  the  index  of  the  ftird; 

Ex.  5.       ' 

If  Va^y^ba  ^  c  'S^ir^ 

Then    y/aor^ld  rz  d^c. 
iquared    aa  —  ia  —  dd-^idc+cc. 

This  procefs  Is  pFam  from  Axiom  5. 

6  R  U   L  E.. 

When  the  fide  containing  the  unknown  quantity 
is  a  pure  power ;  or  if  being  adfe^ed,  it  has  a  ra- 
tional root :  then  fXtrwSt  fuch  rM>t  on  both  fides 
of  the  equation/  ..        •  ; 

» 

.    If  a^  ::zi* -^  He. 

»       ♦-  •       -       -     * .  ■  ■*    • 

s 

Cube  rootw    ^  ^y/JTZJ^    •    .       . 

Ex.  7. 

If      ^if  +  ^^  +  9  :;z2oi. 
Square  root      ^  +  g  =r +v^2o^. 
and  «?  rr  +  v^2oi 


5ri&0/.  All  thefe  rules  are  to  be  ufed  promifcu- 
oufly,  as  one  has  occafioh  for  them ;  till  the  equa« 
tion  be  duly  cleared. 

'PROBLEM    XL. 

To  explain  the  nature  and  origin' of  adftHed  equations. 

I.  Any  adfefted  equation  may  be  confidcred  as 
made  up  of  as  many  fimple  equations,   as  the  di- 

menfion 
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menfion  of  the  highefl:  power  ist  Suppofe  x:;pa^ 
xzzkj  axid  x-ziCy  &c.  then  x — azzOy  x-^^bzzo^ 
y— <=o.     And  if  all  thefe  be  multiplied  together^ 

then  X — u  XX — b  x^— ^=0  ;    that  is, 

x^'-'-ax^+ahx — akczib^    a  cubic  equation, 

%hoie  roots  are  aj  b,  c. 


In  like  manner,  x^^a  x  x— ^  x  x*— r  x  x-^-dzzOj 
produces  a  biqisadratic  equation, 

x*--tf  *«  +ab  X*  —  ^ihx  +  ahcd-rio. 
— b      +ac     — abd 
^—c      +bc     '-^acJ 
— ^      +Ja     — bed 

+db 

+dc  ^ 

Krhofe  roots  are  a,  b^  c,  d. 

Thefe  two  equations  ttiay  be  written  or  de«- 
noted  thus,  x^-^px*  +  j^  —  r  z:  o ,  and 
x^  — ^i  4.  jaf *.-,-.  r;if  +  i  =:  o*  And  any  fuch  «•* 
Quation  being*  found  in  the  folution  of  a  prol^lem  i 
tke  bufinels  is  then  to  refolve  it  into  its  origiiu4 
compounding  (imple  equations,  and  fo  to  6nd  the 
roocs  4,  b^  Cy  &c.  For  each  of  thele  Hmple  equa- 
tions gives,  one  value  of  jr,  or  one  root.  And  if 
any  one  of  thefe  values  of  ^  be  fubfticuted  in  the 
equation  inftea'd  of  x^  ail  the  terms  of  the  equa*- 
tion  will  vaniflt  and  be  =0.  For  fince 
X — a  Xx—b  X  x-^r,  &c.  =0.  It  is  plain,  when 
One  of  the  faftors  x — a  is  =0,  the  whole  pro- 
duft  will  be  =0.  And  of  confcqucnce  there  arc 
three  roots  in  the  cubic  equation,  and  four  in  the 
biquadratic  ;  and  in  general  there  are  as  many 
roots,  as  is  the  di menfion  of  the  highcft  pov/er  in 
It,  and  no  more, 

rt.  If 
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2.  If  it  happen   that  the  roots  a^  b^  c^  &c.   be 

equal  to  one  another,  then  x — a     will  be    zro, 

or  X — a  r:05  &c.  and  x — a  is  had  by  evolu- 
tion, fince  the  given  equation  is  generated  by  in- 
Volution. 

3.  That  there  are  no  more  roots  ^an  thefe  is 
plain  i  for  if  you  put  any  quantity,  as  /  for  x^ 
which  is  equal  to  none  of  the  roots  a^  b^  r,  fire. 
Then  fince  neither  f^a^  f*^b^  nor  /— r,  &a'  is 
o,  their  product  cannot  vanidi  or  be  rro,.  buc 
xnuft  be  fome  rea!  produd  \  and  therdfore  /  is 
no  root  pf  the  equation. 

4«  Since  the  fquare  root  of  a  negative  quantity 
is  impoflible  ;    therefore  if  we  have  fqch  an  equa- 
tion as  this,    9CX  +  aazno^  or  xw  r:  —  aa^    then 
xzz±y/ — ua^  which  arc  two  . impoffible  roots   of 
chat  equation.     So  that  a  quadratic  equation  has 
either  two  impoffible  roots  or  none.     And  there^ 
fore  in  any  equation,  there  is  always  an  even  num-^ 
ber  of  impoflible  roots  \  fince  each  quadratic,  that 
goes  to  the  compounding  it,  mud  have  either  cwa 
or  none.    Therefore  no  equation  can  have  an  odd 
number  of  impoflibU;  roots.     Hence  .therefore  the 
number  of  real  roots  in  a  cubic  equatiop,  will  ei« 
ther  be  one  or  three ;   in  a  biquadratic,  four,  two, 
or  none.     In  a  fifth  power,  5»  3  or  i  ;  &^. 

5.  From  the  foregoing  equations  it  is  plain,  that 
the  coefficient  of  the  firfl  term,  (or  tdat  of  the  high* 
eft  power)  is  i.  The  coefficient  of -the  fecond 
term  (or  next  highefl  powers  is  the  fum  of 
alt  the  roots,  a,  ^,  ^,  &c.  with  their  figns  chang- 
ed. The  coefficient  of  the  third  term,  the  fum 
of  the  produds  of  evecy  two  of  the  roots.  The 
coefficient  of  the  fourth  term,  the  fum  <jf  the  pro* 
dufts  of  every  three  of  them,  M'ith  contrary  figns, 
fcfr.  The  odd  terms  having  always  the  fame  fign^ 
and  the  even  terms   a  contrary  one.      And  the 

abfolute 
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abfolute  number  is  always  the  produ£b  of  all  the 
roots  cogethcn 

a.  Hence  k  follows,  that  when  the  funv  of  all 
the  n^ative  roots  is  equal  to  the  film  of  all  the 
afErmative,  the  fecond  term  vanifhes,  and  the  cpn- 
trary.  And  if  all  the  negative  redangles  be  equal 
to  all  the  affirmative  ones,  .  (he  third  term  vaniihes* 
And  if  all  the  negative  folids  be  equal  to  all  the 
affirmative  ones,  the  fourth  term^vapiihes,  out  of 
the  equation ;  and  fo  forward. 

7*  But  the  roots  of  equadoqs  may  be  either  4- 
or  — s  yet  ftill  the  fame  rules  hold  good.  For  let 
the  figa  of  any  of  them  as  r  be  changed  into  — r, 
that  is,  let  x+t2zo%  then  in  the  cubic  equation 
the  fecond  term  will  be  -^o; — i+c  %  that  is,  the 
fum  of  the  roots  with  a  contrary  fign  \  the  third 
term  will  be  +ak  —  ac-^bc  ^  that  is,  the 
(um  of  the  produds  of  all  the  roots*,  and  fo 
of  the  reft. 

8.  HMce  alio  in  every  equation  cleared  of  frac* 
dons  and  furds,  each  of  the  roots,'  each  of  the  rec- 
tangles of  afny  two  of  the  root»,  each  of  the  folids 
under  aiify  three  of  them,  each  of  the  produfts  of 
any  four  of  the  faid  roots,  &fr.  are  all  of  them 
juft  divifors  of  the  laft  term  or  abfolute  ntmiber. 
Therefore  when  no  fuch  divifor  can  be  found, 
it  is  evident-  there  is  no  root,  no  rectangle  of 
roots,  no  (olid  of  roots,  (^c.  but  what  is  furd.: 
For  in  the  cubic  equation,  a^  b^  r,  and  ab^  acj  bc^ 
are  all  of  them  dtvilbrs  of  t-he  laft  term  abc :  and* 
fo  of  higher  powers. 

9.  In  any  eqtiation,  change  the  figns  of  all  the 
terms  but  the  Brft  \  then  let  the  coefficients  of  the 
lirft,  ifcond,  third,  Csfr,  'terms  be  i,  ^,  J,  f,  J, 
/i  r,  &c.  rcfpcftively. ' 

H  Then 
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Then  obferying  the  figng,  \ift  (hall  have 
p  zz  fum  of  the  roots,  a+b+c^  &c. 
pA  +  2f  1=  fum   of  the.  f^uire*  of  the  rootd 

fB+'yA  +  jf     r:  the  fum  of  their  cubes 

pC  ^qB+rA  +45  ==  the  fum  of  the  biqoadrate^ 

Where'  A,  B,  C,  (3c.  arc  the  firft,  fccond,  thirds 
6?r.  terms. 

For  +pzia+i+c    &c.  rrA. 

Alfo  pA  or  J+J+7^  =:  a^+l^+c^+zat  + 
2^r+2fi/=B— 2j,     Therefore  B=:pA+2f,  &c. 

\  To  go  through  the  calculations  of  the  reft  wpuld 
be  cediouSy  and  of  little  ufe. 

10.  In  equations  of  the  third  and  fourth  power^ 
\^e  find^  when  the  roots  are  all  afHrniative,  the  Hgna 
are  +  and  —  alternately;  fo  tiut  therd  are  as 
many  diangcs  of  the  figas  as  is  the  index  Of  the 
power^  or  as  the  number  of  roets« .  But  if  th^ 
roots  are  all  negative,  the  figns  are  all  +  through* 
out,  there  being  no  changes  of  the  figns.  Whence 
.in  thefe  cafes,  there  are  as  many  affirmative  rooca^ 
as  changes  of  the  figns  in  all  the  terms^.  from  + 
to  — ,  and  from  —  to  +-  And  the  feme  rul4 
ho\d%  in  general^  that  is,  there  are  as  nlany  affir*. 
mative  roots  in  any  equation  as  there  are  ch^riges 
of  the  figns.  But  the  equation  is  fuppofed  to  h(t 
dbmpleat,  that  is  to  want  no  ternls,  and  to  have 
numeral  coefficients.  And  likewife  the  number  of 
negative  roots  ii  known  thus  ;  as  often  as  two  of 
the  figns  4-,  or  two  of  the  figns  —  ftand  next 
one  another,  fo  often  thtre  is  a  negative  root.  It 
would  be  needlcfs  to  trouble  the  reader  with  the. 
proof  of  thele  things  ;  fince  it  can  only  be  done 
in   particular   cafes,    and  not  in  a  general  way. 

And 
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And  befides  wb«n  tmpoflible  roots  happen  to  lie 
hid  \n  the  equation,  they  caufe  the  rule  to  fail. 

11.  When  the  roots  arc  all  affirmative,  the 
terms  of  the  ^nation  are  alternately  +  and  — 
through  the  equation ;  but  when  the  roots  are  all 
negative,  the  figns  are  all  4-  ;  and  therefore,  as 
by  changing  the  -figns  of  the  roots,  the  figns  of 
the  alternate  terms  are  changed  ;  fo  on  the  con* 
trary,  changing  the  figns  of  the  alternate  terms, 
changes  the  figns  of  all  the  roots..  And  this  holds 
in  general,  as  will  be  evident  by  producing  two 
equations  from  the  fame  roots,  with  contrary  figns. 

12.  Since  any  adfedted  equation,  as  x^ — px*+' 
qx—r=Qy  13  made  up  of  fimple  equations,  fuch 
as  X — tfrro,  X — ^^=0,  &c.  Therefore  if  one  root 
as  i)  be  known^  the  ^ote  equation  may  be  exad- 
Ij  divided  by  x — a  ;  and  fo  reduced  to  a  lower 
dimenfion.  Alfo  when  all  the  roots  a^  h^  c  are 
feund  out,  then  will  the  continual  produA  of 
ar— I/,  X — ^,  X — r,  exaftJy  produce  the  fame  equa- 
tion, ft  19  no  wonder  that  an  equation  has  feveral 
roots ;  foecaufe  in  fuch  cafes,  there  are  more  fblu« 
tions  to  a  problem  than  one.  So  that  in  one  cafe 
of  It,  M  is  =ra,  in  another  cafe  x=^,  in  a  third 
erne,  &c.  and  they  are  all  comprehended  in  the 
general  equation.  And  hence  though  there  be  fe- 
veral roots  in  an  equation,  yet  only  one  of  them 
Witt  anfwer  one  cafe,  or  the  particular  queftion 
propofcd. 

2 a.  That  any  mot  fubftituted  for  x  in  the  given 
cquaci^n,  -  will  oiake  the  whole  equation  to  vaniih, 
hy  deftrQyiflg  all  the  terms»  is  proved  thus.  Let 
the  equation  be,  ^ 

x^  — ;  ax*  +  al?x  —  ah  zzo. 
—  h      +  ac 
^^c       +  be 

H  7.  And 
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And  let  the  roots  be  a^  b^  c,  as  before. »  Then 
fublHtute  any  one,  as  J,  inftead  of  x^  and  the 
equation  will    become 


— baa     +  caa 
— caa     +  ^i^c 

Where  the  terms  manifcdly  deftroy  one  another. 
And  the  fame  will  happen,  by  fubflituting  ^*  or  r, 
for  X, 

13.  If  the  laft  term  of  an  equation  vanifhes  fas 
a  b  c^  Art.  12),  then  one  root  will  be  o ;  for  then 
the  uhole  equation  may  be  divided  by  the  un- 
known quantity  x  or  x — o,  If  the  two  laft  terms 
vanifli  {dbx  ^acx+bcx^  and  -^abc)^  then  two  roots 
aie  =o;  if  the  three  laft  terms  vanifti,  then  three 
roots  will  be  o ;  fc?r. 

And  on  the  contrary,  if  one,  two,  or  three  roots, 
lie.  be  no,  the  laft  term,  the  two'laft^  or  the 
three  laft  terms,  Csf^.  will  vanilh  out  of  the  equa- 
tion,  and  the  remaining  part  of  the  equation  will 
contain  the  reft  of  the  roots.  Thus  in  the  equa- 
rion.  Art.  12.  if  the  roots  ^,  ^  be  =0  \  there 
remains  only  x^ — tf+^-fr  x^*=o,  or  x — a=o, 
an  equation  containing  (he  remaining  root  a. 

14.  And  in  any  power  bf  a  binomial,  if  each 
term  be  multiplied  by  the  index  of  the  unknown 
quantity  therein  ;  it  will  thereby  be  reduced  to  the 
next  inferior  power.  To  prove  this,  we  muft  ob- 
ferve,  that  the  coefficients  of  a  binomial^  are  th6 
very  fame,  whether  you  reckon  forward  from  tbtf 
beginning,  or  backward  from  the  end  j  that  is4 
the  firft  and  laft  are  the  fame-,  the  fecond  and 
laft  but  one  \  the  third  and  laft  but  two,  &?<•. 
For  the  coefficients  of  any  power  of  :tf+^,  are  the 
fajne  as  of  ^4-x.     In  the  quadutic  xx-^-ibx-^-bb^ 

the 


I 


I 


% 
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the  coefficients  arc  i,  2,  i.  In  the  cubic 
*' +3**^4-3*^' 4.^',  they  are  i,  3,  3,  i.  In  the 
fourth  power  they  are  i,  4,  6,  4,  i.  In  the  fifth 
power,    I,  5,  10,  10,  5,  I V  and  fo  on. 

Therefore,  let  any  power  of  x-^b  be  denoted 

thus,   A^+/ix*-»i  +    -^ x«-2^^     4- 

2  ' 

».» — I    n — 2 

2.3  ^ 


^YT^ *'**~^    +   — ] —  oc^i^-''      + 

**'^*^^  +  ^  i  »  being  the  indej?  of  the  power, 
and  let  w  be  thac  of  the  nexc  inferior  power,  or 
*=« — u  .Now  let  each  term  be  multiplied  by 
the  index  of  x  in  each  term  \  that  is,  by  », 
» — 1,  » — 2,  &c.  and  we  Ihall  have 


n  .  n — I  .  »— 2 


2  + 

-— — ; ^^  A«-3i»,  &c.  .  •  .  .     + 


2  .  5 


71  .  » 1  .  fi 1  ^ 


2 
»xi»— »  +  o.    And  dividing  all  by  nxy  it  becomes 


n — I  . 


»  +  »— I    ,  X^-^t  +  j- ;^«-3^^       + 


»— I   .  » — 2 


'.  ^3  ;^»-4i?^   &C.    .   .    .   .       + 


i^3  4.  »_i  ,a:^»^  +  i^t  J     that 


iw  •  fn  *   I 


18,  reftoring  /»,  x«+w;.«— '^  +  — ^ x*— *^3  + 

2  ' 

—  X  **-33',  &c 4- 


{       «f*^^+ifiX^«-">+3*,  which  is  manifeftly  the  j»?<* 
power  of  ^4-^. 

H  3  15.  Alfo 
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\^.  Alfo  if  the  equation  refulting  from  che  iaft 
operation  be  taken,  and  its  feverat  (ertns  again 
multiplied  by  the  index  of  x  in  each  term  ;  k  will 
be  reduced  to  the  next  power  below  thac^  and  fo 
on  for  more  operations.  And  therefore  after  each 
operation  one  root  will  be  deftroyed  \  or  fo  many 
roots  will  be  deftroyed  as  there  are  operations,  and 
the  reft  will  remain. 

1 6.  And  further :  .If  there,  be  feveral  equal  roots 
of  one  fort,  and  alfo  feveral  equal  ones  of  another 
fort,  in' any   equation.     And  if  the  terms  of  that 
equation  be  multiplied  by  the  feveral  indexes  of  the 
unknown  quantity  in  each  term  ;  an  equation  will 
arife  wherein  one  of  the  equal  roots  of  each   iovt 
will  be  deftroyed.     And  in  general,  whatever  roots 
there  be  in  any   equaciop,  if  the  terms  be  relpec- 
tively  multiplied  by  the  indexes  of  the  unknown 
quantity  therein,  an  equation  will  come  out  where- 
in one  root  of  every  fort  will  be  deftroyed,  whether 
there  be  equal  roots,    or  all  different.     But    theie 
things  being  of  little  confequence,  I  ihall   not  de- 

.  tain  the  reader  any  longer  about  them. 

1 7.  As  impoftible  roots  are  fuch  as  are  produced 
from  the  fquare  roots  of  negative  quantities  :  (a 
impoffible  equations  are  thofe  produced  from  im- 
poflible  roots ;  as  this  equation  tf^— 4^'  ^aarj-  lOtf 
+22=0,  which  is  produced  from  thefe  two, 
aa+2a+2z:.Oj  and  aa — 6a+iizzoi  the  former 
produced  from  41+i+y/— -i,  and  a+i — y/ — i ; 
and  the  latter  from  a  —  3  +v/'^2,  and 
a — 3 — v/— '2.  Thefe  fort  of  equations  have  roots 
that  are  barely  impoftible. 

Likewife,  there  are  equations  that  are  doubly 
impoflible,  or  impoflible  equations   of  the  fccond 
degree.     And  thefe  are  produced  from  equations  - 
involving  two  degrees   of   impoffibility,  *  as  this 
<i*+4tf'+8Ai+8tf+5=ro,  which  is  produced  from 

ihci 
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the  equatioos,  ^a  +  .2^  4-  2  +  y/ —  i  zib,  and 
aa+ia-^-z — y/ — iizo.  Such  as  thcfe  cannot  be 
reduced  into  rational  quadratics,  as  the  other  may. 

P  R  O  B  I,  E  M    XLI. 

7a  increafe  ar  dimini/b  the  roots  of  an  ^qnatioM^  iy 

mpj  given  qutMitj. 

RULE. 

For  the  unknown  letter  fubftitute  a  new  letter^ 
—  the  given  increment,  or  +  the  given  decre- 
ment. And  fubftitute  the  powers  thereof,  in  the 
oquatioa,  inAead  of  the  powers  of  the  unknown 
letter. 

het  X' — ^py*+5i' — rrzo,  he  given  i  and  ki  the 
roots  he  lejjened  hy  the  juantily  e. 

.Suppofe  jr=:x--^»  or  xzzy:^e.    Then 

x^  =  y^+sey^  +  y^y  +  e^ 

is  the  equation  required. 

Ex.  2. 

Imreafe  the  roots  iy  Ay  ^  this  e^tiM 

tf  1 4.4i».— I  oa + 8  z:o. 

Suppofe  d+4=r^,  or  a^e — 4. 

Then        a^  —  e^ — tie^+^Se — 64. 
+  tf*  r:  ^  — *■  8/+ 16 

.*— it>iir=  -^iO€+40 

+  8  =  .      +8  ' 


•«Miff^M«art«*MMWHa«anfca*ifHMM>i 


e^  —  nee  .+30^  *  =01,  the 
tquation  required  j  reducedf  e* — x  x  ^ + 30  =0,  a 
cjuadratic, 

H  4  Cor. 


y 
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Cor.  I .  ^he  laft  term  of  the  transformed  equation^ 
U  the  very  fame  as  the  equation  given j  halving  e  in 
the  place  of  r  (in  Ex.  i.) 

Cor.  2.  When  the  laft  term  vani/bes^  the  number 

affumed    ( — 4,  Ex.  2.)    is  one  of  the  roots   in  ibe 

equation  propofed. 

I 

Schol.  By  this  rule,  all  the  roots  of  an  equation 

may  be  made  affirmative ;  by  increafing  them  by  a 

proper  quantity, 

P  R  O  B  L  E  M    XLII. 

1*0  multiply  or  divide  the  roots'  of  an  equation^  by  a 

given  number  or  quantity. 

RULE. 

Affume  a  new  letter;  and  divide  or  multiply  ic 
by  the  given  number ;  and  fubftituce  its  powers  in 
the  equation,  inttead  o£  the  unknown  quantity. 

;    £X.       I. 

Mtltiply  hy  3,  this  equation  y^  — ^y —  -^=0. 

3  27 

Suppofe  jzz—  2»  then  fubilituting   —z  for  j, 

3  3 

,         2'  4        146 

wc  have  ~:  —  --  y — —:  =0,  or  reduced 
27        5  •'      27 

Ex.  2. 
Divide  hy  y/^^  the  equation  x^ — 2X+x/3:=^0. 
Let  xzzy^^y  which  put  for  x,  we  have 
3yV3— 2yv^3+v^3=o>  or  3^^— 2j^+i=o. 

Cor.  6y  this  ru^e^  fraiiions  orfurds  may  be  taken 
cut  of  an  equation  \  by  dividing  the  new  Utter  by  the 
common  denominator  \  or  by  multiplying  the  new  letter 
by  tbefurd  quantity.  PRO- 
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PROBLEM    XLIII. 

9*0  change  the  roots  of  an :  eipution  into  their 

reciprocals. 

RULE. 

lo  the  gtven  equation,  inftead  of  the  root,  fub- 
fUtutt  a  unit  divided  by  ibme  other  letter. 

Example. 
Let  2y^ — 2jr+i=:o,  He  given: 

Put  y  =  — ,  then  — , 

reduced    3 — 22*+z'  =:  o. 

or  2»— 22»+3  =  o. 

Schol.  By  this  rule  the  greateft  root  is  changed 
into  the  leaft,  and  the  lead  into  the  greateft,  iSc. 

PROBLEM    XLIY- 
To  compleat  a  deficient  eqtiation. 

An  equation  is  compleat^  when  it  has  all  its 
terms,  or  thofe  containing  all  the  powers  of  the 
unknown  (juantity  \  and  deficient^  when  any  power 
is  wanting. 

RULE. 

Increafe  or  diminifh  the  roots  of  the  equation, 
by  Ibme  given  quantity  (by  Prob.  41).  . 

Example.  ,    .    _ 

Supppfe  a^+2a^^SzzQj  deficient. 

Let    e+iiza^  then 

a^     =  e^+See+3e+i 
+2a    =  4-2^4-2 

e^+^ee+ge-^iz^o^  compleat- 

Sckct. 


1 


lo6  TraafimtathM  cf  8.L 

ScboL,  An  eauarion  may  be  rendered  compkar, 
by  multiplying  by  the  fame  letter  with  fome  quan- 
tity added*  as  n+i ;  but  then  it  raifes  tkt  equa- 
tion a  degree  higher* 

PROBLEM    XLV. 

9>  defrjffs  an  tquatim  t$  a  Uwcr  Jmetifipn  ;  #JMf  0fUt 

nots  being  given^ 

I    RULE. 

Put  the  equation  zzo^  and  di^i^  it  by  the  un* 
known  quantity  -—  the  root  given. 

ExumpUm 

Given  «'+«*— iotf+ 8  :r:o,  one  root  an — 4. 

tf+4=:o)tf'4-tf*— 10^+8=0(^0— 3iJ+2=o  the 
tf)+44*  joquadon  rcq. 

— 3tf* — loa 

+2a+B 

•+-20  +  8 


^MUF"""*" 


o 


2    R   U    L    E. 

Put  a  new  letter  added  to  that  root»  equal  to  the 
unknown  quantity ;  and  fUbftitutc  that  and  its 
lk>wers  in  the  equation. 

Example. 

Let  a^+a* — loo+Srro,  begiven^  and  a =-^4$ 
Put  tf=^— 4.    Then 

+  tf'  =  fi — 12<»+48<^— 64 
+  a^  =  r^ee  —  8/  +  16 
— io<i=  —10^+4.0 
+  8^  =     S 

o      z:  ^' — 11^*4-30^+0 
reduced  f»— iir  +  30  =0.  P  ROr 
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PROBLEM    XLVI. 

7o  Jind  b(m  many  'roots  art  a'ffirmative\  and  htm 
4Miry  neg^twcy  in  41  giiiin  ^uuiion. 

H   U   L    E. 

Range  the  terms  ^  the  ^quatkm  ^iccording  to 
the  dimenfions  of  the  vnkfiown  quantity.  And 
if  the  equation  is  not  compleat,  make  it  fo  by 
Prob.  44. 

Then  obferve  how  often  +  foHows  — s  or  — 
follows  +,  that  is,  how  many  changes  of  the 
figns  there  are ;  and  there  are  fo  many  affirma- 
tive roots  in  the  equation. 

Alio,  as  often  as  two  like  ligns  Hand  together^ 
fo  often  there  1i  a  negative  root. 

Ex.  t. 
Given  x^^^x^ — igxx+4^x — 30=0; 

Here  the  figns  are  +  —  —  +  — ,  and 
there  are  ttiree  changes  1  from  the  firft  to  the  fe- 
condy  from  the  third  to  the  fonrtb,  and  from  the 
fourth  to  the  fifth  term  :  therefore  there  are  three^ 
affirmative  roots.  Aifb,  in  the  fecond  and  third 
terms,  two  negatives  itaad  together,  4Uid  in  nooe 
elie,  canfaiucntiy  there  is  one  negative  coo;. 

Ex.  2. 

Sftpfofe  x*+5X'-^7**'-^29*+30=o# 

The  %kis  are    4|.     -f    —    —    ^- 
roots  neg.  af.    A^.  af. 

So  there  are  two  affirmative,    and  tvm  negative 
roots. 


Exi 
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Ex,  3. 
Let  tbetquatitm  be  tf»— ;ra+6=:o. 
This  equation  being  defedive  is  to  be  compleated. 

tf'  *  —  7^  4-  6zio. 
mult,  by      <i  +  I  rr  o. 

+  tf'        •    — ^a  +  6. 
a^  +  a^  —  7^*  —  <i  +  6z:o.  ' 


-N*«»i«M«««^ 


So  there  are  two  affirmative^  and  two  negative 
roots  in  this  laft  equation,  and  one  of  the  negative 
roots  being  ^-i,.(by  the  multiplication  ofa+  1  =0,) 
therefore,  the  given  equation  contains  two  affirma- 
tive  roots,  and  one  negative. 

The  reafon  of  this  rule  appears  from  Art.  lo. 
Pf  ob.  40. 

Scholium* 

This  rule  does  not  hold  good,  if  there  be  im^ 
poffible  roots  in  the  equation  ;  except  fo  far  as 
thefe  impofiible  roots  may  be  taken  for  ambiguou$ 
ones,  that  is,  for  either  affirmative  ok*  negative  roots. 
As  in  the  equation  x^ — 6x*+ 13^^—1 0=0,  which 
by  this  rule  gives  three  affirmative  roots,  but  in 
reality  it  has  but  one  root,  which  is  2,  the  reft  are 
imaginary. 

There  are  alfo  fome  rules  whereby  to  judge  how 

many  impoffible  roots  are  in  an  equation,  but  they 

are  to  very  (edious,  and  of  ib  litde  ufe,  that  I  (hall 

not  trouble  the  reader .  with  them.    See  Newton\ 

*  VMsver/al  dritbmetic^  p.  197. 


PRO- 
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PROBLEM    XLVII. 

Ta  change  the  affirmatme  roots  into  negatives t  and  tie 

negatives  into  affirmatives. 

R   U  L  E. 

Place  cyphers  for  the  deficient  terms,  if  there  be 
any ;  then  change  the  figns  of  all  the  even  terms, 
that  is,  of  the  fecond,  fourth,  fixth,  &c.  terms  of 
the  equation. 

Ex.  u 

» 

Chen    ^'+8jip+24=io. 

That  is,        x'+o+8;<-f  a4=o« 
transformed  ^'» — o+ix — 24=0. 

In  the  given  equation  xn-^2,  in  the  transform « 
td  equation  xzz-^i.  : '  y-r-x 

w  .      ,  , 

Ex.  2. 

Suppoie     +*^ — 4jc»— 19^*+ 106*'— -120— 6* 
transformed  +x*+4xJ — 19:1^ — 106*^ — 120=0. 

In  the  former  ^equation  the  roots  are  2,  3,  4 
and  —5  5  and  in  the  latter  5^  — 2,  ---3,  and---4. 

Thfi  reafon  of  this  procefs  is  plain  from  Art.  1 1. 
Prob.  40.  and  may  be  demonftrated  thus.  In  the. 
fiiven  equation,  we  have  +  ^  for  ^he  root.  Nov^ 
iuppofe  — X  to  DC  a  root.  Let  this  be  fubftituceif  in  the 
given  equation,  and  it  produces  — ^x'— 8^.-1-24^:0, 
that  is,  x)+ 8x^-24 r:o>  aa  in  Exam.  i.  And 
^♦+4;r' — 19^?*— •io6x — i2or=o,  as  in  Exam.  2. 
^  For  it  is  plain,  all  the  odd  powers  of  x  will  now 
be  negative,  which  before  were  affirmative,  the  reft 
remaining  as  before.  Whence  the  figns  of  all  the 
odd  powers  will  be  changed,  according  to  the  ruk. 

SECT. 


n 
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SECT.    V. 

Ranging  the-  terms  i  working  by  general  Jorms  ; 

fubliitution  and  reftituticn  i    taking  a^way  any 

term  of  an  equation  ;    extermination    of  .««- 

.  known  quantities  %  the  defignation  (f  ^idantitdas 

6y  letters  ;  regifiering  tbejieps* 


irftatt 


PROBLEM    XLVIII, 

5V  range  the  terms  of  an  equation^  or  difpofe  of  tj^ 
in  the  befi  manner  for  any  operatien. 

^  RU  I^  £• 

THIS  18  done  by  placing  thefe- terms  fonptnoft 
that  CQntain  the  higheft  power  of  the  un- 
known quantity ;  and  in  the  following  places, 
diofe  of  h&  dimenfioDS^  fo  that  the  powers  in  the 
ieveral  terms  may  coBtinually  decrealc  from  the 
higheft)  according  to  the  feries  of  the  natural  nam* 
bers«  But  in  many  cafes»  the  contrary  method  is 
to  be  followed,  and  the  lowed  power  taken  firfL 

Ex..  I: 

Let  ax^+z^-^z^ — ^+^^'=0. 
Place  it  thus,  2*  4*  az]  ♦  •  +  tf*'  =o. 

« 

Ex.  2. 

ranged  «*+«x»+*x*+f*+«^'=:o. 


+*♦ 


PRO- 
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PROBLEM    XLIX. 
To^wvrk  kf  41  general  forvh 

RULE. 

Write  dowtt  t»c\x  letter  or  qutatity  ill  the  g;e» 
neral  form^  artd  after  it  (with  the  fign  :::),  each 
letter  ic  reprcfenti  in  that  partaculaf  cafe  \  which 
will  give  teveral  equations. 

Then  caft  your  eye  wtt  the  general  form,  and 
6b(crve  the  general  quantities  therein,  and  look  for 
them  on  the  firft  fide  of  the  equations ;  fid  what 
you  find  them  equal  lo,.oA  the  right  hand,  write 
down,  inftead  of  theini,  each  one.  by  one,  till  you 
have  gone  through  the  general  fbrm ;  and  you  will 
have  the  folution. 

When  the  quantities;  are  many,  it  wiU  be  the 
beft  way  to  write  down  the  general  fornv  fir(^,  and- 
the  particular  one  under  it,  each  quantity  under  its 
coftefpoiKkiit  ^  then  ic  will  appear  by  ivfydSatotk 
what  lettcn  to  fubftitute. 

To  invchi  aa-^^x  to  the  §ih  pounr^  . 

This  is  to  be  done  by  the  general  form  iii  Cor.  i. 
Prob.  5.  thcfefbrc  We  h^ve 

ezz — ^x* 

n  zzs  9 

Whence  a+e   r:  aa-^xx    r:  Ja  4-  5  X  42<»    X 
--^^  +  5X2-r"X    ua  X^,+  5X-r-  X 


*'%  the  power  required.  •£*• 


ii^         G  E  N  E  R  A  t   F  O  R  M  ^.         •  B.  L 

Ex.  2. 


Extraa  tbefquare  root  of  28-^^^300. 
This  is  to  be  done  by  the  form  in  i  Rule,  Prob.  32. 


■»  »■ 


Here  A=:28,  B=:y><3oo,  D :zy/rji7^ — ^oo rr 2 2, 
xA+D  >284-22  ,A — 1>  : 

y28 — 22  '  •    • 

V — - —  r=  y/i.  Therefore  \/A~B  =  5— iv/^ 

the  rooLrequircd. 

-Ex.  3;  •  : 

^0  find  a  quantity^  by  which  if  ^/x-^^6  bemuU 
/ipliedy  the  produB  will  be  rdtianaL  ,    ^ 

This  is  to  be  doDebj^  Prob.  36;^ 
Here  »=5,  A=2,  8=6.  .  - 


t  «   i 


And  the  multiplier  v^i.6Hrv^8x6-tv^4X36  4-    > 

$  5  5  5  5 

xnuIt.v/i6+v^8x6+v^4X36+\/2Xii6+v/i296 

by    ^2— v/^ 


• » 


\/3*+\/96+\/8x36-tv/4X2i6-IV'2592    .      ^ 

•r-v'p^— \/8X36— v/4X2 1 6-v'»59^"~i/777^ 
2 — 6  =  —4.     product.  •     ' 

P  R  as  L  EM    L. 

^efborten  the  work  hy  fubfiitution  an4  refiitution. 

In  any  operation,  when  the  quantitieg  grow  very 
nomerousi  or  very  much  compounded^  it  wilt 
make  the  work  very  tedious ;  and  therefore  it 
ought  to  be  made  (horter  as  follows. 

*  U  L  E. 


$e&V.   SOftSTlTUTION,  a^^.         iij 

R  y  L   E* 

ASSumt  %  Mw  lecttsr  to  reprefent  or  ftand  for  any 
number  of  ghren  quantities ;  and  likew^fe  fothe  dif- 
ferent kaer  to  ftand  fbV  the  coefficient  of  any  power 
ttfithe^<lr»fitrn  qitendty ;  do  fo  for  as  many  of  the 
ooeffideots  as  ant  compounded.  ^  Li^e^itfile,  outlet^ 
ten  for  the  numbers  concerned  9  then  work  with 
thde.  tnftnwl  'of  the  (HJginal  quantiti^s^^  which  will 
make  the  work  eafien  And  this  is  called  SutJU- 
Mm. 

When  the  operttion  is  oven  each  number  or 
eomppond  quantity  muft  be  renored  again  inftead 
of  its  Imer  t  and  this  ia  called  Refiitiuion. 

Put  i=^-^+^   Then  the  equa&m  becomes 

9 

,«_     -  '  _  hit' 

"  iNil  X'-^-rzp.  Then  "^     . 

Multiply  by  ^xac+ix,    Theo  , 

Pat  4i^^2rag.    T^hep : .  ;/  .1 

a^fxr^zfixy-^qcx  X  Vnor^xx  =  ^x. .  .  .     , . 
w    ficx+jxx — ipx^YcVaa — XX  zz  ix.   . 

Cluktiied  JacxJ^qxx^ipx^ xaa^xx  r-hbxXt  &P* 
^'uere  tbe^yahie*  c^  p^  f,.  may  bd  reftored. 


1  PRO- 


114        SUBTSTITUTION,0?r.     .  .   Jl.|. 

PROBLEM    LI. 
*  To  takt  amr;  tbefictnd  tmit.  if.m  9§¥Mtimi 

R    U    L    E. 

Divide  the  coefficient  of  the  fecond  mm  ibf  tte 
index  of  the  htgheft  power ;  annex  the  quoded^ 
with  its  fisn  changed,  to  fome  mw  letter,  wkidi 
fublHtute  for  the  root,  in  the  givett  equadcn* 

Ex.  I. 
Pat  /— -i-  =«,    Thw 

a 

.  3         «7 

3-9  c  / 

lO 

— io<i=  --lo  «  +  rr 

3 
+  8  s^  +8 

'   '  ■      "        ■    '.  ■  , 

I  IX 


reqwred. 


1^ 


Schol.  Hence  by  clus  and  the  43d  problem,  tn 
equation  may  be  fiM)nd>  whicb  wants  the  laft  term 

buc 


'Ex.  2:  .    ':    ,  " 

Let  jr  =  y+-- =«+««; 

then   J*  =**+8<Mf»+24a««*+32<»»4f+i^    ... 

— 8a)r'=     — 8<MP»-*;48«»**-— ad«««>--64«*  k 

4-  «♦  =  -  +    4* 


5 


o     =  a*   •  —  34«*x*-— 640)»—47«^=ei;       ^ 


l! 


Sca.V.    EXTERMINATION.  11$ 

but  one.  For  if  the  fecoDd  term  be  taken  amray  by 
tlus  prc^em^  and  the  ^l^ation  transformed  by; 
Prob.  45»  you  will  have  the  equation  requiiec}. 

PROBLEM    LII. 
To  take  awof  an/pf  term  cut  of  an  equatmi 

R    U    L    E* 

Take  a  flew  letter  for  the  root,  to  which  a^d  an 
ttnknown  quantity ;  and  fubftitute  this  fum  and  the 
{N>wers  liiereof,  into  the  given  equation.  Then  any 
term  put  equal  to  nothing,  will  determine  the  va^ 
hie  ot  that  ailiimed  unknown  quantity. 

Ex.  1. 
Sttppole  «♦— 3x»+3j»»— 5*  —  ft  tror 
Put  y+«  r:  x. 

Then  -Jf*  2=  y*+^*e+&i9ee-\-4!fi?-^e*^  "} 

—5*=:  — 5y— 5*  \ 

-has:  •4-  2  ^ 

TheOf  £f  the  lecond  term  Is  to  be  taken  away/ 
make  47'^— ay'sro,  or. 4^2:3  r therefore  ^=:~« 

The  fame  Ji^fed  i  to  take  away  the  third  term^ 

Here  we  Ihall  have  6y^e — ^fe+pyzzoy  re** 
dooed)  2ee — 3^+1  no,  the  refoMng orwhich qua- 
dratic i^ua^on  gives  the  value  of  e^  Then  y-^i 
9vea  ;^e;>vjUue  q?  x,  ib  that  the  thirds  Cflprm  may 
tanifli,  / 

1  2  E^* 


A 


ii6  EXTERMINATION.*     B.I. 

•  •  "^  '      Ex.  3.- 

the  fame  thing  ftilt  fuppofed\  to  take  away  the 
fourih  or  fifth  term. ^   ..    .   ^. 

For  the  fburth  term,  ^^ — 9^* +6^— ^5=0,  acu* 
'  bic  equation  whofe  root  1  j  e  \  and  y+i^s:x^ 
makes  the  fourth  term  vanifh. 


F^r  the  fifth  term,  #•— 3^'+3^ — 5^+2^=0,  a 
.  fourth  power   whole,  root  is   e.      Then 
^4-if=x,  .which  fubftituted  in  the  equatioa^ 
makes  the  lad  term  vani(h« 

Cor-  I .  Hence  the  thirds  fourth^  fifths  &c.  tierm^ 
may  be  taken  out  of  the  equation  \  iyrefolving  a,  qua- 
dratic^ cubic y  fourth  fo^er^  &c,  equation. 

Cor.  2.  Hence  if  the  laft  term  of  an  equation  (« 
e^.^y^+y&Se+i)  be  =0,  then  one  root  (ap)  ii 
—o  5  for  then  x — o,  or  x  will  divide  the  equatiom. 
If  two  of  the  laft  terms  be  =0,  two  values  ofibe  root 
will  be  =0,  and'fo^M.  6ut  if  the  laft  term  does  not 
vanifbf  -  there  is  no  root  no* 

SchoL  After  the  fame  rule  any  term  inay  be  made 
equal  to  any  ffivcn  quantity  j  by  putting  the  iiud 
term  equal  to  ttet  quantity. 


■Ol*  •   «Va  ^-i 


PROBLEM    LIII. 

5V  Mermnate  a  Ja^U  Utter,  er  d  quantity  ttfrntS" 
menfion,  out  of  fevered  tptaihns, 

I    RULE. 

Seek  the  value  of  the  quantity  to  be  catpeWed, 
in  two  equations  ;  and  put  thclc  valuct  equal  to 
one  another. 


Ek. 
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JSk,  I. 


• 


Let  tf+x=*+jr)    ,       .^  '    s 


By  tranfpofing  *,  j+x-^=jr,  and  by  tranfpo- 
Aodlty  redui^on  3xs4^— ^  and  XS' 


Ex.' 2. 


•     « 


i 


wd  i^zzhb,      ^  io  extermn^tf  y. 


2b 


Here  ax-"-^  tz  iby^  zndyzz 

hb-   •     •    ''      AX  ^ji5  • '^' hb^''^    -  ' 
Alf#  7  =  "T*  Awrfprc  -~T—    sr  ~3  and  rc^ 

-J   •.  -       .    %b^      ,  .  """^     -■.-..  * 

ducing  xx^^x  zz  — *• . 

*      *  ^  •      .        - 

2    R   U   L,  E. 

..Find,  bjrcdu^on»  ihc  vailue  of  one  urJcnowa 
quantity,  in  one  equation  {  and  fubfticuce  Uiat  va* 
lue  for  it,  in^ll  the  other  equations.  Proceed  tbuH 
with  another  unknown  ouantitv;  &r. 


Ex.  3. 


By  the  fiiD:  equation  y^a^-^-^i^-^i  put  tKii 
value  ^in   the   fecond    equation  ^  -  then 

3**  —  *  X2*— ^^— «r  zr  i,  that  11,  ^ax^^-^bx+at 
r^xx;:zd9  or  4ax'r^2bir+xxss4i. 


.»»• 


I  3  EX, 


az-xy,    .  ^ 

.  Bf<ht  firft  equation;  asxi— ij^*-y,    -  '. 
By  the  (econd  equation,  -yzix+iaf^ifCr^zyi 

Br  tlv?  third,    vi>ti-.^i:^  *  br     "       V  ■ 

The  former  reduced  5«=a4isr-3aL.  ^ 
aaa'unce        *  ^*<^— <»— ^-sm 


By  thel^rmer  jf  :=. ,    and  by  the  latter 


aa-^ax 


M^axzzaji+xy^    and  yz::^.^.       Therefore 

itf — or        aa-'-Htx   .  *    ^     *  ;- 

"•^^ —  —    ^  ,  ^  9  in  which  equation  there  is  only 

one  unknown  quawity  >.   ;     /     - 
Cor.  1.  JS^'}acB  riven' eqtmU^i^^^  Me  uikkmm^dn^ 

be  aU taken  away  hut  im.  -'"  •'   ^  ^-'-^  ^■-^"  •'     ^' 

Cor.  a.  If  there  be  more  unknown  Quantities  tban 
equations^  there  will  remain  in  the  laft  equation  more 

unknown  quantities  ky  i^  tl{aiuiatmtili^wt^mtt  to. 

•    ■  . .  "^        •_    _    

PR  OB  l£  M  Ijiv. 

WtnnMSt 
I      R    U  .1.. .  Er-     >  ~'0 


«•  rt  ^ 

4^  t    I    rf 


«••  - 


^  Find  the  value  of  its  grcateft  power  in  two  cqua* 
|Ions  i  then  if  they  are  not  the  fame,  multiply  the 

Icflci 
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Idler  power,  fo  chat  it  may  become  equal  to  the 
greater.  Then  put  thefe  values  equal  to  each  otlier^ 
and  there  will  come  out  a  new  equation ,  with  a  leis 
power  oF  the  unknown  quantity.  And  bv  repeat- 
ing this  operadon,  the  quandty  will  at '  lau  lw  ta« 
ken  a#9i]^. 

Ex.  i; 

By  eranfpolinjg  and  dividing  — ^  w  ir  — ^ ,  ali4 

And  oujJdplytng^  hrf.+cf:^age'\'ab^  and  by  trahi^ 
poGng    ofe  — tf^  e  =  tfi  —  cf^ '  'and    dividing, 

ab — cf 
e  srw   '"<.    AnA  .nhdtiplying  by 

— u  zz  -T7 •    Whence  ^  =  -»/■'  ^^ 

^— tf^      .    ,  a  bf-^ag    - 

And  multiplying  idternately  bbfe-^-bcf^^gc-^agi 
zzoffyiST-aalH.       And  *  xr  an&omk  ^uid. 

—    '.  ''¥;*   Twii 


ing  and  reducing,  ip£tfii  +  ^  a  +  ^^^  =(>• 

.    -^icfb^igfc 
^bgb  +  ff^ 

a    R  U  L  E. 

For  two  qfMdrsUt  eq^u^tionu 

tfAf*  +  ^Af  +  r  =0. 
and  fx^  H^  gx  +  b  =0;  - 

f^  MormmUi  x.     Here  tf,  ^,  ^»  A^>  ^1  ^^  ^*^^? 

I  4  gi^^o  ' 


no  EXTERMINATION.         -  B.  I. 

given  quantities,  or  cotnpofed  of  given  quantide* 
4p4  fome  other  unknown  quantity  jr."    Tlius" 

make  ^T-agzzA.^k—dzzK  and  cf~-^ht;zU. ' 
then  AB+DD=;a  * 

V'o prove  tbi^  rtdf^  wc  have  — ^^^^iiiil-J^ 

*—?-,  which  reduced  is  If—ag^-i-ff-r-^Jbz^o  i 
that  is,   AAf+D=:6.'    '  Whrtoe!  Ax'+Djraro  j 
Owrefore  — ^j?/.=s^  ar  ."**r^.  wjiich  veduQfd 

fA  !.       '  ,  .  '  TJvr 

ri^Hr^ '      ,  .  ,  -  ^  '     ^A  '     r 

^jy-,  which  reduced  Is  .,f  ==  ^aZ..  'Whenc^ 

<rA  _M  •        "^^  ' 

oD— ^A  ^/DZ^'    And  :thw  reduced  ia     .   , 

<f/— ^Xb+^^t—gf' j<  A  =?o.  that  ii  AP+bD=:c», 
.  .JTAp  ^Newtonian  JiitU  /x,        ,        . 

..       for  a-fi^  «ii.a  qHa4t4lk' fguattoiu 

and  '      . '^Aft+;gy-|-;&-o.- 
Make  /r-^j;  -  D,"  fk^zz  A.    X^en 


For  multiplying  the  firft  equation  by  /,  and  the 
lecond  by  *«,  lind  fubtfaAing  one  from  the  other, 
we  have 


¥^g X x»  +  fc—ab  xx+fd  z=Oi   and  flnce 
^*+^*+^=o,    thefe  two  equations  come  ubder 

the 


Se&.v.    extermination;       1^ 

the  lift  nik,  making  arzhf--^y  h^ff^',  c:^fd. 
And  A7sf>(fc—abf%yjff^^g^.  Bs^c—ab^f(^. 


fy^c—ah  —  g  >i  ij^g  X  *x/f— ^— /4f  + 


ffi—in(^^  =o;  that  i8.according  to  the  preicDt 
dcfignation  of  the  letters  A,  B,  C  %  fi^B^  k 

^tht-  Newtonian  BmU  is, 

+-R.UI,E,' 

For  aqHairaHc  and  afewthftmr, 

and       /jf»+^x+*=a.-^- 
Make  A=^bf--ag.    JJ^tf-^^A,,,  T^  ;  V. 

dp-^gfP  +gg—/ixA  X  dbffr-egff—bbh. 

For  multiply  the  firft  e<juation  by/,  and  the  Ht* 
terby  <ww }  their dificrence  will  be  bf—agxx\-'i>' 

^IISx* » +<^/j<r +'/=<>.'  Or . ,  A#f » +px»  +^+ 
<^=:o.  And  fmce  /x*+fX+^=:o;  thth:fift-o 
thefe  two  equations  come  under  the  laft  rute  r'in 
which  writing  Avfor  a,  D  for  b^  df  for  Cy  ef^ot 
di  and  laftly  /D— ^A  inftead  of  A,  and#<i-^ 
for  D,  you  will  get  the  rule,  as  abov-e. 

Tbe  Nfcwtopian  R^'  w. 


■»  — -< 


^dfb  X  i^b+lgg+tiff 


+efx2fbb_+  ^b  ^  djg  +  </ 
tfgbyJI^■\■^ab 

.5  RUtE; 


• '  ^ '  R  U"  L  £• 

.     and  fx^-^-gx^+bx+kzzo,  '     . 

'  ^*kc  A=iJ/-r^.  C==4r-^i  D=r/--^. 

aiid    P=fA*— tfAC— ^AD+4)t), 

Q=:<AC— «CC— rfAD. 

ir=i/AA^MC+«CD; 
Then  PC^+RRso^    _ 

^or  qiuMpty  the.  ficft  e«v|tioii  by  /,  and  ths 
latter  by  a,  and  their  di&ience  wfll  be  found 
hf—ag  X  «*+yf— *#  x'*'+  Jd-^ak  tzo  \  that  is, 
Ax'+Dy+Csio.  ABdCnce«»5+A*»-|-«(-^</=0i 
.theie  two  equations  come  under  die  third  rule ;  in 
which  writing  A»  D»  C  fbr  /,  ^,  h.,  relijeAiVely  ^ 
and  likeWife  rA*— ^C  ^Qr  A,  and  M-^^D  for  D  & 
the  rule  will  be  eyid^C  ' 


'       ~         \  " 


Tbi  Newtonian  Ruk  Hi 


4r  ae-r-^'—-Z€f  y.  adbb—acbk 

^    R   U   L   E. 

for  «  r«3/V  aHi  a  f mirth  ptmerl 

Mike  ■Azzfi'^ii  Ct:.fi-'akt  TD-^cf-^, 

Theu 


r 
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'     *rhcn  put  ,. 

P  =  Cx/D— fA^-^A^x/P-gA  x#<^^A— D 
X/O—gA  X/C--*A  -1^ A  X/O-^A  '.. 
Q  =  C  x/D-^A  x/»--*A~A  X#»^ieA'* 

-^fytfl^-^A  X  /C-^A. 

K.  =  «f  x/t^A*— D  XfD-aA  M^^^^^A 

+  A  X /<f-ntAx/C— JS 

Tlien  PQ  +  RRxo^ 

Or  xtef, 
Pttt  Es/P^A,  F=ff—iA,  Gi-|/C-^A. 
IP  =  C£-^AI?  X  E  +  AG^DE  xG. 
Q.=5^^XP-->EG. 
R  ;=/?£— DFxE+AF'G<i 

~    Then  PQ^+RR=o,  m  before.. 

For  multiplying  the  firft  equation  by /,  and  the 
laft  by  a^  the  differenceM  A^-^Vx^^Cx+efzzo. 
And  iincc  /x^+gx*+ix+i::zo  ^  it  will  come.  Un- 
der Rule  5^  in  which  write  A»  D^  C^  e/f  for  ^t 
k*  €y  d  refpcaively  -,  attd  litoewife  yb-^^A, 
ffe—JkA^  and  fC—JfAj  for  'A,  C,  D,.  vefpefUva* 
Ij^  and  the  rule  wilt  a|^ar. 

•  •  • 

Esc.  't."    ■        .      u^. 
La  xx+s^^S^  —  ^  . 

and  3xx^'i'^iff9C+^.:s^ 
t9  txtermnate  x. 


Then  AB^-^DD  =    tfrh^y  X  .20+6^   + 
^-9jfy— 4*  =  300+4q)Hr9qj^»— ja;^+8ij^  + 


»^- 


W-f       .^XTERMlNA'TioNt         KV 

m 

\io  expunge  jr* 


Hereby  Rule  3,  ^=1;  >=— j^^  ^=b; 'i?=f— 3iih^ 

>    /'and     fzzi^  g^Xf  biz — xx+3. 
fD^^Aizxx^3+2^:is.3xx^3 

Then  3;f*t^3  X— ^♦+9J^*-^9  +  i^^^^^^^i^ *  =0. 
Or,  — 3*«+27x<— 27a(»+3**— 27*»+2y+|*»-^- 

And  reduced  x*4-i8x**— 45Jc*+27=:o, 


I     / 


.•  .-   ~    -         --Ear.  4. 

<  •  '  ■ 

Let  ;»*— 3x»jF+3=o,      ">    .   _^ 

'  •  9 

By  Rok  6;  <ir:i,  3=:o,  i:=:o,  //:= — ^3**,  #~j; 

/=2,  j'iix,  i&=:o,  *=:— 4*'. 


Then  As— *,  €=— 2«»,  D=:o.    Whence 
E  =  jf«j_F=i22r4*S  G=— 4jr».    And 

P  =  2Af5  + 1 2X— 4Jtf»  X  **+4«*  X  -^  4  x^f 

=  1 2»»-~6y7.~.|£x7  =  1 2»»-~-2  zyy. 

tl^s: — ^»  -4. 1  ax— 4^*  X  1 2—4*  *  +  2^f 

=  •  I2x-76y»x  I* — 4«f*  +  24**   . 
=  144X— 96x^+24x9. 


.*'-"• 


Whence 
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Whence 


PQ+RR  =  1 2x^-^2  zx^X  i44Jg — $6x^+24x9 
+  5  W — i€x^^*  =1 7  a  8;tf  V43  20^* + 

reduced^  68x***-i68x*+35ix4>— -432=0^ 

•      :n      —  •        •  * 

8C;D  O^L  l-JJ  U.  ... 

In  the  ibiution  of  determined  proUems,  you  will 
often  have  three  or  more  equations^  involving  as 
many  unknown  quantities.  Then  thefe  muft  be 
exterminated  one  after  anodier,  by^degtees»  by  re'- 
peadng  the  ft>r^ing  rules  %  till  at  laft  there  re- 
mains only  one  junknown  quantity  contained  in  One 
final  equadcMi.  But  a  pertim  vSed  to  thefe  forts  of^ 
cx>mputadons,  will  often  find  Ihorter  methods  than 
by  thefe  particular  rules,  but  the  finding  tttyofe,  is 
pnly  to  be  attuned  by  cooftaat  pradia:« 

.         ■  ... 

.a 

*  PROBLEM   LY. 

fx  • 

I        < 

R    U   L    E. 

The  orimnal  quaqddes  being  written  down ;  any 
iaSDftbns  ^them, .  as '  fums,  difierences^  ,j^rodu^ 
quotients,  ^c.  are  ^t  by  the  rules  of , algebraic 
addition,  fubttadion^  muluplication,  diviuon,.  (fcs 
b^fiiKt  hdd  down« 


Ex. 


J26  pESIGJ^ATION;        -    $, 

Ex,  i: 

there  are  Una  quamkkt,  a  the  greater^  md  e  the 
kffer,  to  fini  the  frnfjij^erencft  priiiuR^  &c.  «» 
follows, 

m 

The  Aim  ^i^— -^  —  04.^ 
difiertnce  — •  «m--  4<*# 
produft  — M|         -«-i»i  0^ 

greater  divided  by  the  lefs  ~ 

lefler  divided  by  the  greater  ~ 

fum  of  their  fquares  ai+^ 

difierence  of  their  fquares  (Uh 

fuih  of  their  futn  and  diflF.  24 

diEoftheirfumaaddiffl  2/ 

PRkL  of  the  fum  and  diff.    iTfoc^---^  or  jUMiy 
ftuareofthefum  dw+2tf/+^ 

iquare  of  the  difieveoce        im^— 241^-1-^ 


»  '  ■  • 


iiim  and  difliKnoef  t^'T^ 
idifietenoe  of  ihei<}initt)pf:i- 

the  fum  and  diffj*^ 
£loare  of  the  pro(li|d  -  ^  >M«f 
cobeof  tbejntater  a* 

€Hbeofthele0b-  > 

cube  <tf  the  fum  «»^3«*«+3«*+^ 


i^j 


fieri  gri  tnfo  quofiiities^  whofe  fm  is  l^  andjki 
griotar  is  a\  what  is  tie  tefftry  tU dsffcrmcey  &c« 

Leffir 

<lifierence 

produft 

greater  -r  bythekflbr 

ium  of  their  fijoares 
difl^eooe  of  their  iquares 


film  of  the  fum  and  difference      sa  ^ 
^ffi:rence  qf  the  fum  and  dif-l' ^t  ^ae.      . 

jpfodnd  of  the  fum  and  dif-  IL^t    £t^> 
ference  J*^'  "**     ' 

Iqiiare  of  the  difference  ^M.km,ul+U 

jdifierence'of  Ac  liquates  of  •  tli«7  "i^  V-     • 


i< 


rpf. 


fiberi  4u^i  two  piantitieSf  4Be  greater  is  a^^  end 
the  greater  is  to  the  kjfer  as  r  to  si  tobdt  ss  tbi 
kffer,  &€• 


1 


■ 

Thelcflcr (r,:  it: at) 


sa 

r 

die  fuHi       — —       -*—  a  +  — . 


firadud 


sa 
t 
tta 


.     ■'   -  rr 
idlfibtooe  «£  the  (quares      m^aa^^^^ 


tgttittf  ivndtd  by.  the  le0er 


T 


of  the  fum  and  <K&r.-  44*^  ^ 

WW      '• 

ium  of  the  ibuare$  of  the  liiml  ,  axw 

anddiflcrcncc  l^aa  +  -pj^ 

l^oenoe  of  the  fquares  of  the  fum  I        4saa 
and  difitrence         .         i  r 

Ac  fum^di^cd  by  the  greater        i  +  -^ 

w 

ihedUIeience  divided  by  the  kfler    ^^u 


B, 
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Ex.  4* 
Tie  ffadtfa  rffw$  quantities  is 
is  #9  wbai  is  iht  greatir^  &c. 

» 

Greater 

€ 

1 

fum 

-f+' 

difference 

i 

jeflcr  -i-  by  the  greater 

\ 

• 

fum  of  their  fquares 

PP 

ee    * 

differente  of  their  fquares 

■ 

PP 

^^  —ec 
ee 

: 

fum  of  the  fum  and  difference 

2p 

e 

1                               *-    -- 

j        diff .  of  their  fum  and  diff. 

le 

iquareofthefum 

PP 
^+^P+it 

• 

Square  of  the  difference 

PP 
%-^P+» 

diff.  fquares  of  the  fum  and  diff. 

^ 

« 

P+'t 

P  ROB  L  E  M    LVI. 
To  keep  afiort  aeamnt  cf  the  fiefs  in  mrf  eferatien. 

In  long  and  tedious  (^rations,  it  is  neceffary  to* 
hew,  how  one  ftep  is  produced  from  another,  or 

K  one 
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one  equation  derived  from  other  foregoing  ones ; 
which  to  explain  in  words  would  take  up  a  great 
deal  of  room.  Therefore  the  method  ot  tracing 
the  feveral  fteps,  will  be  beft  done  by  regiftei;iiig 
them  in  the  mar^n. 

RULE. 

Againft  every  ftep  write  the  numbers  i,  2,  3» 
&r.  in  orders  and  fet  down,  in  the  matgin  on  che 
left  hand,  the  ftep  orfteps  in  figures,  that  each 
ftep  18  produced  from ;  with  the  figns  4.  -^^  x » 
&r.  according  to  the  feveral  operations,  ufed ;  by 
yrhich  means  one  may  fee  at  one  view  bow  any 
equation  comes,  or  is  produced ;  and  when  an  alv- 
folute  number  is  regiftered,  it  muft  be  put  in  a  pa- 
rent hefis  (  ) ;  and  if  any  quantity  Is  added^  fub- 
traded,  (^c.  it  muft  be  put  down. 


4&»2p 

3  +  7 
4x5 

3 +  (4) 

4-^-(4) 
3  =  ^3 


7 
8 

9 

10 

11 

12 


2a+y/a+e:r:b+c+^k 

e 


^3 

14 
&c. 


2  4  

2a=b+c+x/b — \/a+e 


b+(:::b+c+y/b — \/a+ci^ 

E  X  P  L  A- 


4  • 
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E  X  P  L  A  N  AT  ION* 

1+2  fignifies  that  the  third  ftep  {s  found  by 
adding  the  firfl:  and  fecond  fteps  together,  i— 2 
figoifieSy  the  fourth  ftep  is  sot  by  fubtrading  the 
iecond  from  the  firft.  Likewife^  ^.the  fifth  ftep 
(ixa)  is  had  by  multiplying  the  firfl:  and  fecond  : 
the  &tth  £bep,  by  dividing  the  firft  by  the  fecond : 
Che  levencht  by  exo-a^iog  the  fquare  robt.of  the 
firft :  the  eighth  (4Q»2p)  is  had  by  fquaring  th^ 
fourth :  the  ninth  (3+7),  by  adding  the  third 
and  feventh  fteps  :  th^  tenth  (4X5)9  i>y  multi- 
plying  the  fourth  and  Bfth  fleps :  the  eleventh 
(i+  C4)  %  ^  had  by  adding  the  numbier  4  to 
the  third  ftep  :  the  twdfth  (4-7-  (4)  ),  (hews  thac 
it  is  gained  by  dividing  the  fourth  ftep  by  the  nunir 
bcr  4 :  and  the  thirteenth  (9— \/tf+0, .  is  had  by 
fubtrafting  \^a+e  from  the  ninth:  the  four- 
teenth (3=13)  is  got  by  making  the  third  and 
thirteenth  equatij&ni  equal  1  aftd  fo  fir  Others. 


I       * 


•♦♦♦ 


K  2  SECT. 


»a« 


S  E  C  T.     VL 

Inftfiite  Series* 


AN  infinite  fcries  is  formed,  either  by  actually 
dividing  any  fraftional  quantity  having  9 
compound  denominator ;  or  by  extradUng  the  root 
of  a  furd,  and  (uch  feries  being  continued  will  run 
on  ad  infinitum^  in  the  manner  of  a  decimal  frac- 
tion. And  in  many  cafes  the  law  of  the  pfogrcf- 
fion  of  the  terms  will  be  evident,  by  obtaining  a 
few  of  the  foremoft }  and  cbtifequently  may  be 
continued  without  adually  performing  the  whole 
operation. 


PROBLEM    LVIL 

to  find  the  value  of  a  fraStM  9r  furi^  tohd(/^na/ed 

kf  an  infinite  Jeries. 

I    R   U   L   E. 

Proceed  in  the  iame  manner  as  is  taught  in 
Prob*  iv«  Rule  a.  for  divilion ;  or  in  Prob.  vi. 
Rule  2  and  3,  continuing  on,  the  operation  at 
pleafure.  ^ 


Bx. 
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Ex.  I. 


ax  '  '  ' 

Lei       j^  he  given. 

■  XX'         X*  y4 

^         •  .         .  a        aa  ^  a^  ^*     ^* 
ax^-^x 


ai>— ■!■  I  I    << 


+  7 

"^  T  *"  Olf 


4-  — ,  &c. 


Therefore 
mf  XX       x»        *♦       y«        9fi 


ad  infinifufif^ 


K  3  J?x. ' 


%y^ 


INFINITE  SERIES. 


B.  I^ 


Ek.    2. 


Let  thefraSion  r^r—  be  propofed 


.       ^  faa      aax      aaxx 


IW+: 


aax 


Anfwcr. 


m 


J-  +  0 

•aax        aaxx 
1  ^* 

aaxx 

+  W 
.    aaxx 


a*x* 


'*» 


T 


&C.' 


Ortbust 


lSe+b)aa+o{^ 
kaa-' 


m 


;** 


x^ 


x^ 


*baa 

IT 

ab 


aabb 

XX 


aab*    ^    * 


£vi 
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Ex.  3. 

I  +xj^;  I  +0(1 — w+x< — x^+if«  —  &c. 
1 4-^* 


"XX 


.0 


•x^ — x^ 


,    M      *.         ^% 


+x»  &c. 


Ex.  ^ 


X^  tbefraOipn  be  ——-——. 

It  I  ^ 


— i3y*+2ixi 
—13^*— 13^^ 


■  1 1 


K  4  ^*' 
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Ex. '  5. 
Extras  tbefquare  ro9t  $f  da^xx.  •      '>*- 
f      XX      x^        ^      >   S^   ' 


5fX\0  +^;if 


^6 


4-— 4--V-*    &C. 


*PW«ll^"^*»^"^i"""^"^^ 


Here  focb  terms  arc  neglected  whofc  dimenfions 
exceed  diofe  of  the  laft  term  -^-ii  to  which  the 
root  is  to  be  toDtiaiicd*  By  the  Ikoie  wiy  it  may  be  ex« 

traded  in  this  form  Vxx-^-aa  =  *  •♦-  I^  ~*  g]?* 


£#• 


r 
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Frohnr    1— *«/       *'       ^      5*»    «,^ 


^mm 


From     I— «r» 

take       i-x'+--~=i-jl! 


From       i-^x» 

take         i-^x'  *+^^  &€.  =  ! T--^  • 

27  3      9 


:9 


27 


3  ;ir-  «=- 


2    R   U    L    E. 

Aflume  a  (cries  with  unknown  coefficients,  to  re- 
ptelentit.  Which  fcries  being  moltt plied,  or  in- 
volrcjd,  &r.  according  as  the  queftion  requires ; 
the  quanocics  of  the  fame  dimenfion  mud  be  put 
tofxn  to  each  otiier  \  from  ^hioii  equattoos,  th^ 
coefficicnti;  will  be  determjAe4. 

Ex.  7. 
Lef      he  given. 


Suppofe    -^  =A+B*+C*»+Dx»+E;f*  &c. 


the  feries  reqwred.    Mdciply  by 

Then 
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Then 

I  zzaA+aBx+aCx*  +aD^  +aExS  &c. 
—  Ax— ftr*— Cx«*— Dx*,  &c.     - 

Whence  equating  the  coefficients  c^f  the  iame  pow- 
ers of  x,  we  hsLVtaAzzjp  aB — Azzo^aC — Bzzo^ 

aD — C=o,  tfE — D=o,  Cs?^,    Tlicrefore   A=r — •, 

a       aa\  a      a^^  a       a^ 

E  =  —  ^  — »  &c.  by  redodion.    Therefore  the 


feries  is 


J  X         x}    ^  l'  I 

"-+~+—  &c.     or  ;;::7^  ;= -J-  + 


aa 


ai 


X         X^        X^         X*  . 

—  +  —  +—  +  —  +    &c. 


Ex.  8. 


£^/ 


cc 


be  given. 


Suppofe  it  =:A+By+Cy+DyS   &c.     Multi- 
ply by  cc+icy-"^. 

Then  a  =r^A+^^By+^^;^*+^^D/t  &c. 

+2^A>+2^By*+2^Cj'» 

And  equating  the  homologous  tenn8»  cczzccAl 
rrB+2rA  =  6,  ^rC  +  2rB  —  A  =  Or 
^fD+  2^C  —  B  =:c\  fcf  r,  and  by  redudtioiit 


A=f.   .B=. 


1+4  _  A 
^c.    Whence 


aA 
c 

D  = 


C  = 


_A— 2rB     __ 


B—ZfC 

■a    ■    — — ^— 
CC 


cc 
10 


12 


— =1— ^  +  —   — 


^. 


r 


Sea. VI.    INFINITE   SERIES.         139 

Ex.  o. 

U^a(  is  \/aar--^x . 

Let  >/aar-4tx  =: A  +Bx» + Cx* + D*S  &c.  which 
bang  fquaret^ .  _  1  ' 

+2AGf*+2BOf« 

Here    A*=<m,    aAB=— i.       BB-f2AC=:o, 
aAi^+  2  BC  =  o,    £^f.        Whenc?     Ana, 

aA  ~     2«*    ^^'^DL  ^       8a' » 
2^     8  a)        loa^ 


P  R  O  B  LE  M    LVIIl. 

To  reduce  any  binomial  furd  to  an  iftfimfe  ferief^  or 
to  extras '  any  root  of  a  iinomiah 

RULE. 

This  is  done  by  fubftituting  the  particular  let- 
ters or  quaotities,  inftcjtd  of  thefe  in  the  folbw- 
,ing  general  foxtsxy  duly  Qbferving  the.  Jigns. 

>  A  B  C 

BQ  +  '2=^Ca+^;DQ  +  &c.        . 

Where  P  is  the  firftterm,  Q  the  fccpti(}  term 
divided  by  the  firft,   —  the  index  of  the  power 

or  root.  A,  B,  C,  D,  tff.    the  foregoing  terms 
wkB  their  figns.  Ex, 
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Ex.  X. 
Exiraff  tbefqtiare  root  of  rr—xoc. 

Here  F^TTj  Q^=:^^,   —  =T-       There- 

/    ^*        rr  ^     H        2 

fore  rr-^^x  =:r+  — Ax Bx 


2       ^^    rr         4        ^^    rr 

Jf^  ^XX  fyX 

+  —  B  +  -J-  C  + 1^  D  +  t?^.  that  is,  reftor- 

•^  '  '"■  ■       ■ 

ing  the  values  of  A,   B,  C,  &fr.    Vrr—^x    zz 
9CX       x^         x^  sx^     ^ 

2r     8r»       i6ri      1.2  8r7      ^ 


rr 


ff^Bai  is  the  value  of  —r- 


• 


Here   jqr^=rrxr+Ar    ,  andP=r,  0=— * 

» 

—  =  —  i»  or  i»  s:  -^  I,  n  r:  I.    Therefore 


r+x      =  r     —I  A  X  — •  —  iB  X  , 

T  T 

1  C  X  - —  iD  X  ~,  &c.  =  — A 


— 1 


—B-^— -C  &c.  And  rr  X '•+jf=rr  X :  — -" 

T    ■  T  T         . 

.  X'       x*    ^  • 


Jv. 


.i 


f 
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■^    ^   I 


yV  ^» J  j/i&^  value  of 


x/zrx- — XX 

I  ■    *'  S****g 


•\  t 


x/ttx^ 


zp-zizrx — XA^     ,     and    P. zi.ar^. 


X?f 


4 i       I    .      —X        3 


arx — XX       zzirx Ax *^ — B  X 

,2  ir        4   •        ^»' 


5    ^      — ^       7  *^    — ^  -»  J 

+  4:  A+gB+-^C+:grD  +  &c. 


A** 


8r      "^  i2r     ^  i6r 


■V  •   f  J-  -L  ^       J.    ^.  ^    ..  -i»»    7        ■  z"      + 

X  .  I  -1-  ^  "T^j^  T^4.8.i-2r'  ^4.JJ.i2.i6r* 

EX'  4* 
WBtf/  is  tie  cube  root  «/'i— «'. 

Here  P=i,  Q^r:  — *',  »=i»  '^=J-  Whence 


>-*¥  =  I  +  4"  A  X— *'  —\  B  X  — *'  — 
~C  X  •-*»—— D X— *' —~  E  X  —  Jf' &c. 

»  ^ xV     iv«        /:x^ 


fc^r.     that    is,    V^i— **  =:  i 


3      '9      ^* 


-    &C. 


—  243        7«9 

Ex. 
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Ex.  5, 

^-ftf/  is  J    "" 


^  in  a$t  infinite  feries. 


JWs  reduced  is . «'  X  <»«+»c"*^  Here  9zraa, 


XX 


Q=2T»»=— 2»    »  =  3.    And  <M+**   ^ 


3      <w      6      00      ^     aa 

•40^       iipy*  *         ^  ^* 

-.     '     VI  — ^' _i.il*     40**,,        ^ 

ff^bat  is  th  vabu  of  s/aar-^at 

Here     P  =  tf  a 


t 

T 


=  tf4T  +  -LAx  ^=^— —  Bx^=^    — 
^+i^^+^^+I3^I^  &c.    =a    X  : 
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Ex,  7. . 


To  reduce  a+x  x  V»— x  /•  a /tries. 

%/«— ^   =   tf— X-'  Wlicre  P=tf,  Q  =r.- — 

a   » 


I  t  m- 


iw=r,  »=:4.    Then  «— x  =^'  +  — Ax     ^ 
+  l;B+fc-C&c.      =a^    --3 -±-5 


'^'t.&c 


4^*       32<i^ 


Multiply  by    ^+^ 


Then        tf¥^— — ^-^ i — ^  &c; 

4«^       32/1^ 

ii  ■    '       '■  ■■    I  ■■■'  1(^1 1 1*1  % » 

«+xxvtf-r*  4       32^^*  .1^81^ 

4      '    3*^        i2»jwr 


£x. 
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Be.  8. 

7>  dejlpmte   ^  ^^  h  aferUs. 


\/aa+xx  =  aa+xx^.       Where  F  zz  4  a^^ 


SL  =  ^>  »=:i,  ii=:2,  and  aa-^xx^   =  «  + 
2       aa       4.  "  aa       b       aa      ***-—« 

n,  ■.>  r:iM«^-T^^.     Here  Pn  a  a, 

I/AI — XX  • 

Q  =  "-^^   »=— I,  »=2.      And    A»r-«X 

=T*TAx-^--f  Bx  ^^- 


^»  ^+^^  ,     9CX         X^  X^        ^ 

244+2?    **^  ^  muldpUcation. 


Ex. 
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Ex.  9. 


ax 


What  is  the  value  of  — 

,     ^     aa^-^ax-^xx 

is   may   be    treated  as    a  binomial.       Put 
Then   aa-^-^x+xxzzaa-^.       And 

Here    Fzzaa^ 


ax 

aa — ax  +  xx 


.—  I 


«p  n  —  I ,    n  zz  I 


And  aa — -y       +  — —  i  A  X   --^ 

aa  aa 


iBx 


Z2 

aa 


aa  aa  aa^ aa      ^  aa 


+  -rT  C  +^  D    fc?^*    =  — +  -.+ 


r 


aa 

./■to 


da 


&,€•  =  f  by  reftirution)  —  + 

aa 


i  +  ^  a-  --- 

<?y XX 


a^  +  tf» 


^4 


ax — XX* 


li 


ar^^^^xx        ax — a.. 

•  +.• — rr—    &c.    which  in- 


a^         '       a^  tf«o 

volvcd  and  reduced  into  order  will  be 


aa 

X 

« 

XX. 

a^ 

4»* 

• 

XX        2X^         X^ 

• 

* 

+ 

a^       'a^  "^'a 

*« 

X^           QX*     ^ 

- 

• 

1       -^ 

■ 

.     -I'  _  '1    &c 

1       aod         "". 

X 

a 

+ 

a»        ~e*      as   ^^- 

1            tftf--tfx+x^x  "" 

The 
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The  truth  of  this  rule  will  appear  by  indudJon. 
For  if  any  of  thefe  ferks  be  involved  according  to 
the  index  of  the  root,  it  will  produce  the  original 

quantity.    Thus  if  r —  ~—  g-7    &c.  be  fquar* 

ed»  it  produces    rr^^xx^    as  in  Examp^i.'    If 

x^     x^ 
1—--  —  —  &c.  be  cubed  it  produces  1 — x\  Ex.4. 
3       9  " 

*  XX         zx^ 

If   a^  X  :  I  — "^— -rn  &C.  be  involved  to 

the  5th  power,,  it  gives  aa^-^-xx^  Ex.  5.   and  the 
tike  of  otherai* 


Cor.  I.  1*-J-PQJ  =:  P^  X :  I  +  —   QL  +  , 

m — n     m — in     m — m   _ 
Cc»r.2.4+x=  ^  +J+*^  +  -V^J4^B 

where  n  is  atry  index  j  A,  B,  C,  6fr.  the  foregoing 
terms  with  their  Jigns. 

For  put  J  =  —J,,  then  ^  =  ^,    and 

^ •  a  V 

fl+xs— — .    Therefore  a+x  =  — — -1      =' 


-« 


a^Xi—y    .      Here 'P=u    Q=— y,    »=— «, 
nzzi   (fee  Prob.  xlix);    then  by  this  problem, 

=  1  — —  Ax— jf ^B  x-/ 

1  +  nyX 
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1  4-9^ 


&c.    'and    d 


»4-2 


;  Cjr  &c.  =  Creftoring  theval^e 


PROBLEM    LIX. 


To  involve  the  feries  zx:a  +i'x+cx*  +/&'  +ez*  &C» 
to  4mf  pover  w$^  wdbok  or.firaBional. 

R   y,  L   E. 

SabU'itute  the  particular  tetters  or  numbers  m 
the  gWen.  fi^ries,  aqftead'of  tbeiie  in  the  JToUowing 
g^ei:al  twm.  !    y 

=:  «"  X  into  :  a" 


2iwf  A+*— *  •  *B 
+ 1^: *• 


aa 


*    » 


s**  

4<» 


*♦ 


^aj/A-f-  4« — I  .eB  +  ?«« — 2  .^iC+  aw — ;?  .  fD. 
5« 

L  2  +  6«f  A 
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6mg\+^m — I  ./B  +4» — 2 .  eC+im — 3.  d  O 

+'  — 


iV^a^ta 


.       6a 

— ' ..   '   ^ — X* ■  __^ 

+  — «-^ — —      '    ~ 

7*        

4:  3w^-4  •  ^+2'i» — 5 .  ^F+w— 6  .  K5,  &c. 

Where  A,  B,  C,  D,  C^c.  are  the  coefficients  of 
the  terms  immediately  preceeding  thofe  wherein 
they  firft  appear.     And  the  law  of  progreffion  is 
evident. 

Ex.  I. 

ff^hal  is  tht  [quart  of  i+xH-^ii^+A^'+**  •+- 
&c. 

Here. 2=1,    <2=:i,  h-nx^    czzi^    dzzij    &c. 
And  «ir=2,  then  i+>i+x*+Af'&c.'*         = 
.    2A        ,      4A+B    ^        6A+3B+0     .   , 

8A+5B+2C~D 
+ '^— *♦    &c. 

A     B        C       D        E 

=  X  +  2X+ 3:v*+ 4X»+ 5^*  &c: 

Ex,  2. 
JVbat  is  tbeffuare  tM  of  i  +x+x'*4-^'   &c* 
Here    2=1,   4=1,    ^=:i,    mi,   4=i»  &c. 

and  »  =  — .    Whence  i+x+**+a:»+x*  &C' 

,               A— iB            A+o—  C 
=  1   +   -  A;f+— ^— AT*  +  ^ :^^ 

2A+4B— C— fD       .  I  3 

1 xS&c.  =  I  +—  a:  +~xx 

4  20 

Em. 


f 
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'^  Ex.  2- 

Find  the  cube  of  i+*+.*»+x»  tec. 
Here    g=i,    <j  =  i,   ^=,^    f=i,  fei,   e-^ 

3  A5          6A+2B            ■9A4-5B+C 
1       -*"  a        *,    +  7 *»     +  , 

WA4-8BH-4C       . 

-  x*Scc.   =  J+3*+6*»  +  io;f»  + 

>5**  -4-  if c 


£*".  4. 

What  is  the  value  of 


•        « 


rr 


J*        .)■'  "» 


^^''' +  :^r»  ~~  bF  + 1;^  &c. 


Here  2=1,  ji-zrjry,  «r:rr,   ^~ 


<f  = 


2  *  ^"-  4;;-» 


zr»    '  = 


8r* 


l6r< 


&c.   «=:-_,.      Tben 


rr- 


).rr 


A+B 


•XX    ■+• 


8r*  ^ 


To  fquare  the  feries  j— ^i4.^»_-y7+^  gj-c. 
This  is  equal  toj?:  i — y*+y* — y^  -i-y  &c. 

1-3 


^=1 
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<=!,  8rc.  and  m—%.    Then  i— j»+^*  &c.  *  — 

4A— B             ~6A+5B 
1-— 2Aa:  H J — *»  +    -— i-  jf»  &c.     = 

1—2^+3^' — ^4^^  feC"   and  j'— j' — y^  &c,  *    ::= 

3  5  7 

The  ferics  is  zrv^  X  :  i  +  : —  +  -4 —     + 

^       T  i2r  ^    i6or*      ^^ 

^.&c     Here  z=v'»'^.  a=i.    ^=^^, 

2rv^  X  :  I  +  rri  +  -r— r  &c.    =  2rv  x  :  1   + 

I2r    "    i6or' 

2 

^  .     >     . —  x*  &C.    =  2  r  V  X  :  I    + 

3 

•—  J-  ■    J.     ^^  A|-|* 

6r  ^45'^r  ^448or»     '*''• 

£^-  7, 

F/»i  /i&^  »  poti^^  of 

«X+^X+r*  +tfAf       ^     &C. 

This  reduced  is   ^  X*  (f*+  h  ^*+  ^x   *  + 

rfx'*  &c.     Here  2=/,    x=**,    iw=2,    &q 

Then' 


r 
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Then  x'x:  a-^bt*  +  ex     &c     ==  *     X  •*  « 


3-» 


4»^A  +  ^jw— i.^B   +  aw — 2.rC+«i— 3^*D    ., 

■        ■  •        '  '  '  :      x^ 

&c. 

2    R  U   L  E. 

Subftitute  each  letter  in  the  given  fcries,  inftead 
of  the  correfpondent  one,  in  the  fiedlowtng  ge- 
neral fprm. 


m 

Mi  7    l«— 1  W>-  "1       «— 2,, 


2        3 


+«  =  .  2i^-Hc      {   *' 


+9"^ 


W— I      !»— 2      |»— 3    M— ^>  *1 

^234  I 

m — I    w— 2       «— «.;     J 


2         3      "  yx^ 


-{-ma       i  J 

L  4  +  »• 


«5» 
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B.  I. 


m — r     m — 2     »; — 3     m — 4 
,+w.  — —  .  — -—  . — 7—  .  — - —  a 


+i». 


m — £     m — 2    ffi 


2 


4-^. 


« — I 


•2^ 


m 


>^2^cd 


Jed 


+wa       / 


^3 


4-»» 


w — I    m — 2  »— 3 


.«» 


— ^  (  6^^rr 


U3' 


+/». 


m — 2   w —  2     «,_ 


43 '^    I 


+«• 


%bf 

ICi 

dd 


3 
w— I 


^j''*^*  ^  2f  ^ 


ffi — I 


&CC. 


For ' let  j^ ri^x + a»  +  ^x^    &c.   p  =: 


m — I 


m. 


=  — ^r=-^j,,z=— ^r,&c,     Then 


.  +  ;>^*^'j*  +£^*^^j^  +  r^""^^^*  &c.     But 


m — I 

ma      y 


y  zztx 
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y^zix+cx^-^Jx^  -^ex^  &c. 
jlj=iixx+2hx^+2i^d        +2*^^~  f^^ 

+  cc    ^     +2cd      "^"^ 
j^=t^x^+2hkx*+3hbd  x^  -^  &c. 

y^   =   ^**  +  ^^hHx^    +   &c 


Then    the  power  a  -  +  ma*^  y  -^t^        73 
^0       ^  y^  &c.  becomes 

a 


-^-ma^^  X  :  ix  +  ry*+  Ja-'  +fx^  +/x^    & 

+ />/i*^*X  :  hbx*+2hcx^+2l/dx^+2hxi 

+  cc     -^icd 

+  ra'^^^'  Mx^    +4i^cxf 

+  5tf*~5  X  :•  ,         b  -x^ 

&c. 

Thcfe  being  aftually  multiplied,  and  the  coef- 
ficients of  each  power  of  x  colieftcd;  will  give 
the  feveral  terms  as  in  the  form  above. 

And  the  firft  Rule  is  in  effeft  the  fame  as  this. 


For  let  a+bx+cxx+dx^'  &c.    zz  A+Bx»+C;f' 
+D*  &c.     Then  by  Rule  1,   A^a\  as  in  Rule 

2d.    Alfo  Bn =  mha        ,  as  in  Rule  2ti. 

Likewife  C  =  —  +  ^^=-'  .b  B  =:  mca"^'  + 

a      ^    2a  . 


MbbdT^^^  as  in  Rule   2d. 


Again 
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Again  D  =  -— V  •— + ^--=^ 


■ 3 3 


mc/T^^  +  —- — .  mbhtT^'^    =  mdir~^      + 


2m — I     m — 2         ,    „,__,    .      »— -I     m — a  , 


+i».— - — .  — r^b^a     ^  ,    as  in  Rule  2d»    and 

fo  for  the  reft.  In  uGng  this  laft  rule,  St  will 
be  the  ealieft  way  to  divide  all  by  the  &rft  ternii 
that  a  may  be  i.> 

Ex.  8. 
What  is  the  fourth  power  of  i+'x+x»+x' &c. 
Here  'z=:i,    aziXy  ^=i,    cz=,i^    ^=1$   &c. 
=4.     Then  i+Af+Af*+x*6cc/ 


.=i+4*x+6*«**  -r  4*'5c'  +  *4x*  &c; 

+  4d      +  6c€ 
+  izbd 

+  4^ 

*— l4.4;r+XOX»    +    20X'    +35X*  &C. 

What  is  tlefquare  ^/  '^^  +  ;JJ  +  "^T  +  J7  &c* 
In  this  Example,  2f=— t  ^=^ir»  ^  — '>  ^='> 


X 


Then 
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Then    —  +  —  +  -;  &C.I   =  —  X    : 

+  2C         +  id  -H^ 

<  ^        9        4        S  ^  t 

—  Af;C     ^  ^    X   ^XX^Xi    ^X^   **  XX 

*  3        4         5    -• 

To  f quote  the  feries  j—y^  +J^^— :y^+.  &^c* 


2=y.    4iiii,  i=o,  err— i^  i=o,  f =4, 
/=:o,  1^= — I   85c.  and  ii»=2.    Whence 


y — y^  &  y^  &c»    =  jr*  x : 

+o»^-~2r^«*  &c.  =y*  X :  i—^+Sjr^-^HJ*  &ci 
izyt — 2jr4+2^— r4]r*  &c. 

Or  tbus^' 

x—y^  xzzyy^arzi^  hzi — i,  e=:i,  d:z — i,  &<:• 
and  mzz9^     Then  y—y^+y^  &c.    zz  yyx  - 

+  2^    -|-2i/     4-rf 

+2f 

=jr»X  :  I — 2y»+2y* — ^47^+5?'  &c,  =7»— 2jr^ 


JE^Tr 
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EiC.    II, 

25*  22:^ 


IVbalis  thefiuare  root  ofrr — zz  -^ x 


f% 


3^^         AST 


3^5^ 


&c. 


Here  zz;!,  xzzzz^  mzfr^  ^ri:— i^  ^n  — , 

3^* 


•2  I 


^=  I^»  ^=  77^6.  &c.    and    m-     1 


45^'      ""  3^5^ 


2 


I      >« — 2 


-_±     «»— 3_        5 


&c.  Then  rr—zz+  -^  &c.  j   =  r  + ,— x  ~ 


4r 

I  I  22  9*^ 

Rather  thus. 


The  quantity  reduced  is  rr  x :  i—  ^  +  — 
■\;5?«  *^«-    Here  «=rr,  a-i,  ^  =  —  -, 

'  =  ~4»  </  =  —J     &c.      Whence 


2rr 


6r*J     "*"  i2r«  (       + 
L_\ 


I  I 

&C. 


24r***"~72or«  ^'  -**" 


i.zr  ■+■  1.2  3  4r»      i.2.5.4.5.6.r/  +  ^^• 


%e£E. 


'57 


Ex.  It. 

What  is  the  fguare  root  of 


ZZ  2*  ^*         *     Z» 


The  quaiKity  reduced  is 


f  I 


X 


■4. 


22         .2*  2*      ^ 

+  tt;  —  Tir  &c. 


2rr  ~  4r*        6r^ 


-Where  z  =;  ~,   *=:a2i  j«=jU- ^_s:_.— r  —  ^ 

^      &C. 


a  4'       3  6'        4    ~       8 

And  ^^i LJ  '  '-.    ■^'   =  -r  X:- 


'   ,  . 


22.  2*  ^         :   :        r 

I  +  —     H +   •■  b  .  ^*  &c. 


1.  -f 


iir^ 


Scholium. 

Prom  thb.  problem  the  powers  of  ja  coflipound 
quantity  are  deduced  as  follows,  which  will  be 
iervicAJib{e  uppn  particular  occafions. 

'  If 
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If^=A+B+C+D  €ifft    Then 
jf=:A+B+C+P+?+F+G+H 

j*=A*+  aAB+ 2 AC+ 2AD+ 2AE+2AF+  2AG+  2AH.  fic^ 

+  VB-ttBC  +  tBD^+zBE^  2BF  +2UG 

+  cc+2CD+:2Ce:+;jGF 

-  +DD+2DE 

f  »=:A*+ 3  A'B+  3  A»C+ 5A*D+  3  A»B+ 3  A?F+3  A  AG,  (ic. 

+3ABB+6ASC+6A8D+6ABE+6ABF 
+  V     -f^ACC+6ACD^6ACE 
+ 3BBC + 3BBD + 6BCD 
+3TOe+3ADD 
-f3BB£ 
'      ^  +    C» 

y=A*+4A»B+6A»B»  +  4ABH  6A*C*  +  48*0  (gc. 

+4A^C  +i2A*BC+i2AB»C+i2ABC* 
+  4A»D  +  iaA*BD+i2AB*D 
+  4A»E    +i2A*CD 
+    *♦      +i-2A^^E 
"    '     -  rf^4A»F 

f'=:A».+sA*B+*oA'B*+ioA*B'  +  ^AB*   +  B'  ifc. 

+  5A*C  +2oA'BC+3aA*B»C+20AB»C- 
+  sA*D  +2oA*BD+3oA*BC* 
+  ioA»CC+3oA»B*D 
+  5A*E  +20ASCD 
4^2oA»BE 
+  5A*F 

•«s:A«+6A*B4^i5A*B*+^oA»B»  +  ijA«B*  ife. 

+  6A»C+3oA*BC+6oA3B«C 
+  6A*D  +3oA*BD 
.;.  +icA*CC 

+  6A»E 

/sAH^A«l+2iA»r+3jA*B'  +  35A'B^  Wr. 

'+  jrA«C  +42A*BC+io5A^B*e 
+  7A*D    +  42A5BD 
+  2iA'CC 
J +  7A^B 

^•s:A*+8A^B+28A*B*+56A»B»+  7qA*B*   Vc 

+  8A^C  +s6A*BC+i68A»B»G        ^ 
+  8A^D   +  56A«BD 
+  28A«eC 
.+  8A'£ 

j.*=A«   . 
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'f^3KA»+9A»BHr36A^B*+S4A«B'  +  ia6A»B*  bfc. 

+  ^'CSf  2aA^BC+yaA?B*C 
'    +  VA«D  +  72A^1> 
+  36A7CC 
+    8A»E 

/•=:A««+\oA»B+4jA»B»+i2oA'B»+aioA«B*  £^a 

+  ioA«C+9oA»BC  +36oA^BK: 
Ac.  ^  +ioA'D    +  ooA'BD 

+  45A«CC 
•      \  '  '+  ioA!£ 


I.    . 


In  making  u(e  of  any  of  thefe  forms,  the 
terms  of  the  given  feries  .rHutt  be ,  ranged  in  or- 
der (Prob.  xlviii.),  and  the  whole*  terms  thereof 
fubftftuted  one  by  one,  in  the  toom  of  the  qQaa> 
titics  A,  B,  C.  D,  6ff.  (Prob.  xlix).      . 

■;  .    ■  ■:-  0  -:-  v  -i-  /: 

Let  tf +i*+f «•  +<6«'  +«*^  &c.  i*.  cii(J«?.    , 

A4-B+-C+D+E  Cjff.  i 

±j«-f^;»-Hfjif +<&J+«f»  &c. 

that  is  A=tf,  B=^J^,  &c     Then    .     '         _ 

(jrO'A'+gA'B+aAC  &c    =;    .^ 

+3AB»       ' 


r  ». 


What  is  the  fourth  power  of 
2  p  acd 

*  • 

A  +  B    +    C   +  D 

A  p.         acd 


Thcft 


ifio         INF'lNlTfe   ^fiklfiS.     •      B.  I. 

+  4^^X  — — I2;00<;f 

—  iOf'  X  — 

.0  32+24i>+8f^    ^ 

ir^8x»+24+4J>  ~  ■     ^Y  ' —  &«•     . 

^-  3. 

Involve   2X^  +  3^^  —  4^^  +  5*^  —  6*  ^    &c.  /# 
/i^^  5/^  power. 

A+B  +  C+D+E      ^c.  z=:y. 
zizi?  +  3x—  4**  4-  5X* — 6**   &c.  =:  ^. 

j»  =  32**  +  Sojri  X  3**  +  8ox^  X  9x'* 

+  80*^  X  4J<*: 

1  I  ft 

—  i6ox^Xi2x*  — 
+  8o;r*  X  S^  &<^' 

fiottf*  x6af"*   &c,  =:32x*+240x^  +  72cw*  — 

— '32o;ip*    4- 

i920Af'^  —    48ox^'  &c.    that  is 
■J 

420Jf*      &c, 

i  9  "JL  V  u 

jr»  =:  32;^^  +   240^^ —  32oaf  *  +72W' — 1920X* 

+  40oaf  *-—  480^* 
&c. 

Or  jJ  z:  32X*.  +  24CW*  —  32OX  *  +  ii2CMr* 

—  2400;^^^    &c.     Here  I  omic  all  thcfc  terms, 

where  I  fee  the  index  of  x  exceeds  -^. 


Or 


i 


r 
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|6] 


Or  tbust 
A  4-B4-  C    +  D  +  E  +  F 


t?f. 


=2;ir^+o  +  3x*  —  4x^  +  5**  —  6x^  &c.  then 

to 


It 


— 80X*  X  4^*  +  80**  X  9*^ 

+  8cw*.x  5** 

— lOOflTT  X  '  2X'    &C.    =  32J<f^+  24OX*   32OX 

♦  1 « 

—  8ox^  X  6^  * 
+ii20X^ — 24oo;c^   &c. 

Ex.,  4* 

Jf  y:=zi+x^ — 2x,  what  is  y^. 

A+B    +C+D+E+Fy^. 
=:  I  -^  2x  +x*  +0+0     &c. 

jr«  =  1 — 1 6X+28X4X*— 56x8x^+70x16^*  &c« 

+  8x«  — 56x2x4+168x4^* 

+  28Ar« 

r=i — i6x+ii2x» — 448x'  +  ii2ox*  &c. 
+  8xJ  — II2X*  +    672XJ 

+       28x* 

J* = i — 1 6x+ 1 1 2x*  +   .  8x'—  1 1  zx^  &c.  that  is, 

— 448x^  + 1 1 20X* 

J^'  =  i — i6x+ii2x» — 440x^ — looSx*  &c.  This 
is  fuppofing  X  to  be  very  fmall ;  but  when  x  is 
very  great,  then  x*  muft  begin  the  feries  j 

A  +  B  +  C  +  D  +  E  +  Ffcff. 
z:x»  +0  —  2X+I    +0    &c.     Then 

;^»=:x**+o— 8x*'X2x+8x»'xi+28x««  x  4xx 
orji=x»< — i6x"+8x»'  +  ii2;c*<>  &c. 


\ 


M 


PRO. 
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PROBLEM    ipC. 

To  abridge  an  infinite  feries,  or  denote  it  i»  a  Q>9rt 

manner  for  working. 

When  a  fcrics  confifts  of  terms  very  much  com- 
pounded, or  having  a  great  many  fadors  ;  it  is 
very  laborious  to  reduce  them  into  numbers.  And 
"when  feveral  fadors  in  any  term  are  contained  in  the . 
fucceeding  terms  ;  the  work  may  be  (hortened,  by 
making  ufe  of  the  preceding  term  or  fome  part  of 
it,  inftead  of  fuch  fadors  as  are  equivalent  to  it> 
in  the  following  teyns  i  as  follows. 

I,   R   U   L    E. 

Put  A,  B,  C,  D,  6?r,  for  the  firft,  fecond, 
third,  fourth,  fcf r.  terms  of  the  given  feries.  Then 
to  get  the  coefficients  thereof,  divide  every  term 
by  the  preceding  one,  gives  the  coefficient  of 
that  term.  Whence  you  will  have  a  new  lerics 
equal  to  the  former,  and  fhorter  delignated. 

Ex.  X. 
A     B        C  D  E 

4/  z+  2tf*  +r^+  2.4.6^^+  2.4.6.8a»^^-  -^^^ 

Then  2)—--  (  =— =  coefficient  of  Bn  t  • 
/  2a*  V     2aa  A 

ri  )  -^.f  — !  =  coefficient  of  C=  ^. 
2ia*  /  2-4^i*V  4^*  B 

Hence  the  feries  becomes 

^  +  7^A  +  t-B+|-C+|rD&c.r:7. 


laa      ^  4aa     ^  6aa      "^  8aa 


Ex. 


I 

I 


r 
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Ex.  2; 


m  ^  V  11*  1;'  V^         J 

s^/. .+  -+_  +  —  +  _  + 


V 


„         B         « 


D 

c 


•     B    -   5* 

9  •     E    -  II 
Then  the  feries  is, 

>H A    +  —B    +  — C    + -^D    + 

3  57  9 

^  R   a-   —   F  -    &c.  —  V 


V 

71 


Let  X 


i.i  """  i.2>3.4       i. 2.3.4.5.6 


&c, 


^1.2X1.2*  1.2     /  1.2.3  4  V  3.3.4* 

1.2.3.4  /    1.2.3.4.5.0  \   5.5.0 


And  the  (eries  is 


3^ 


*  +  ifi  "  +  if 6  ^  ^'- 


Or  /^«^, 


/2.3.4  V3.4*         2.3.4/2.3.4.5.6^5,6 


M   2 


And 
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And  the  feries 

Where  A,  B,  C,  iSc.   arc  the  foregoing   terms 
with  their  figni. 


Suppofe  bz- 


Ex.  4. 


i.^aa         5.2.4^*  7.2.4.61^^ 

-« rrrr  &c.     =z  a. 

9.2.4.^8^* 

Then  ^  2  J  — —  [ ^  iz  coefficient  \>f  B. 

--^bz^  \  ^r-'bz^  i   %z% 

^  ) ( =  coefficient  of  C. 

:  I r-^  f  t =  corf*  of  D,  Csfc.- 

And  the  feries  is 

8.9  AI 


a    RULE; 

» 

If  there  be  (bme  fingle  fa£tor  or  faftors,  which 
are  not  in  all  the  terms ;  fet  them  afide  at  prefent* 
Then  put  A,  B»  C,  D,  (f?r.  for  the  remaining 
terms;  and  proceed  as  before.  And  at  lad  re- 
fiore  thefe  iingle  factors  into  their  proper  terms. 


£x. 
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Ex.  5. 

Ifx—    ^  —   -^    ~         7^^         _. 

i.2  i'2«3.4  1,2.3    .5  6 

i.2.3,4,5.6.7.8  *^'  -jr. 

Here  the  faftors  3,  5,  7,  9,  6fr.    are  not  in 
all  the  terms,    and  being  left  out,  the   feries  is 

1.2         1-2.3.4         1.2.3.4,5.6         * 

abridged  to  »r-^  A  +  ^B+^^C+^^D 
^c.  and  the-faftors  reftored,  tjie  feries  becomes  ' 

*  — 4a"x3+  f;B>5  +  i;-^Cx  7  +, 

^g  D  X  9  fc?f.  =7.    Where  A,  B,  C,  &fr.  ar^ 

the  feveral  terms  -with  their  proper  figi^  }  without 
the  numbers,  3,  5,  7>  (^c^  . 

£*.  6. 

t 

^-    ,                    ^Z'                   te*                      IfZ'' 
If  bx  -^      +    = • ^-TT   + 

-'  3.2Jtf  ^    5-2.4^*  7.2.4.6ii'»  ^ 

9.2.4.o.fia^  ■"  -^^ 

Then  the  faftors  3,  5,  7,  9  6?r.  not  being 
common  to  all  the  terms*  arc  left  out*  and  the 
feries  is 

hz^  hz^  bz^7 

bZ 4- :     —    — r-2— .    &C. 

-  zz   ^        zz  ^        zz  ^        zz   ^  ^^ 

2aa  4aa  baa  iaa 


M  3  And 
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And  reftoring  the  numbers^  the  feries  will  then  be 

,  ^-A      ^B      ^C        ?D 

pz  2aa  4aa  oaa  Saa 


'  ^MVi 


'  3  5  7  9 

fc?r.   =  ^.    Where  A,  B,  C,  tfr.    arc  the  fore* 
going  numerators^  with  their  proper  figns. 

ft 

Ex.  7. 
There  is  given 

^^"^3.2  ■*"  5.2.4  7.2.4.6  ■**  g. 2.4,6.8  ^^* 
CurtaJed.  ^j  +  ^^-^  +  ,*:;:^.  &c. 

orftjortened,  as^^A B— -fC-^--D6?^ 

24^^ 

compleat^    flf—  —  Ax  —  —  — Bx"^    — 

^  ^     ,     3        4  5 

icx^       c       XX  ^^       a    ^ 

Where  A,  B,  C,  tfr.  are  the  foregoing  term8» 
exclulive  of  the  following  quantities. 

Cor.  I.  If  $be  firft  term  ef  atrf  transformed  feries 
te  multiplied  by  any  number  or  quantity  \    the  whole 
feries  is  multiplied  thereby.     For  thefirfi  t^^  is  vir- 
tually contained  in  all  the  following  terms.    7 bis  is 
made  plain  by  Ex.  4. 

Cor.'  2.  In  like  maftner  Aj  B,  C  may  be  made 
to  fiand  only  for  the  coefficients^  or  otherwife^  as 
4ify  one  pleafes. 


PRO- 


Sea.  VI.     INFINITE  SERIES.  167 

PROBLEM    LXI. 

iCofind  the  finite  value  of  an  infinite  feries^  or  fvhai 

/urd  it  is  involved  from. 

RULE. 

Divide  all  the  terms  by  the  firft ;    theti  the  firft 
term  will  be  i.     Then  compare  three  terms  of  this 
feries  with  three  terms  of  the  feries  Rule  2,  Prob. 
lix.  each  i^^ith  each,    fuppoHng  a  to   be  1,  and 
c,  &c.    o  \  which  two  equations  will  find  the  in- 
dex,  and  the  fecond  term,    if  it  is  a  binomial.     If 
thin    does  not  fucceed,   compare  four  terms  with 
four,  for  a  trinomial ;   or^Evc  terms  with  five,  for" 
m  quadriaomial ;  making  dzzo^  or  ^±=0,  &c. 

Ex.  I. 

Suppofe  this  feries  i  — -J  +^— ^^  +^  &c. 


,^     I 
Compare  this  with . . .  i  +mh+m.——  bbx*. 


Then  fH^x  = *     and  »•— r~  hbxx  =  —  , 

X,  2  na 

'  fn — I  y 

and  dividing  the  laft  by  the  firft,  ——bxx=. — — 


zzmbxi    therefore  '—^  x:i»,    and  xm  ^«>-r-i> 

2 

y . 
whence  »=— i.    Therefore  mbxzz — bxzz — -^9 

or  bx  =r  -^ .     Whence   the  index  is  — i,    and 
a 

the.  fecond  term  of  the  binomial  (if  it  is  one)  is 

y  .  .    ?-'       — ^ 

-T.     And  the  binomial  i  -i »  of  .  1  •'' 

a 

that  is  — :—  the  root  required  •,  which  fuccecds. 
a+y  ^ 

M  4  Etc. 
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Ex.  2. 
XX        x^  x^ 

Reduced    a  X  :  i  +  —  —  -:r—  &c. 

^         ^  2aa        8tf* 

Rule  I  +mhx+m. Mxx. 

Here  mixiz  — -,    and  m.-^  bhxx  —  —  -P-. 
and  by  divifion,      -— -*  ix   = .      Then 

2  4^^  **vi* 


xx-z^mbx  ^  iaa=z^  ^aax  ^~-^*  i      whence 


•— «— » — 1$  and  imzziy  tx  m——  the  index. 
And  w^x  =  -r-^x  =  — ,  or  h  =  -  the  fe- 
cond  term.    And  the  furd  is  «  x  i  +  ^* 

.t 


or 


Ex.  3. 

h  given. 
Reduced  ^C^8  x  :  i~f-  -  -^^^^  &c. 

ting  ^ATzyp. 

and 
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and  by  <Kviding  — ^ y  =  g^^j  then  jp  :;:  — . 

-2 r ',  and  — — r: »  or 

Bxxm      32*'x.//*— I ^         .^     4X«^ — i  ^ 

.'  4.  - 

— 4«i+4=3w»   and  7iw=i4,.wnence  :«=---  the 

««*^  Aifo  >=^^  =— 37- = -.|^ 

XX 

7  ■ 

the  fecond  term.     And  the  binomial  furd  is 

Ex,  4.' 
Let  tht  Series 

propefed.    ^J.. 

This  cxaiHS^  :refolved  like  the  foregoing,  gives 

^  y 

jn  2^  —  — ,    and  ^  for  the  fecond  term  of  the 


2 '  ^ 


,3 


binomial.     But  «i^  ^  *  +  iS       ^^^  not  produce 

the  given  feries.     Whence  we  may  conclude  it  has 
not  a  binomial  root. 

For  a  trinomial  root ;    for   brevity's  fake  put 
I,  z^  V  for  tf,    *x,    cxx  in  the  Role,    Prob.  lix. 

— m 

vhich  rule  then  becomes   i+z+t;    = 


m — ^i  tn — I      w — 2 


+     mv  +        w.--y-.22V 


and 
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given  fcries  reduced.    Then  we  have  thefe  three 
equations,  »z=  — i   «.  ^-^zz  +  ««=  ^^  , 


and  m.——  .  — —  »^  +  !».— T— .22V  =~— r» 
Divide  the  third  by  the  firft,  and  there  comes  out 

22  +  w— 1 .  vzi  —^  }  add  this  to 


■^—  •  — - —  z  »  -f  m — 1  .uzz  — c — 
II  3  .  ^taa 


the  fecond,  and  we  have  m.'"       z  2  + • 

,2  2 

»— 2         .    • m — I*       4i9i_2 

22+   2)» — 1  .  V  =  o,   or  -=— —   X 


22  +  2i» — I  •  v:=LO.      And    fquaring  the  firfl:» 
«»22=:-4— v  and   •— =:i6j»iw2  2.      Alfo 

w  v  =  -=>—  -^»i  -— —  2  55  2z  —V  X  i6mmzz  — 
90^19  2    .  9a 

m — I  ^    -  5  iw — I 

PL 2  2.    And  V  n  ^mzz—' — r—  2  2  sr 

2  *        o        .  2 

2»+3         .  ^,       r        «^ — I     4»' — 2 

-  7-^  zz.  '  Therefore  — —  . 22    + 


^■■■-•iii^ 


m — I 


tm — 1  .V  zz  ' .  zm^^i  .  22   +     2m — i 

3 
21W+;?  ^m — 2+2W+3 


2  2=0;    or 2 ^  2I» — 1  =0, 

that  IS    — r —   X  2W— X  =  o,  and  4^+1   X 


2/»— X   =  o.     Which  equation    has  two  roots, 

«  =  —  — ,  and  m  zz  — ;    If  tnzz —  —  ,     tahen 
4  2  4 
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=   Vxg=,^.    And  the  ford  root  is  «*  X 

•  1  J-  JIL  4.  .^\     , .  which  involved  produces 
four  terms  of  the  feries,  but  not  the  la(t. 


And  if  »  r:  — .  Thcnz  = 

2 


7 


Oil 


«d,    =atH«=|_x^g..    And 

then  the  furd  is  s^    X  t  i—  :^  +  #i*»    ^^ch 

involved,  produces  all  the. terms  of  the  given  So- 
lies  s  and  therefore  is  the  root  required. 

» 

PROBLEM    LXIT. 

To  rtvert  an  infinite  fertes  \  or  Ufind  the  root  of  Juch 

r    R    U   L    E. 

If  the  feries  coniifts  of  all  the  powers  of  2,  as 
A2:+B2»4-C2»+D2*+E2«  fee.  =:jri  then  fubfti- 
tate  the  values  of  the  coefficients,  A«  A*-  C«  D,  t3u 
into  the  following  form,  U>v  the  root. .    . 

I  B  2SB-=-Ad 

5ABC-^.VD— 5B« 
I4B*— ;i  AB*C+6A'BD4-3A»C'— A'E 

A9 

— ,4aBJ  4-  84AB'C  —  28A»B»D—  ?8A«BC 


11 


■^^<    »■    »| 


+  7  A'BE  4-7  A'DC— A*F 

^■■WWi J      ■■■■■■,  .1    .p 


/,  &C, 


For 
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For  put  zzzay+  by^  +  cy^    +  dy^  Set.    Then 
zz  r:      iMy*+2aiy^'{-i^^  Sec 

2'  =  a^y^+3a*iy^  Sec.     .        . 

z^  =  a^*  Sec. 

Sec.     Whence 

Az     =  A^+A^»+  Acj^  +  A4^^«fc. 
+  Bz*      =         aiy+2Btfiyr'+B%4  &c- 

+2Bac 

+  Dz^     =  Dtfy  &c. 

&c. 

Then  making  the  homologous  powers  equal,  Aay  =jr, 

and  tf  =  -T*.      And  Ai+Btf*=o,  or  i  =  "XT* 

2BB— AC 
Likewife  Ac+zBai+Ca^^o^  and  f=: j- — 

In  like  manner  A^+B^^+2B^r+3CW+Dtf*=o^ 

^     5ABC— A*D— 5B3 
whence  D=:*^ — f — -^ — : — fr  i  and  10  on. 

•  >  *  ■  ' 

Suppofe  X — XX +x^ — x^'\-xs  Sec.  zzy^  to  find  the 
value  of  X  in  terms  of  y. 

Herez=^,  Am,  B=:— i,C=:i,D=: — 1,6?^. 

Whence  x  =  ^+— y  + y%  +     ^^   ^? 

y^  Sec.    =:j4o^*+^'+j'*+j^^  &c. 

£y.  2. 

2    ^    3    ^    4  5 

/»^  X  in  aferiesof  z. 

Here  zzzx^  y—z^  A=r,  B=  —  C  =  — , 

^2  3 

D  = 


f 
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J7J 


D=  — ,  E=  — ,  6?r.  and  x  zz  — z =•  a* 

4  5  12 

II  It  I 


rJ 


2'    4- 


«♦  &e. 


=  2 


=  X 


I  I 

r  ^'  +  T  ^' 


z^ 

—    +    — 

1.2     ^     2.3 


24           ^120 
4. &C, 


that  is,  X  =Z' 


-C— -D^^. 


2.3.4    •    2.3.4.5 

where    A,   B,  C,  tf^.   are  the   foregoing  terms, 
widi  their  figns. 


£x.  J. 


aa 


Suppofi  r—  —  + 


tf* 


2r    •    24r»         72or$  **"   4O320r^. 
&c.   =  r,  to  find  a. 


Put 


zzv.    Then 


/i/f 


tf*  a' 


1   "*"  72or* 


2r         24r»     '    72or* 
&c.    =  V.      Here    z  =  tftf  >    J^  =  'o » 


4032or7 

&c.        Whence 


40^ior^ 


^^-o.^,     _>^^,-T,    ,  288r^       1440^!^!    &c. 


I 

8r»" 


32r« 


-irv  +  y  W  +  ^"^^'  +  35T*'''  ^^• 


And 


n) 


cxtrading  the  root,  a:=i  >/trv%  :  i  +7^  + 


a  Pv  U  L  E. 
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2    RULE. 

If  the  feries  coafifis  of  (hi  odd  powers  of  z»  as 
AZ'\-Bz^+C2^+Dz^  &rc.  zzy.  Suhftitmc  the  va- 
lues  of  the  coefficients  A,  B,  C,  &r.  into  the  fol- 
lowing form ;  which  will  give  the  root. 

I  B  ?BB— AC 

^  =  aJ^~  Ai^'  +   —AT-y'    + 
8ABC~A»D—  f2BJ 

A'«              .   -^ 
«B*— 55  AB*C+ ioA»BD+5A*C*— A'E 
+ JTI J^ 

Sec. 

For  put    z  zz  ay  +  iy^  +  o^  +  ^'^  &c# 
Then     zJ  =         a^y^+3a*ly^+S,a*^ 

zi  zz  a^yr 


^7&C.^ 


And  A«  =  Atf)F+  Afy*  +  Acyf  +  Ady^icc. 
+Bz)=         +Rj'j*+3Bj»|jr^+3aj 

+3Btf3^ 

+  027=  +Dtf7y7  J 

Then  equating  the  coefficients  of -like  terms  $ 
Kazz  I,  A*  +  Btf»=o,  Ar  +  ^Btf**  +  O^  =o^ 
Aii+3Btf*r+3Ptf3^+5C<j*^+Dtf7iro,  &c.  whence 

tf  =  -j^,  *  =  —  ^   =  —  ^^,       Likewife 
-  3BB-^C       _  8ABC— A*D— i2B> 


JEjc. 


r 


Sea. VI.    INFINITE  SERIES.        lyf 

■ 


2J=tf,  J^=;iy«    A=i,    B  = 


t 

a  ..Tit 


C  =    — ' .  D  =: — • r— j«  &c- 

^  —      a.3-4.5^*  ^>.^>4>5»6»7^       . 

.         Whence    ^=J> +7^  J^^  +  ^♦-iTTZjS^ 

I  I  r 


+  &c. 


£x.  5. 


fee.   =«,  to  find  y. 

Here  2=j^o='»»  A=i,B=~-5j,C:=j-^^ 
^   =       ^1^  ^  &c.    Then  yzza  — .-^ «»  + 


2.2.34^*      2.4.5J*'^       '  2.5       2.4.2.7       2.3.3 
«'3-4-5^6.7rf« 


£«. 


I 
% 

4 


1 
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Given  bz 


Ex.  6. 

iz^  hz^  .fc7  ^^fg9 


baa       40a*        336^*^  34f>6a^ 

&c.  zzdy  to  find  z. 

T^•    -J-         u       t  Z}  Z^  «^       ^ 

Dmding  by  ^  z-  gTa"-^*-  ii6^  «^<=- 
=  J  =«.     Then  ;r=»,   A=i,    B  =  -  ~  , 

^  =  *-  :i^»   '^  =  -  iJ6^*  >   &<=•  *«»»  '^itt 
~,i2oa*"    ^    840  ^    ^       • 

a 

3    RULE. 

When  the  feries  confifts  of  any  jiowers  of  z  de- 
noted by  m  and  »,  as  Az*"  +  Bz*''"*^  Cz""**"^' 

tute  the  values  of  the  coefficients,  A,  B,  C,  (^c. 
into  this  form,  for  the  root,  or  value  of  z. 

Put  V  =  ^-    Then 

i.         B     i±i 
i»A 

^^  ^^     i4-2« 

r  ,     i»+I+2»BB 2»AC 

^  2fl(ri9iAA  '^ 


imm 
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f»A 

For  put  z  zz,v»    +  hv  ^     +  cv  ^ 

+   d*u  »      4-  &c. 
Then  dividing  the  given  feries  by  A,  v\^e  have 


"Whence  by  involution. 


:v. 


B 
Then  equating  the  coefficients,  nib+-^=Oj^nd 

,      ~B  ,  «— 1„ ^B     C 

i  =:  —^.    And  wr  +  w.-y-  W+w+»-^+"^ 

,  >      m+i  +27;.BB'-*2wAC     ., 
=0,  andr= .^^p^;: Gfr. 

N  Note, 
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Note,  In  all  thefe  rules,  I  have  only  piwfucd 
thefe  feries  to  a  few  terms  ;  to  have  gone  farther 
would  have  taken  up  too  much  room  :     but  the 

method  is  vifible. 

Ex.  7. 
'  Suppofe  ixx+\x^+\x^-^^^  &c.    =y. 

Here  zzzx^  vziiy^  A=t,  Bni,  C=f,  ^—{i 

l^c.  and  mz^2^  n'zii.     Whence 

I      a         5BB— 4.AC    3   ^  i 

^=rv* v^  +  '^ — gXT — ^*  &<^*  ='t/*  — f 

I  III 

3  2.18       ^  270  , 

Ex.  8. 

tf*  a^  cf 

X^/  *-  -  +  6^  -  —,  .+  &C.  ==y=tr. 

Here  zirx,  f»=i,  »= — 2,  A=:i,  B= — — , 

C  =  -^-j   D=:— -7&C.    and  xzizy^  H •    * 

6  24  "^  2  ^ 

— 2BB — 2AC   _^       .  41^1  ca^ 

+ ^x: :i  ^  &<^-  =J^+^-I^ 

4-  S —    &c. 

^'"^        ^^   2*  6^  16^  128* 

&c.   =  Zy      find  X. 


Inthis Ex. zzzxyVzzz^mzi -,  nzzt^  Anif 

mm 

"128 
&c. 

Whence 


m 


f 


I 
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■to,*                    -2        _*     2iBB+C  --^ 
vvhence  x  :=:  z      —  a   ♦  H ;; z        + 


—8 


:   i4B«    +  14BC  +  2U  :  xz       &&   that  is 

-*■  ~~      ""■  2*      "*"     2*  Z* 


Cor.  I.  Jf  yvu  would ^nd  any  power  of  yy  find 
J  in  a  feries  cf  z^  and  then  involve  that  feries  to  the 
power  required^  or  elfe  put  s  zzy^ ;  then  find  s  (f) 
from  fucb  a  feries  as  thiSy 

Aj  ^+  Bj"^  +  Cj"'^  &c.  =  y^ 
hy  the  laji  rule. 

Cor.  2.  The  reverted  feries  is  of  the  fame  form  as 
tb^grven  feries ;  for  otberwife  they  art  not  convertible 
into  one  another. 

PROBLEM    LXIH. 

To  extras  the  root  of  a  feries  containing  all  the  powers 

of  two  letters. 

I     RULE. 
If  the  feries  confifts  of  all  the  fingic  pov/ers  of 
2  andjr,  SLsaz+iz*+cz^+dz^  iic.zzgy  -\'b}^+jy^  + 
h^  &c.    fubfticute  the  values  of  the  coefficients 
in  the  following  form,  for  the  root. 

g         b—hA*  j — 2MB— rA^ 

a  ^^      a       '^  a'  -^ 

t_iB»— 23AC— ^rA*B— ^A* 

a 
/— 2^BC~2^AD— 3cAB*>^3rA*C~4^A>B 

a 

— ^A* 

«»— 2*80— ^'C»— 2^AE— rBt— 6rABC— . 

■  ■  a 

jfA'D— 6iA»B»— 4<^A'C— 5^A*B-r./A«  ,  , 

2 — < z 2 Ip^^s  &c. 

N  2  Where 
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Where  A,  B,  C, ,  &? f .    are  the  coefficients  of  the 
firft,  fecond,  third,  iSc.  terms. 

Let  zsiAy+Bj^+CyJ+Dy*  &c.     Then 

az  rztfAy+tfBy*  +  aQy^    +    oDy^    &c. 

+2MC 
&c. 

—  gy  +  h''    +  y>'  +  *j*   &c. 

And  equating  the  coefficients,  ahzzg^  and  A=: — . 

h—bAA 
Alfo  aB+bA*zzb,    and  8= .         Alio 

,.«       .       .         ,  ^      y— 2MB— fA» 

Again  tfD+^B*+2MC+3^A*B+iA*  =  *,   and 
*_^B*— 2^AC— 2rA»B— rfA*  ^^ 


Ex.  I. 


y*         **'         ^*    ^  I 

^  2        '       6  24  2    -^       ^ 

— y*  +  —y^  +  —  j'*&c,  to  find  x. 

Utrt  zzzx,  y=y,  tf=i,  in——,  ^  =  -g- 

^zr &c.  and  fiz  — •    i&  =-7,    /  =:  — 

24  ^62'  3  *  -^        4 

5 

Then 


> 


f 


f 
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Then 


i8i 


X  =: 


X  := 


48 


1  T  I     .    '^ 

Ty  + — T—y  +  — r 


j'&c.or 


24 


24 
£Ar.  2. 


2880 


z' 


3»y* 


Comparing  this   with  the   rule,    and   we  have 


Whence 


40^* 


ff  ft 

z  zr  —  y  +  oy*  + 


3n        A  AC       Ja*^ 
=0;     that    IS    2iz»y  +  -?'j-j  f  + 


40^*-r2"Z4  +  ,-73^  XJ^^  &c.  =  ^;t+  63J  y^  + 
X  ^rr-rr  j^  &c. 


zodd 


Or  ^=:»y4- 


1 — nn 


A,  B,  (^c.  arc  the  foregoing  terms. 


N  3 


2  RULE. 
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2     R    U    L    E. 

In  two  feries  con  fitting  of  the  powers  and  pro- 
duds  of  z  and  y  •,  as 

az+lfz^+cz^+dz.^  &c.  +fy+gzy+hz*y+Jz^y  &c. 
;+/y*+»«D^*2;+wy*2*  &c.  +py^+qy^z  &c.  +jy*  &c. 

=:o. 
Then  fubftitute  the  values  of  the  coefficients,  ^  into 
the  following  form  ; 

z  zz y ^^ y* 

a  -^  a  ■; 

2bAB+cA^+p+s:B+mA+bA^ 

a  -^ 

2MC+^BB+3fA*B+^A^+J+^C+»B  +gA 
'*^  a 

— -h -!^^—  y^  &c. 

Where  A,  B,  C,  fcfr.    are  the  coefficients  of  the 
firft,  fecond,  third,  i£c.  terms. 

For  put  2= Ay  +  B;^»  +  Cj/^  +  Dy*  &c. 

Then 

* 

472      z=  aAy+  <jBy*  +  -jCy'  &c. 
•+•  f2»      =:  fA'j' 

!+/>)'»      =  +  ^r' 

.4-  hyz*    =  •+-  i>A*;f» 

&c.     = 

Then  equating  the  coefficients,  aA+/=o,  «B+ 

'     ■  / 

*A*+/+^A=o,  iSc.  whence  A=— ~,  B  z=  — 

^A*+/+£A.                2MB  4-f  A*  +/>.4.^B+«A 
a         »   ^- ^ 

■■■'■■■  ,    &c«  -. 
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j^ .  jdexcs  bteome 

-^^-  3-  V    and  r,  s, 

^        ^  I.I  I    Nrks 


ice 


,  I 


Here  arty,  ^nx,  a:z.i,  czz    — ,    /= 

jf  s  =:o.     Therefore 

—       ±        — 4+A    ^_T%-Ai+B— ;-AA   ^_ 

2  4*4 

768/^.+  38+^*  ^^- 

N 

PROBLEM    LXIV. 
TV  extra£l  the  VQOt  of  an  a^eSled  equation^  by  aferies. 

I     R  U  L  E. 

If  the  equation  confifts  of  terms  which  contain 
the  powers  ofxandj^i  andyou  want  the  value 
of  jr,  in  a  feries  of  x.  Make  the  equation  =0, 
and  aflume  an  indetermined  feries  for  the  root^ 

z&y-kx"  +Bx'"*'''+C;c*''"+D/''"^  &c.  wherein 
the  indices  ^+^9  ^+<fi  &c.  continually  increafe 
if  ^  be  very  fmall  5  but  ^they  decrcafe  if  x  be 
great ;  the  firft  is  an  afcending  feries,  and  the 
latter  a  defcending  one*  By  this  means  the  feries 
will  converge ;  every  following  term  growing  (till 
lefs,  till  they  vanifli  or  become  of  no  moment. 
For  j^  and  its  powers  in  the  given  equation,  fub- 

ftitute  the   firft  term  Ax*   and  its  powers.     Then 
to  determine  n^  put  the  two  lead  indices  equal  ro 

N  4  each 
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each  other,   for  an   afccnding  feries  ;     or    the  two 
grcateft,  for  a  defcending   one.     And     if   it   ap- 
pears not  at  firft  fight,  which  is  the  two  leaA,  or 
two  grcateft;    it  will  be  known,    by    comparing 
every  two  of  the  indexes. 

Then  to  determine  r,  j,  /,  &c.  fubftitute  its  va- 
lue for  21,    in  all   thefe  indices,  and  havings  taken 
tht  leaft  for  an  afcending  feries,  or  the  greateH:  for 
a  defcending  one ;    fubcrad   it  from   each   of  the 
reft.     Then  take  thefe  remainders,  and   add   them 
to  themfelves  and  to  one  another,  all  pollible  ways ; 
and   thefe    remainders,    and   the  fums   .refi^ltiog, 
taken  in  order,  will  be  the  values  of  r,  j,    /,  &c. 
which  will  be   affirmative,  in.  an  afcending  ic^ies ; 
but  negative  in  a  defcending  one.     Then   pur  thefe 

values  in  the  feries,  Ax"  -J-Ba:"'''''  +  Cx''"*'^'"  &c. 

Then  to  find  the  coefficients  A,  B,  C,  D,    6?r. 
fubftitute  the  laft  feries  for  the  powers  of  jr,    in 
the  equation  -,  and  put  the  coefficient  of  each  pow- 
er of  at,  fucceffively  no;  and  A,  B,  C,  £s?<r/wiH' 
be  gradually  found  from  thefe  equations. 

Ex.  I. 

Let  a^x^'^a^xy+x'^zzay'^^  to  find  y. 

By  rcduftion  a^x*- — a^y^^fi^ay^zz.o.  Put 
y-kx""  +Bx"+'  +  Cx"+'  +  D/+'  &c.  fufa. 
ftitute  Kx  for  y^  in  the  equation,  and  we  have 
^^x»— tf*Ax''+'  -f.;f6_^A^;f5«  --0  Then  equa-  . 
ting  the  indices,  »+ 111:2,  for  the  leaft,  or  5»f:5 
for  the  grcateft  indices. 

For  an  afcending  feries. 

Here  fr+iz:^,  and  »iri.      Then   th^  indices  } 

2,  »+i,  6,  5«,  become  2,  2,  6,  5.     Subtraft  2  / 


from 


1 


I 
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from  the  reft,  and  you  ha>e  3,  45  out  of  which 
is  compofed  this  fcries  3,  4,  6,  7,  8,  9,^  id,  (^c. 
for  the  values  of  r,  j,  /,  &c.  whence  the  form  of 
the  fcries  will  be  yzzAx+Bx^+Cx^+Dx^+Ek* 
&c.  This  fcries  fubftituted  for  y  in  the  giycn 
equation,  will  be  as  follows : 

a^xy  =  — a^Ax"^ — d^Bx^ — a^Cx^ — a^Dx^  &€.• 

+  x^    =     *  *         +    x^ 

•■■^^■^^^■^■■^■^^■^^"^"■^^'^■^^■^^^'^'^^'^"^'^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^ 
0     =     0  o  o  o 

Then  equating  the  homologous  tenhs  a^—a^A^q^ 
and  A = I.    Alfo  — /?+B — ^A^izo,  and  B=:— — 

zz  —  — .     Again,    — a^C+izzo^    and  Czr— . 
Like  wife    —  a^D  —  saA^Bzzo.      Whence 
D  =  +  -^,  &c. '  Then  the   feries   or   root  re- 
quired is 

x^        x^        5x7 
y  =  X  —  —  +  —  +     -7    &c. 

For  a  defcending  feries. 

Here  5»r:6,  the  greateft  indic/^s,  and  »=!•}» 
and  fubftituting  th;s  value  of  w,.  the  indices  2, 
«+i,  6,  5»  become  2,  2i,  6,  6,  and  the  re- 
mainders — 3t,  — 4 ;  and  r,  -s  /,  &c.  will  be 
_3^,  — ^4^  — 7I,  — 71,  _8,  fcfr.    and  the  fcricj 

becomes   yz:  Ax  '^+  Bx~^^  4.0;^"^^*+  DaT^ 

fcfr.  which  fubftituted  in  the  given  equation,  will 
be 


0^X' 
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i=  O.  &C. 


Then  equating  the.  coefficients  of  like  terms. 


I 


Z-— «A^=:0}   and  An—.     Likewile   — <i*A— 

5tfA*B=o,  and  B  =  —  ^"^  alfotf*— 5«AC=:o» 

and  C  =  ia^t     Alfo  --*»*B— 5aA*D— i<wA»B* 

=0,    and  D  =:  —  iV  <»^^   &c.       Whence    the 
toot  1b 


«^  5^  5*  ^5^ 


If  you  put  »+i=:6,  the  indices  will  be,  2,  6, 
6,  25  ;  but  6  is  neither  the  greateft  nor  the  leaftt 
therefore  this  fucceeds  not. 

If  you  put  5».=:2,  the  indices  will  be  2»  i|,  6, 
2  i  but  here  alfo  2  is  neither  the  greaceft  nor  the 
leaft.     Thererore  this  will  not  fuccecd. 

If  we  put  n  +  iznSH^  the  indices  will  be  2,  i7» 
6)  17;  and  I7  being  the  lead,  this  will  do  for 
an  afcending  firies }    and  the  form  of  it  will  be 

y  zzAx^  +  Bx  +Cx'^  +Dx*^  &c. 

Ex.  £. 

Lei  tf»x+tf;if'— ^^j^— ^=0,  ie  fropoftL 

putting  A;c"  for  jr ,     the    equation    becomes 

j';r+tf;c^— ^'A;^*  —  A*  x^zio.    Then  put  »=  i 

for 


7^\ 
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for  the  Icaft  indexes,  then  the  indexes  become 
I,  3,  I,  4;  and  the  differences  2,  3;  and  r,  j, 
/,  &c.   2,  3t  4i  5»  6,  &c.  and  the  ferks 

Ax+BAr'+Cx^+DAT*  &c.  zzy.    Whence 

I 

+  ax^   =  +tfX' 

&c* 
—  jf*      =  — ^jfx*  — 4i2'Bx« 

&C. 

Then   equating  the  coefiic!ents,   a^Azza^^    and 

I  I 

A=i.     In  like  manner  B=:— ,   C  =  —   •— , 

4 
D=:o,    E  = &c.     and  the  root  is 

I  I  4    *  « 

Otherwife  for^  a  defcending  feries. 

Put  3=:4»,  then  »=:J,  and  the  indices  are 
1,  3,  ^,  3;  and  the  differences  — 2,  — 2i,  and 
r,  J,  /,  &c.   =  —2,  — 2^,  — ^4,  — 4^9  fc?^.    and 

7  =  Ax*  +  Bx""''  +C;c""'^  +D;c~^^    &c. 
Whence 

^  y^     =— A*xJ—  4A'Bx  — 4AC;rJ— 4A'Dx^* 

— 6A*B* 

Then  by  equating  the  coefficients,    A*=tf,    and 

A  =  a^  s   alfo  B  =  — ,  C  =  -^~  , 

4  4 

D  =  -.  ^—  &c. 
32 

ADd 
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And 

y  zi  a^  x^  +  —■ — x^^^  —  —  ^^^^     — — 

4  4  . 

-^x""^'  &c. 
32 

£x.  3. 

Suppofe  y^+ai^+axy — x^ — 2J'=ro,  to  find  y» 

Put  Aflf*   for  y  ,   and     the  equation  becoiges 

jR?r  tf »  afcending  feries. 

Put  the  lead:  indices  »z:o,  and  the  indices  be- 
come o,  o,  I,  3  o.;  and  rhe  differences  1,  3; 
and  r,  ^,  /,  &c.  =:  i,  2,  3,  4,  5,  6fr.  and  the 
feries  ;^=A+Bx+C;v»+DArJ  &c.    Then 

ft 

y^     =:  A'  +  3A*B;f  +3AB*;e»  +3A»Dx'  &c- 

+  3A*C    +  B' 

+6ABC 
+  a^y  r:tf*A  +  adZx  +  aaCx*  +aaDx* 
+  axy  zz         +  aAx     +  iB;?*     +tfC;f' 
—  x'  =  .         — x' 

— 2a^  =  —  2tf' 

Then  equating  the  coefficients,  A^+aaA — 2^5=01 
andcxtrafting  the  root,  A=ia  ;  alfo  3A*B+tftfB+ 

tfAz:o,  and  Bz= .    In  like  manner  C=:  7 — , 

and  D  =: ,  &c.     Whence  y  zz  a  —  — f- 

XX  131X'    « 

64^^  5i2tfa  ^^* 


£x. 
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Ex.  4. 

2>/  Jf'+jp'+jH-x'rro,  to  find  y  in  a  iefcendh^ 
Jtries. 

Putting    Ax*  for  y,    the   equation   becomes 

A»x^*  +  A*j'**+  Ay*  — X'  =0.  Put  3»=3, 
for  the  greateft  indices.  Then  »i=i,  and  all  the 
indexes  are  3,  2,  i,  3  ;  and  the  differences  — •!, 
—2  }  and  the  feries  — i,  —2,  — 3,  — 4,  i^c.  and 

jr=:Ax+B  4.CAr~*  +Dx~*  &c.    Then 

jr'  I  =A'*'+3A*B*»+3A'Cx+3A»D^ 

+3ABB+6ABCS.  &c 

+  B3    3 
+  ^  1  +A'x»     +2ABx  +  BB    7  „ 

1+  2AC5"  *^ 
. : , ;  +  Ax . .  +  B  &c. 
—  x» 

Then  equating  the  coefficients,  A^=:ii  and  Ar:t. 

Likewife  B  =  — -,  C  =  — -,  D  =  ^-^c;  and 

3  9    ■  81 

J  2  "^7 

therefore    y=Af —  —    +    r— -  &c. 

-^  3  9^  81XX 

2    R   U   L    E. 

Aflbmc  ^nAx*  +  B/+''  +  €/+•''+  0/+^" 
&c.  and  having  found  n^  and  put  its  value  into 
the  indices,  as  in  Rule  i  ;  fct  them  down  in  or- 
der, and  fubcraft  each  of  them  from  the  next 
greater ;  and  you  will  h^tve  a  feries  of  differences. 
Then  find  the  greateft  npmbcr,  which  wiil  mea- 
fure  all  thefe  differences  ;  and  this  is  the  value  of  r, 
which  muft  be  affirmative  in  an.afcending  feries, 
or  when  x  is  fmall }  and  negative,  in  adelcending 


one, 
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one,  when  x  is  great.     Then  the  values  of  n  and 
r  muft  be  fubfticuted  in  the  ajQumed  (eries. 

The  procf  fs  muft  then  go  on  as  in  Rule  i ;  and 
if  there  be  any  fuperfluous  termsy  ^hich  will  be 
known  by  fome  of  the  coefficients  A,  B,  C  conc»-« 
ing  out  zzp ;  thefe  terms  muft  be  thrown  out  of 
ihe  feriei,  and  the  operation*  begun  anew. 

Ex.  5. 
jL//  y~tf»y+xJ=:o,  be  givin. 

Put    Ax    +  for  j^,  and  the  equation  becomes 

A'x^" — <3Ay  +  x^  zzo.  Let  n+izz^^  and 
nizi\  and  the  indices  are  6,  3»  3  ;  that  is,  3,  6. 
Then  6^^^:^,^,  then  rzz^  %  and  the  leafl  indices 
being  compared^  the  feries  will  be  an  afcending 
one,  whicli  isthis  j^=:AA?*+B^4-C^«+Dy'«  &c. 
which  fubflituted  in  the  given  equation  will  be  as 
follows: 


7' 

•-Hwry 


Then  jA=:i,  and  A  =— ,  B  =  -r»  C=  4» 
D=-t;  &c.    Whence  y  =:—+—    + 


a         '      tf^        •       ^7 


12^"     o 


i>/  j^* — bf-^-^bx^ — x^=o. 

Subflitute  Ax'   for  y ,    and    the  equation  is 

A^x^" — MV  +  9^x* — x'z:o.       Put   2»=:2  > 

whence 
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whence  nzz  i,.  snd  the  indices  are  5i  2*  2,  3 } 
and  the  diSerences  i,  ».  Whence  rr::i.  Tbeie« 
fofc  jf=Ajr+Bx»4-C«'+D**  &c.    Then 

—  4r*    I  -^A»jc»— 2*AB»»— 25ACx*— a*AD«» 
I  •  —  ^BB    — a^BC 

Here  ^A*=r9*;  and  A^rj  :    afib  B  =r — gr. 

ft 

.     3    R   U   L   E. 

If  the  eqnatioiv  determining  A,  be  an  adfe^d 
equatiQD,  which  has  (everal  equal  root^f  or  values 
of  A,  then  you  muft  divide  the  leaft  remainder, 
found  by  Rufe  i,  by  the  number  of  equal  roots, 
one  of  which  you  take  for  A ;  and  lake  this  quo- 
tient for  another  remainder.  Or  eMe  divide  r 
found  by  Rule  2,  by  that  number,  and  make  uh 
of  the  quotient,  initead  of  r. 

Ex.  7. 
.  X// j^— ^i+2x»;?*— ^'j — x»*z:o,  ta  Jind  yi 

Pat   Ax"   for  y ,    and  the  equation   beconies 

A9x9_A^;^3*+'  +2A*^*'"*"*~.Ax*+3  -.  x^^  =0. 
Let  3«+i  =z2»+2  ;  whence  »z:i,  then  the  iii-i 
dices  are  9,  4,  4,  4,  ..14.      But   the  fum  of  the 
coefficients  for  the  leaft    index  4,  is  — A' +  2  A* 
— A— o>  or  A* — 2A+i=:o,  which  eqjuation  has 

two 
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two  equal  roots    Am,  -  and  -  A=f.     Now    the 
difference  of  the  indexes  will  be  5,  10  5    chcre*- 

fore  divide  5  by  2,  gives  — ,  and  we  have  -^^ 
5,  10  for  the  diflferenccs.    Therefore  r,  i,  /,  arc- 

will  be  -r\"5>   7T»  iOi^^«  Or  (Rule  2)  rzz^  • 

therefore  —  =   —  to  be  taken  for  rv  whence 
the  feries  will  be 

7  =  A*  +  B*3'  f  C*«  +D*'*  &c.    Then 


y9 


61 


+  A»x' 

•A'x< — 3A»B«"*  — 3A»Cx»  • 

~3AB» 

+2A««»+4AB**^*  +4ACx» 

+aBB 

61 


Ax* 


Bx 


CX9 


I 


&c 


I 

Hence  — A^  +2 A*  —  A=:o  ,  and  A=i  ; 
4&— <'4Br:o,  and  B  may  be  taken  at  pleafure. 
SuppofeB=: — i,  then  1 — 3C — 3+4C+2 — C=o, 
or  4C=:4C,  and  C  may  be  taken  at  pleafure.  Lee 

C=i  i    then  yzzx — ^^^  —  fc^  &c. 

Or  thus  \  In  the  fecond  equation,  43=43  ; 
which  concludes  nothing  -,  alfo  i — 3C — 3  33+ 
4C4<ftBB-^C=:o  %  chat  is,  i~33=o,  and  B=i 
or  -^i,  fcff. 

Lei  A4y« — 2tf*xy+tf*x»+xy=:o. 

Put  Ax*  for  y^  and  the  indices  become  2», 
»+i,  2,  2/1+4.    Let  2;i=:2,  or  »=:i,   and  the 

indices 


1 
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indices  arc  2»'  2,  a,  6  ;  and  the  difference  4.  The 

equation  is  tf*A*x**— 2tf*Ax*"*^'+.tf<»»— A*jr»*"'"* 
or  a^A^x* — 2a^Ax*+a*fc^ — A^*r=o,  where  the 
coefiicient  of  the  firft  term  is  A»— 2A  +  i=:o, 
which  has  two  equai  rc>ots  Ar:i.  Therefore  di- 
vide the  difference  4  by  2^  and  the  quotient  2  is 
r  or  the  common  difference ;  whence  the  feries  is 
jf=A^+Bjr»«4-C*»+Dx7  &c.=  o.    Then 


#4  A*«» + 2a^ABx^ +ta^AC^ + itf  ♦ADx* 

+  4^BB     +2a^BC 

&c.- 
— 7a^Ax*'-^2d^Bx^ — za^Cx^ — 2tf*D«» 
+a^x^ 

~A»x^  —  2AB** 

A»— -2 A  4- 1  =ro,    and   A = i  ;   again^ 
BnB)  and  B  may  be  t^ken  at  pleafure.      Sup- 

pofe   B  =  — .      Again,    oC+tf*B*  —  i  =0,    or 
cCm — 1=09  and  C  may  betaken  at  pleafure. 

LctC=  --•    Then  oD=2AB— 2d*BC=o,   and' 
i3  may  be  taken  at  pleafure.    Let  D  =1*7  &c. 

_  X^  X9  9^9 

Or  f^tbfr  ihus^  when  A  is  determined  to  be  t» 
the  firft  and  third  lines  vanifh ;   whence  tf ^BB = 

A'=:j,   and  B^  ~i    aUb  24a«BC=aAB.  and 
C  ~^  &c. 

4    R  U  L  Ev 

If  the  quantity  forming  the  feries  {x)  be  nearly 
equal  to  fome  given  quantity,  put  a  new  letter  + 
ifaAt  quantity  for  it,  and  fubfticute  it  in  the  equa- 

O  (MOi 
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tion  I   then  iind  the  root  in  an  afcending  feries  o£ 
the  new  letter.    Or  if  the  quantity  {x)  be   "V/ery 
great,   and  the  feries  for  y  is  to  afcend  by  pc^es^ 
Take  fome  quantity  nearly  equal  to  y,    and   lub- 
ilitute  .the  fuqi  of  that  and  a  new  letter  for  r« 

Ex.  g. 
-Let  y^^aay'^x^ziOj  where  xzz — a^  nearly. 

Put  — a — ^zix.    Then  x»=:— «' ifov  -I- 

3  .^7         3 

8  4 

2Jt;* — v%  then  j?'+<wy—  — ^tf'+  — /toy — 2/iv*+'i/^ 

27         3 

=0.      Let  yzzAv'  then  the  indices  are   3»,  #, 
O0  ],  2,  3;     Let  nz;:o^  th^n  the  indices  become 
o,  o,  o»  I,  a,  3  ;    and  jr=:A+Bfi;+C-»*+Dv» 
&c.    Then 


H — tf'v 
3 


A*  +  3A»Bv  +  .3A»C^;»  &c. 

^  3ABB 
aaA-izaaB^     +^«C** 

8 
—  —  4? 


I 


4 
3 


2fiV* 


+  &C 


I  8         ' 

"Fhcn  A»+»~'4»A— «.— -a'irso,  kt.A=:r.    Alfo 

3  27         • 

B  =^-^;  and  3A*C+3ABB+*iC=atf.  Whence 


£ir^ 


Sea.  VI.      INFINITE    SERIES.        195 

JSar,  10. 

Let  ;p*^-Ar*y4-^*+2y* — 2>+j=o,  whcrs  x:=:% 
^^trf  Hcdfm 

Let  xi=2+z,    which  fubftituted  for  >,    there 
utiles  y^ — fc*j* — 32y*-i— 2y-+- 1  =0, 

Letjr=Az   „    then    ^w  equatioii   a  A^^ 

— A»2""^'  — 3  A^z""^'  — 2  Az*  +  1  =0,  Let 
«r=o,  and  the  indices  are  o,  2,  i,  o,  o  ;  and 
the  diffirmnces  t,  i>  3,  4,  &r.  whence  jri=A4- 
lte+C2»4-Dz'  &c    Tlieii 


A*        if4A»B«    H-4AC«»  &c 

.  +6A*BB 
—  AAz* 
.jA»«       —  6ABx» 


—  2jr       I  — 2A     T-2Bz        •—  iCx* 
+  1 


Here-  A*->-2A+rr^xy,     and    A=:t;     alia 
4tt— iB^3,  and  3=4*  •    *'^  4C4-^BB — i— 

...       4 
3        '      7 

*  4  • 

.    .    r-  ■  '         •    - 

Cor.  lir  In  uU  ^fi  tdifs  vf  ixfratlhig  rvvti,  tie 
Jttiet  nmft  he  inade  to  converge ^  or  elfe  ih^  4re  of  w 
etfr.  Far  H^ ^converging ferieSy  ibe terms  ^ow  ttm^ 
Hmndfy  kfk  Md  fifs^  M^  fo  ^pfiroaeb  nearer  and 
nearer  to  the  true  root^  till  the  difference,  is  as  fmkH 
^jtm  wriSfr,^  ^«/  n  dtvergtr^  feries  ^^IwtPfS  runs  far* 
iber  from  diiroot^  tind  ibertforepva  afalfe  value 
thereof 

Cor.  2.  If  J  he  denoted  hy  a  feries  ff  x  afcend- 
ufl  i  the  lejfer  x  is,  the  fajUr  the  feries  converges^ 

O  a  Mi 
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jfnd  in  a  feries  of  x  defcenMng ;    the  greater  x  rx, 
4be  f after  likewife  it  converges.    Therefore  we  are  /i^ 
to  contrive  the  feries^    that  we  may  have  the  leq0 
Quantity  in  the  numerators^  or  the  greateft  in  the  de^ 
nominators. 

*  .        •  ♦ 

Cor.  3.  If  the  equation  for  finding  the  firft  term  A^ 
he  an  adfeUed  equation^  \  as  many  roots  or  different 
valuts  of  A  ^  as  that  equation  has^  Jo  many  different 
Jeries  will  arife.  For  thefirft  term  A  being  differ^ 
ent  in  eachj  she  coefficienis  B,  C,  D^  depending 
thereon^  will  alfo  be  different.  Likewife^  if  two 
roots  are  equals  the  fecond  term  will  vanijh^  and  the 
coefficient  B  will  be  found  in  the  thirds  which  will 
be  41  quadratic  equation.  And  if  there  l^e  three  equal 
values  of  A,  the  fecond  and  third  equations  vanijb^ 
and  the  fourth  contains  a  cubic  equation  of  B,  &r. 

Cor.  4.  An  equation  witt  alfq  admit  of  fever  at 
different  feries  for  the  roots^  according  to  the  different 
values  affumed  for  n.    Alfo  there  are  other  equations 
that  are  impofffbk^  and  will  admit  of  no  roots. 

Con  5.  ff^hen  thefirft  equation^  or  that  for  de^ 
termining  A,  has  fevcral  equal  roots  \  ^thenihe  va- 
lues of  r,  /,  /,  &c.  mitfi  be  divided  by  that  number. 
Or^  which  is  the  fame  ^Ungy  thi  indices  of  x  (r,  j,  /) 
found  by  Rule  1,  muft  have  others  interpofed  between 
ihem^  according  to  the  number  of  equal  roots,  -  As  for 

two  equal  roots^    the  feries   A**  +Bx*^'^-f-Cx 

&c»  muft  be  reduced  to  this^  An    +  Bx     '      + 

C*"+''+Dx*+^'+ £*•"*"'&€•  If  this  he  not 
done^  the  fecottd  term  B  mil  be  itffinite^  and  all  the 
fallowing  ones. 

Cor,  6.  1/  the  defies  A+hJJ^XZ+D^E+f 
X  z*  +  G+H+l+K  X  2'  &c.  =0,  z  being 
an  ifideiermined  Quantity ;  then  whatever  value  is  put 
upon  i&,  it  win  be  A=o,  B+C=6,  D+E+F=o, 
G+H+I+K=:o,  (^c.  For 
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For  this  being  a  general  equation^  inhere  z  may 
'be  of  any  value  ;  therefore  put  z  zzo^  and  then  will 

A=o,  and  B+C  X  2  +  D-HK+i:^  X  z  &e.  =0, 
divide  by  2,  then  B+C  +  f)+E^t  xz&cc.  no. 
Again,    put  zzro,    and  then  B+C  no  ;   whence 

D+E+F  X  z  +  G+H+I+K  x  y*  frc  no; 
rWvidc  again  by  z,  and  D+E+F+ G  +  H+I+K 
X  zno.     Again^  put  zno,    then  D+E+Fno, 

and    G+H+I+K  xzno,    and   G+H+I+K 
no,  tfr. 

Reverfion  of  feries^  and  the  extracting  the  roots 
of  all  infinite  feries,  depends  upon  this.  For  the 
coefficients  of  the  feveral  powers  of  the  indeter- 
mined  quantity,  muft  be  put  no,  or  eife  the  whole 
equation  cannot  vanifli,  as  it  ought  to  do.  And 
this  being  done,  the  feveral  aflumed  coefficients  A* 
B,  C  are  determined  as  in  the  problems  above. 

ScHOLiujir. 
To  find  y  ID  the  fcries  a/  +V*"*'''+  O^^^'' 


&c  =/«"+f«''''^+*jc*+*f  &c.        Aflume 
jr  =i  Ax'+B*''**''+C/'^'  &c.    Then  by  fubttU 
cudon  we  get.  ^A^'*"^-  iA^^'  "*'^'"'  &c. 
— fx  +gx     ^  &c,     "Whence  making  the   Icaft 
indices  equal.  /*»=*-;  then  »n~,   and   the  dif- 

ferences  will  be  — ,  p ;    &c.     Then  find  t   the 


m 


greateft  common  divifor  of  —  and  ( i   suid  the 
form  of  ihcierics  will  be 


jp  =  A*  '*  +1?*  '*      +Cx  [*         +Dx 
dec  in  whicli  the  coefiiciencs  will  be  decermtned  a» 
before. 

O  3  SECT 
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SECT.     VII. 


Some  general  and  fundamental  Prcbfems,   tijeful 
and  necejfary  in  algebraical  calculations. 


PROBLEM    LXV. 

iht  fum  and  differ  ewe  */  two-ijuantities.  beii^  given  > 

to  fad  the  quantities.  .     . 

LET  J  =  the  fum 
d  zi  the  difference 
a  z=  greater  quantity 
e   =  the  leffer. 

then      a+e  zz  j,  by  the  problem.  *  < 

and    a-^zzd. 


then    2a  zz  s+d  by  addition 
and  2e  zz  j— /  by  fubtraAing. 

.Whence  a  zz^^^    and    e  zz^— 

or      a  zzis  +  id^  znd  izzis-^id. 

Cor.  !•  Half  tbifum  added  to  half  the  difference 
if  two  qualities  J  is  equal  to  the  greater. 

Cor.  2.  Half  the  difference  of  two  quantities^  $a* 
ken  from  half  the  fum^  gives  the  leffer  quantity. 

PROBLEM    LXVI. 

To  find  out  the  leaft  common  dividend^    or  the  leafi 
.    quantity ^   thai  can  be-  divided    by  fcveral  given 
Quantities, 

RULE. 

Refolve  each  of  the  quantities  into  all  the  fim* 
pie  divifors  contmed  therein,  by  firft  dividing  by 

the 
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Jeaft,  and  then   by  the  next,    and  fo  on,  tili 
t:liey  are  all  exhauft^d  ;    and  colled  thefe  divifors 
Cogether  for  eacji  quantity.     Then  if  there  be  any 
cSivifors  in  the  fecond  quantity  which  is  not  in  the 
fir  ft,  multiply  Che  firft  by  fuch  divifors.     Like  wife, 
if  there  be  any  divifors  in  the  third  quantity  which 
is  not  in  this  laft,  multiply  it  thereby,  or  put  them 
into  that  quantity.     Like  wife  fuch  divifors  as  are  in 
the  fourth  quantity  and  are  not  in  this  laft,  muft 
be  put  into  it,  and  ib  on.     And  laftly,  all  thefe  di- 
vifors, in  this  laft  quantity  muft  be  multiplied  to- 
gether for  the  leaft  common  dividend. 

Or  Jhorttr  tbus^ 

Divide  the  produft  of  any  tWo  of  the  quantities 
by  their  greateft  common  divifor,  (found  by  Prob. 
X.  Se£b.  IL)  take  this  quotient  and  a  third  quan- 
tity, and  divide  their  product,  by  their  greateft 
common  divifor.  Take  this  quotient  and  another 
quantity,  and  proceed  as  before ;  and  fo  on  to  the 
laft  quantity.  And  the  laft  quotient  will  be  the 
leaft  common  dividend. 

Ex.  I. 

.  What  is  the  greateft  common  dividend  of  a^lc^  and 
lai^d. 

The  divifors  of  a^h  are  a,  a^  h^  c 

of  2abbd  are  2,  a,  b^  b^  d» 

Here  2,  b^  d  are  in  the  laft  tut  not  m  the  firft ; 
therefore  axaxbxcxibd^  or  2^tfWr^isthe  leaft 
common  dividend. 

Or  thffs^ 

The  greateft  commonf  meafure  is  ab^   then  the 
,  prodott  is  %a^bud;  ab)ia^b^cd{2a4bbcd   the 

leaft  dividends 

O  4  Ex. 
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Ex.  2. 
Let  ah+cd  and  ac+kd  be  propofed. 
Thefe  have    no   divifors    but   i.      Therefore 

di+cd  X  ac^bd   or  aabe+abbd+accd+bcdd^    is 
the  dividend  required. 

« 

Ex.  3. 
Let.^a^bp  a^+a*by  and  aa^^b^  be  pveH. 

The   greaieft   common  divtfor    of   ^a^b   and 
a^+a^b  is  aa.    Then 

aa)  ^a^b+^a^bb^^a^b+^aabb. 

Then  the  greateft  common  divifor  of  3a^b+  ^aabb 

and  aa — bb^  is  a+b ;  thep   ^ayb-i^iuabb  x  <w— ^ 
divided  by  ii+^  is 

the  lealt  commoh  dividends 

Let  the  given   quantities    be    a^—b\   aa^ah^ 
a^+a*b\   and  a+b. 

Thefe  quantities  refplved  into  their  divifors  are 

aa+ifbxa+bxa — bj  axa+b^  axaxaa+bbj  and 
tf +^.  Now  becaufe  there  is  one  factor  a  in  the 
fecond  which  is  notin  the  firft,  put  it  in  the  firft. 


ivhich  becomes  aa+bb  x  ^+^  X  ^ — b xa$     the 
leaft  dividend  for  the  firft  two  quantities. 

Likewife,  there  is  a^  one  fador  in  the  third, 
which .  is  not  in  this  laft;  let  it  be  inferted,    and 

it  becomes  aa+bb  xa+bx  a^b  X  m^    the    leaft 
dividend  for  three  quantities. 

Laftly,    Since  a\^b   the  laft  given  quantity  is 
in  the  laft  dividend  \\t  will  be  the  dividend  for 

all  four  )   that  u,   aa+bb Xa^b Xa^ X  aa^  or 
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*  4i^>— ^a^^^  is  the  leaft  common  dividend  for  die 
four  given   quantities. 

Scholium; 

All  the  fimple  divifors  of  a  quantity,  are  found 
the  fame  v^ay,  as  in  Prob.  6,  7.  Chap.  iv.  B.  IL, 
Arithmetic. 

PRO  B  L  E  M    LXVIL 

The  /km  and  difference  of  iwo  fUanlities  being  ghen  i 
to  find  the  diff&ence  of  their  fquares. 

Let  jz;=fum»  ^/zzdifTerence,    A=  greater  quan- 

tity ^  E= the  Icffcr.    Then  Azz-—^  and  E= 


(Ph»b.  Ixv).    Whence 

3S+2sd+di 

AA  =  — : — ^ 

4 

ss-^2jd+dd 

'  and  EE  = 

4 

and  AA— EE=: '  ^^  zisd. 

4 

Cor.  Tie  produff  of  tbe  Jim  and  difference  ef 
two  quantities^  is  ejual  to  the  difference  of  $bar 
Jimres. 

PROBLEM    LXVIII. 

Two  quantities  being  given  to  find  tbe  fquare  of  the 

fum. 

Let  a  be  the  greater  quantky,  e  the  lefler  \ 
then  the  fun>  is  4+^;  and  a-^-e  being  fquared 
is  aa'^2ae'\^ee.  , 

Cof.  I.  Henci  tbe  fiptare  of  the  fum' of  two  quan^ 
tities  is  equal  to  tbe /urn  of  the  fquares  df  tbe  quanti-'' 
ties,  increafed  by  double  their  produ^. 

Cor, 
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Cor.  2,  ^hefyuart  ^  ibefum  0f  aWf  number  pf 
quantities^  a+i+c  &c.  is  equal  to  the  fum  of  all  ibe       i 
fquaresj  together  with  twice  tbefum  of  all  the  pro^ 
duSsof  every  two. 

ltQx\yi  this  prob.  J+M-^*=^+^*+2  x^^^-F* 
X^+^^i  that  is  <?tf+2tf^+^i+2tff+2^^+^^,  and 
fo  for  more  quantities. 

Schoh  By  th?  fame  way,  theorems  may  be 
found  for  the  cube  of  the  fum  of  two  or  more 
quantities. 

PROBLEM    LXIX. 

Vwo  quantities  bAng  given  to  find  tbefquareof  their 

difference. 

Let  a  be  the  greater,  e  the  ]efle>;  then  the 
difference  is  ^s~-^9  which  being  fquared,  pro- 
duces aa — lae+ee. 

Cor.  Hence  the  fquare  of  the  difference  of  two 
quantities^  is  equal  to  the  fum  of  their  fquares  abating 
twice  their  froduS. 

Scbol  By  the  fame  method  a  rule  may  be  found 
for  the  cube  of  the  difference  of  two  quantities. 

PROBLEM    LXX.' 

^he  fuf$  and  difference  of  two  quantities  being  given ; 

.  to  find  their  rehangle. 

Let  jzifum,  Jrrdifference,  A  the  greater,  E 
the  leffcr.  Then  A+E=:i^  and  A — Y.'=zd\  zxA 
adding  thefe  equatibns  2A=i+^f  and  fubtrac^- 
ing,  2  En  J— J.     Then  2AX2E  or4AE=i+</ 

X  s—d  zizss-^ddy   and  AEn  ■■  ■'  ^. 

Cor.  The  fquare  of  the  fum,  lefs  the  fquare  of  the 

difference  of  two  quantities^  is  equal  to  four  times  their 

reSangle. 

PRO- 
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S 

ft 

P  R  O  B  L  E  M    LXXI. 

Given  the  »**  power  of  the  binomial  a-^h  >  tojind 
ibe  difference  between  $h€  fyuar^  of  thefum  of 
the  odd  terms^  and  the  fquare  of  ibe  fum  of  the 
oven  temes^ 

The  ^  power  of  4+^  that  is  #+**  =#*  + 

'2  2  3         " 

&c.  Put  A,  B,  C,  D,  E,  ^c.  for  the  firft,  fe- 
cond^  third,  fourth,  ISc.  tertn$.  Then  A+C+E 
fcff.  —  fum  of  the  odd  terms  \  ^nd  B+D+F  i^c. 

=:  fum  of  the  even  terms.    But  A+C+E   isic. 

—  B+D+F*:::  A+B+C+D+E  fcfr,    x 
A^B+C— D+E  ISc.     — 

«'   4-  »»""'*  +  n!^ti"'Hb  +  &c.     X 


"  «l"-'*  +  ».^^— V"*i^  —  &C. 

2 


=  a+^*X« — ^'  =  ^ — ^^^*  i 
Cor.   I.  Hence  aa — bb    •    rz 

^-^M— —  I  ■     ■  ■      ■  •  I  HI      ><l 

».» — I     .__-•..  1^— I     » — 2    » 


—  ntr^  b  +  ».^r-T  . a     ^^  +  ». 


2  2  •         2     • 


3  4*  5 

Cor,  3^.  tftf — ^i'^   =  aa+bk  —  2ab  . 


.^  I 


Cor.  3.  ^'— M  =:tf'+^a^J  —  3^^+^  • 

Con 
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Cor.  4.  aa — bb  —  a^-^6aaifb'^b\  —  4tf*^+44»*»  « 


Cor.  5,    au — fifi? 


.,«*  !_■       » 


PROBLEM    LXXII. 

7ofnd  the  f^  root  of  the  binomial furd  A4^B,  where 
eilber  A  or  B  ij  a  furd  fquare  rooty  the  other 
rational. 


Suppofo  x+v  zz  v/A+B^    then  by  involution 

A+B=x+  »;c'""'v  +  n.^-^x^'^^w  +».^— ^. 

2  2 

x'~'v'  &c.    Suppofe  V  a  furd  fquare  root, 

and  put  the  odd  terms  of  the  feries  zrA,  and  the 

ft  1 1  t 
even  ones  =B ;  that  is  **  +  »•— 7-  **""*w  &c, 

=A,  ar^d  «af'   'v  +  ».-r~  •  — r~^     ^  ^'   &c. 


=B,      Then  ^  +  »/'—- ;tf""**vy  &c. 

2 

— !»x^^'t^  +  «-"-:r"  •  — I— ^    '^  &c*  =  A* — 
•  2        3  X 

B*=D  by  fubftitution.    That  is  (by  Cor.  i.  Prob. 

lacxi.),  XX — w*  =D,    and  Jfx—*t;T?r:D". There- 

I 

fore  wzzxx — ^D*.    Whence  tMs  equation. 


x'  +n.——or^*xxx^D'  +«.-:r-  •  — t"  • 

2       <  22 

^^•"•^Xx*— D^    +&C.  =:A-    Which.ad- 

fe£ted  equation,  by  a  few  trials,  will  give  x,    and 

tbeii 


I 
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then  V  will  be  had  by  the  equation, 

v=±^  *x— v/Di  and  x±v  =v^AiB,  as  re- 
quired. 

Cor.  Heme  if  x±s/y=^/^^±?y     and  A*— B» 
=D5    then  x'  +  ».-^X~j5j— P+-y-- 


6?^.  ziA-,  tf«i  \/r=  J xx^^D.    Where, P. 
Q,  R,  arc  the  foregoing  terms. 

Of  tbusp 


Since    **  +  ». --- **^*w  &c.  =:A." 

2 

•>  '  * 

and  w*^""  V  +  ».— r-  •  — r  **~^«»  &c»  =B« 
by  adding, 

;c*  +»x^^'v  +  Ji.~;r— V&c-  =:A+B. 
by  fubtrading, 
j^  — wf«-«v  +  ».^^flf*^V— &c.  =:A— B. 

Therefore  by  extradion. 


:f^v  =  v^A+B. 


and    X — V  zz  \/h — ^B. 


and      ^x  —  n/A+B  +^A— B. 


%v  zz  v/A+B  — y/A— B. 


whence 


L:^ 
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«  .  ft 


whence  X  =   v^A4-B  +  y/A-B. 


•  V 


« • 


Tlicrcfore  af+v  will  be  had,  at  leaft  in  decimals. 
Cor.  Ihnce,  ^K^  =  I^SS+V^ 


v/A+B  — v/A— B 


+  ^:-:; 


ft 


Ex.  il 
Extraa  the  fquare  foot  of  ii+ey/i. 
Here   A=ii,    B=fi^a,   AA--BB=49~D, 
iand  i/D=7.    Therefore   a?»  +  ~^^Z  y«  ~  xr 

or  2yx^7=:ii,  aad  a-x^p,  or  arrrj.    Likewifc 

v<y=+v^9— 7  =  +  >/2,  and  *'+v/y=:3+«/2 
the  rbot,  ..  >     • 

Or  /i&w, 
A+Bzr  I  i+6v^2= 19,484,  and  A— 8=2.516, 
Whence  ;.=  V:^ii2*±2A51^'    "- 

i =3t  and  ^  =     ^^^     ^       = 

i.4i4=:v/2,  and  Af+v=3+y/2j  thereot. 

Ex.  2. 

%)/)^yj    37— <tov^3     ^^  giv€H^    f^  Ottraa   rife 
/quare  root. 

Here  A =37,  Bzziox/3,  AA— 88^169=0, 

and  v^=  +  i3«    Therefore  2*x— 13=37,   and 
»xzz2Si  or  ;r=:5, 

Alfo 
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Alfo  y/y  =  —  y/is — 13  =  —  v/12  ,'     and 
*+v^=5 — n/i2.  Or  the  root  may  be  y^ia— 5, 
Putting  v^Dsj-fc^t^. 

_  \/7i.644«v/2.3Q  ^  io.nQ_ 

4/2.36— v'yi. 64  \  6.92  -, 

n— a\/j,  and  x+v =5—^2^/3  the  root, 

Ex.  3. 
ie/  7 — 5v^2  ^tf  ^wm  /f  jf»i  tie.  cube  root. 
Here  A=;x,,B=^v^a>  A*— B*=—i  =::!>,  and 
Di=— I. 

the  root' of  this  equation  is  yi;i.« 
Alfo  v^= — ^v^4-»=— v2,     and 

;  Or  /inttj 

y^A-T-B  =-\/— .07  =—.41^5 

-ru  ^•4»4.+g'4i4  _i  •      .. 

Then  x  z^  ■^-  —  „ : —  =!• 

. »  a 

«     .  — «414 — 2.414  - 

And     V  =   ■■    ■■■, — 2;-^=r— i.4i4=-v/« 
for  here  B  is  negative }  tJietcfore  x + v = !—>/*• 

'   '     £;?.  4. 
^«/  M  /i&*  W^*  root  of  25+V/968. 
Here   A=25,    B  =:  v^968,     AA—BB  =  — 

S 

343  =:D,   and  v^= — 7- 
Then  ^'+3flrJ +2 1:^=25,  and  x^zii. 
And  vO^=2v^8/  and  the  root,  i  +v^8. 
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■  > 

Ex.  5i    - 
MxiraS  the  cuie  root  of  ^^tp^y/^^i^^.  ^ 
Here   A*~B»  =  100  +  24g  =343^=0  ,    and 

D^'=7.    Thepcft>rc  -^'.+3«f  X  x» — 7  =.— 10,  or 
4JP**— 2ixr:— lo^and  the  nx)t  h  ^=2,.  whence 

♦  6r^  %/j:=v/4— 7  =v/— 3»    and    y +v<y=2 + 
y^ — ^^3,  as  required. 

In  like  manner  the  cube  root  of  -^-lo— Vr*-a43 

xSXt    O* 

-  Sxtra&  tbfi  gttroot  of  84J— 5^9^.    ... 

*^€re  AA~BB=:i68o7,  andD^=7. 

!  i^nd  i6»5 — i4jQy^4;H5^=843»  and  the  root  is 

*=3  ;  and  v^;'=:--V9-^=--V'«%    and 
af+V>=3-r>/2  the  root  requited.. 

•^'^-  7^     •     '    '•  ,  •  .  ' 

-        «  «  , 

H^at  is  tbt  ytbroqiof  S^i+saSv/^. 

ftere  A»i^B»±— i28=:D,    and  VI>=— t. 
Then  A +B ±  1 1 3 6. 1 1 2,  A-— B= — •  112,    and 

_  %/n36. 1 1 2r-\/— .  1 12        2.73^— .7n 

2  2  '• 

And  V  =   ^   ■  ^  '  sr 

"•  ^  ^  '    "  =  1.732  =v/3,    and^  «p+vsi  1+^/3 

=:  the  rooL 

SCHOLIVM. 

In  the  former  method,  if  y/D  is  not  rationaU 
neither  member  of  the  root  will  be  rational,  and 

in 
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in  the  fecond»   if  neither  the  fum  nor  difference 


of  v^A+tJ  and  x/A — B,  is  rational  j  neither 
member  of  the  root  will  be  fo  :  and  in  tftefe  cafes 
rfic  rules  are  of  no  ufc.  Logarithm*  will  be  ufe- 
ful  bene  in  Ending  thefe  roots,  being  exaA  enoi^ 
m  fiodtog  whether  any  af  the  quantities,  be  ratio^ 
nal  or  not.  When  npne .  of  thefe  quantities  are 
rational,    multiply   the   given  equation  .by  fbme 

DUoAcr,  M  J^D,  w  v/A+B  ±  v^A— 6^ comes 
out  rational ;  then  extrad  the  root  as  before.  But 
remember  to  divide  the  values  of  x,  %  at  laft» 
by  thfe  foot  of  that  number.  Thus  2t+\/4^6 
has  not  foch  a  cube  root  i    but  mukiply  by   2^ 

and  then  ^^  ■  -'^"^^ ,  will  have  a  cube  root* 
for  che  numerator. 

PROBLEM    LXXm. 

To  exfUuH  the  fevttai  properties  of  (o)  nethin^^  and 

utfinify. 

It  is  plJdn,    nothing  added  to,    or  fobtrafked 
fiom,  any  quantity,  makes  it  neither  bigget  nor 

lefi. 

Likcwife,   if  any  quantity  is  multiplied  by»o,   . 

that  is,  taken  no  times  at  all  •,   die  .ptoduft  wiH 

be  nothing. 

Let  —  =:j  t  that  is,  Itt  the  quotient,  of  h  di- 

Tided  by  tf»  bcf.  Tfeti  if  *  remains  the  fame,  it  is 
pUun  the  lefi  a  is,  the  greater  the  quoticny  q  will  . 
be.  Lee  tf  be  indefinitely  fmall  beyond  all  bounds, 
then  q  wU  be  indefinitely  great  beyond  all 
bounds.  Therefore  when  a  is  nothing,  the  quo- 
tient q  win  be  infihite.    Whence 
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Alfo  fincc  —  =  infinity,  therefore  in  nothing 

>^  infinity. 

Let  there  be  fevefal  geometrical  proportionals^^ 
*>  xS  x\  x^^  pc\  &c.     If  this  feries  be  contiruied 

backwards,  it  will  be  Xy  i,  — ,  — ;   that  is,  x% 

X       XX 

* 

^"^  .v'^\  x'^^y  the  indices  cohtinuany  decreaHng 
by  I.  Then  its  plane  x^  is  equal  to  i,  wfaatcrcr 
X  be;  for  it  may  ftand  univerfally  for  any  thing; 
Therefore  c*  is  rzi. 

Let  X  be  an  indefinitely  fmall  quantity^  beyorid 
all  conception  %  then  in  the  feries  x,  at*,  x\  &c. 
each  term  will  be  indefinitely  greater  than  the  fol- 
lowing one.  And  when  x  is  o,  then  in  the  fe- 
ries — ,  o«>,  OS  o*,  6?r»  —  is  infinite,  and  o  ia 
o'      '      '      '  o  ' 

nothing,  by  what  goes  before.  Therefore  the 
mean  0*=*  is  a  finite  quantity,     Suppofc  =i,  whence 

■~XO  zzii^    that  is  ii  =  —  =1,     and    izzi^ 

whence  it  is  plain  again,  that  (k)  o*— i* 

Let  or  its  equal  - — 7—  be  an  infinite 

quantity,  then  by  actually  dividing,     =tf+4 

Tliercfore  - — -+a+a+a  Sec.   = r — a^--^ 

— a  &c.  that  is,  an  infinite  quantity  is  neither 
increafcd  nor  decreafed  by  finite  quantities. 

Cor.  1.  If  o  muUipfy  an^  finite  quantity^  fbepro-^ 
iuS  will  he  notbini* 

Cofi 


{ 
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'    Cor.  2..    If  o  multiply  an  irffinite  quantity^    the 
produff  is  a  finite  quantity.      Or  a  finite  quantity^ 
is  a  mean  proportional  between  nothing  and  infinity. 
For  OK  infinity  —b.  ' 

Cor.  3.  If  a  finite' quantity  is  divided  ly  o,  the 
ftottent  is  infinite  ( —  r:  inf.). 

Cor«  4-  '^  o  be  divided  by  o^  tie  quotient  is  4 
finite  quantity  of  fame  fori. 

For  (Cor.  i*)  ^xozio,  and  therefore  — =:^,  m 

finite  quantity,  or  nothing. 

Cor.  5.  Hence  alfo  c  =:  i ,  or  the  infinitely  fmaU 
power^  of  an  infinitdy  fmall  quaptity^  ii  infinitely 
near  i. 

Cor.  6.  Adding  or  fubtraSling  any  finite  quantities 
to  or  from  an  infinite  quantity^  makes  no  alteration. 

Gor.  /•  therefore  in  any  equation^  where  are  fom 
quantities  infinitely  lefs  than  others  ^  they  may  be  thrown 
out  of  the  equation. 

Cor.  %.^An  infinite  quantity  may,  be  conjidered  «%; 

tber  as  affirmative  or  negative. 

b         '    b 
For  infinity  =  •-—    or 


S  c  H  o  LI  u  m; 

There  t$  fomething  extremely  fubtle,  and  hard 
to  conceive,  in  the  doftrine  oi  infinites  and  nothings. 
Yet  although  the  objcfts  themW vcs  are  beyond  our 
comprehenuon ;  yet  we  cannot  refill  the  force  of 
demonftration,  concerning  their  powers,  proper- 
ties, and  effcfts ;  which  properties,  under  fuch 
and  fuch  conditions,  I  chink,  I  have  truly  explain** 
cd  in  this  proportion.  Any  mctapbyfical  notions, 
that  go  t>eyond  theie  mathematical  operations,  are 

P  ^.  not 


I 
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not  the  bufinefs  of  a  mathematician.  But  thu^ 
much  may  be  obferved,  that  6,  io  a  mathemati- 
cal fenfe,  never  fignifies  i&bfolute  nothing;  but 
always  nothing  in  relation  tQ  the  objed  under  opn« 
iideration^  For  illuftration  thereof,  fuppofe  we 
mre  conlfdering  the  area  contained  b^tween^  the  bafe 
of  a  parallelogram  and  a  line  drawn  parallel  to  tho 
bafe.  As  this  line  draws  nearer  the  Safe,  the  area 
<}iminiihes ;  till  at  lail,  when  the  Kne  coincides 
vrith  the  bafe»  the  area  becomes  nothing.  So  the 
area  here  degenerates  into  a  line;  which  is  no- 
l;hing,  or  no  part  of  the  area.  But  it  is  a  line 
ftill»  and  may  be  compared  with  other  lines. 

PROBLEM    LXXIV. 

To  Jpid  the  vslue  of  afraffioHj  when  the  numera/ot 
and  denominator^  is  each  of  them  nothing. 

t    R  U  L  E. 

Confider,  from  the  natuje  of  the  quefllon  pro^ 
pofed,  what  quantities  ore  infinitely  greater  than 
others^  when  they  are  all  taken  infinitely  fmall^ 
.Then  throw  out  of  the  equation*  all  thole  terms 
that  are  infinitely  lefs  than  others ;  retaining  only 
thoie  chat  are  infinitely  greater  than  the  reft  ;  by 
which  expunge  one  of  the  unknown  quantities,  and 
the  value  of  die  fradion  will  be  known. 

Ex.  I. 
Let  X'  -^j^  —ayy^  and  y  infinitely  greater  than  *, 

*     TV 

n»hen  they  vamjb  ;  to  find  the  value  of  ^  when  x 

4ind  y  are  r=o. 

Here  x^  is  infinitely  lefs  than  axy  ory\  whence 

V  H  i9V 

y^-naxy^  cv  yyzzax.     Then—    =     -rrtf,    the 

9^  n 

f  ahje  of  the  fradion  propofed. 

Ex. 
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Ex.  ^. 

If  2ax+xx:r:yy^  tbbat  is  the  value  if  -^,  wbem 
9C  and  yzzo^  and  y  infim$ely  greater  than  x. 
'   Here  rcjcft  ifX  being  infinitely  kfs  than  the  reft  1 

theo  yy:zL%an^  and  -~  :=  *—• 

Ex.  3, 

What  is  the  value  of  •— ,    when    2^+;j^r::^X5 

y^  X  being  no. 

'  Here  jjy  is  infinitely  left  than  lay.    Whence 

,     Jf  TO 

2    R   U    L   E. 

Obfenre  what  the  unknown  quantity  is  equal  to, 
when  the  numerator,  &€.  vanifiies ;  put  the  un- 
Xitown  quantity  =:  that  value  ±e^  where  e  is 
fuppofed  infinitely  fmall.  Which  being  fubiHtu- 
ted  for  that  unknown  quantity,  and  rhe  roots  of 
all  furds,  extraded  to  a  iufficient  nu^iber  of  placea 
of  e  \  at  laft  you  will  have  fome  terms  in  both  the 
numerator  and  denominator,,  which  will  dcternoune 
the  value  of  the  fradion. 


fFbat  is  the  value  of 7- — ,  when  x^za. 


ax 

av  ax — ipr. 


Put  d^za+^2  then  expunging  ^\ .  .■■■ 

a^^^^f  ax  r 


P3 
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--  f  % 


'  tf — ^tf— s^  &c.  '      ~ 

><»4-Itf^  &c.  — aa — ^ae  &c.         — lae         ^ae 

kJ==3^»  the  value  of  the  fraction, 

Ex.  5. 


^i&ia/  ts  tie  vaha of  ^^ ^         .^ ,  'uohm 

a — y/tf;;J 

Let  the  fraflion  rrj^,   and  put  xzza^,   then 


tt'^+za^e^zzaa+ae   &c.     Alfo  j^^a? — aa7    = 

- 4  *  .  ■         ■  y 

«  X  a — ie  zz  aa'^aSy  &€•     And  \/ay^^     r* 

134 — ^a^e  ^  n  12 — le  &c.       Whence 
^  aa+ae &c. — ^tfj4-4^g&c.   _    iac  ^  i6a. 

""  47 — a+ie  &c.  ~    5^    *"  "sT        * 

Ex,  6« 


<  ■ "  i> 


Let  a — ezzx.     And  expunging  y, 

a^/4a^ + 4Xa — e^ — aa+ae — aa  „ 

'  ly*— ^ !^-^ ■ =y*        But 

V  2<?^  +  2X«— tf -—^r— iJ 
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ae+iee  &c.  And  v^2aa+2xx  —  ^aa—^ac+Ic?^* 

ee 
=  ^a — e  +  —  &c.    Whence 

y  —  '  ^^  ^  ""      ,et     ~ 

ee 

Here,  if  I  had  gone  no  farther  than  the  firft 
power  of  ej  it  is  evident  by  infpeAion,  that  ail  th6 
ternns  would  have  vanifhed^  by  which  pothing 
could  have  been  concluded. 

iScHOLlUM* 

If  t  remains  at  laft  in  the  numerator,  the  value' 
of  the  fraction  is  o,  and  if  e  remains  in  the  de^ 
nominator,  the  fraction  is  infinite.  But  if  all  the 
terms  vanifh  out  of  both  numerator  and  denomi- 
nator, the  feries  muil  then  be  carried  to  more 
places,  to  have  a  fblution. 

PROBLEM    LXXV. 

9V  find  two  whole  numbers  x^  yy  in  the  e^tiom 
axzziy-^Cy  being  in  its  leafi  terms:  a,  ^,  c^  be^ 
ing  given  numbers. 

RULE. 

Let.  wh.  (land  for  the  words  a  whole  number. 

by^c 
Reduce  the  equation,    then  *= ziwh.      By. 

an  ^abridged  fraftion,  I  mean  the  frafltion  rcfult- 

tng  by  throwing  all  whole  numbers  out  of  it,  till 

the  terms  in  the  numerator  be  Ids  than  the  deno- 

,    .  f  4  mioatoi;.. 
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minator.       Thus   let    the  frafbion  — —   be    s- 

*+/  ' 

bridged  to  -=^— ^.     Then  to. find  ;r. 

The  method  confifts  in  leflening  the  coeffiqent 
of  y  continually,  till  at  laft  it  becomes  i.    And 

thi&  is  done  by  fubtraidting  •— -^  or  fome  muld* 
pic  of  it,  from  jr,  or  any  multiple  of  it,    which 

comes  very  near  it  j  thai:  is,  froni  — ,   -^t  —^ 

&c.  or  this  fr6m  it.  And  the  refulting  fra(5tion 
abridged,  or  its  neareft  multiple,  is  in  like  man* 
ner  to  be  fubtradled  from  the  neareft  foregoing 
fraction  \  or  from  any   wb.  which  is  nearer  ;   or 

this  from  that.    And  thefc  wi,  may  be  — ,    — ^ 

-.  ay+a    ay+ia    wy+a    _ 

&c*  or  — ^,      ^    ',      ^    &c,   or  any  yoa 

can  find,  which '  has  the  neareft  coefficient  to  jr. 
By  thi$  mtans  the  coefficient  of  y  is  continually 

leflened,  till  at  laft  we  have   - — -:z:wbzzpi  then 

a  '' 

MiU  yzzafh-^  :  where  p  may  be  any  whole  num-' 
ber  taken  at  pleafure.  And  y  being  known,  x 
will  be  found  from  the  given  equation. 

You  mqft  obferve  in  this  whole  procefs,  to  keep 
the  fame  denominator  0,  throughout. 

For  whole  numbers  fubtrafted  from  one  ano-^ 
ther,  will  always  leave  whole  numbers.  And 
whole  numbers  multiplied  by  whole  numbers,  will 
always  produce  whole  numbers.  And  upon  thefc 
principles  the  rule  is  foun4ed. 


B9f. 
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r 

f 

Let  igxzii^-^ii^  io  Jind  x^  %  in  whole  num^ 
hers.  -'^'  -  •' 

?y  rcduftipn  xzz-    ■■  ■     ■  =;e;i.  .  Alfo  tt-T. 

ssteA.     Then   bv  fubtra&ion,  ~    -^    *^T^u  ..i - 

'19  19 

=  ■.  ^  w5.      And    multiplying    by    4  ^ 

207+44.         2oy+6  ■      ^    ^    205^+6 

.  ip  -•  =  --7^  +.a:=tt^*.    And  — ^    ', 

=«;-&.    Swbtraft  -^-;     and  •^— ^  =r  ti»fe.  =  «. 

19  19  ^ 

"Whence  yritgf — 6.     Cet  pi:;i,*  for  theleaft  af- 
firmative value  of  7,  and  jy=:i3;  Whence  X2:9, 

Or  ebusj 
y  =     ^  zz  X  +  ^— ^^ —  =  ivb.  Then 

• — —fvb.     And  multiplying  by   3,   — -^ 

7  ^  I4X  +  28  -  '  ,      4.  ,  rs^ 

zzwb.    But  — —  =  wb.    And  iubtraaing^' 

:z:  wb.  ^  p*     And  xzzi^p — 5.     Lct/>=ifi 

to  have  x  the  leafbs  and  x^^y  and  yzzi^. 

* 

Suppofe  ixzzty — 16,  query  y,  > 

Here   X  =  -^ —  Tziy^^^  ~ —  e  i&is. 

3  3        . 

And  -"i^- — ^-'Uib.      And  multiplying    by    2, 

'  '     T  ;^  ^it     But  —  =  ^b.        And  their  dif- 

ference 
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taking /=:o,  jr:::  a.    Whence  *=:o. 


ference  -—  zzwh.zzp.    Whence  jm 3^ +2,  wd 


£*.  3. 

•  ■ 

Here  x  —  -^ tzwb.  multiply  by  ii,  and 

j43y  4-176  •    6>a47+7X24 

*        r:w.      But    ■■        — ^—      or 

,  24  24 

*— -^^! zzLtvb.    From  which  fubtratffc  the  for* 

24 

y— 8 
mer,  and  -"—-  :=iwb.^p.    And  then  ^'r:24^+8j 

24 

and  putting  jp=P)  ^=^8,  and  ic:z.^.      ^ 

Ex.  4« 
Let  14^:1=47+7. 

4-7  "4"  7 

Then  x zz  "    ■*  =  te/i&.    And  multiplying  by 

28y+49    '      28T+7 
7,  '    or  •— —   +2    :;:r  «^ib.       And 

/»         14  14       '  ^ 

2Sj<4-7  28y 

■  =:w^.    But  —  =:  wb.     Therefore  their 

14       '  H 

difference  ~  zzwb.  which  is  abfurd ;  for  an  even 
14 

number  cannot    divide   an   odd  number,    nor  a 

greater  number  a  Icffer.    See  Cor.  2.  Prop.  VIII. 

B.  II.  Arithmetic. 

-  .  EXm  5» 

Lei  2yxzzi6oO'—i6y. 

^,         1600—167  u  M  -.^  y — *^ 

Here  ^1= =^  =Wi&.  abridged,  •— — 

27  ^7 

=te?i&.  or  ^  -^"^^  =iWi&.    Subtract  it  from  — , 

27  /  - 

and 
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and  --^ — ^zzwb.  multiply  by  2^    and    ~~; — 

=«?*•    Subtradt  it  from  — - — ^,   and  ^~~ 

ioy-l-26 
^^b.  multiply  by  2^,  and   --— —  =w^.  .  fub* 

traA  it  from  r  ^     ■,  and      ^.  -  =wi^.  =:^,  and 
;f=:/X27  +  '9>  and  if  pzzo^  ^=19,  and  x 


Cor.  I.  AU  the  values  of, y  are  bad,  by  ctmtinuaU 
fy.  aiding  ibe  cceffideni  rf  x  i  as  y^  y+a^  T+a^ 
J+3^»  &c«  And  all  tbe  values  of  x  are  bad^  if 
coniinually  adding  tbe  coefficient  of  y\  as  x^  x^K 
^4-2^,  &c;  &r  by  fuhtraRing  tbm^  for  neg^ivi^ 
numbers  J  m^d  botb  are  in  aritbmetical  fragrefion. 

Cor.  2;  Wben  tbe  procefs  brings'  out  an  odd  num^ 
her  divided  by  an  even  number^  or  a  lejfer  number  di- 
vided by  a  greater^  tvbicbjbould  be  a  wbole  number  i 
tbe  quefiion  is  impoffible. 

Cor.  3«  If  it  be  rehired  to  find  y  a  wbole  mmk 

by^^-c 
ber^  fo  tbat  tbe  fraSion  — —  mctf  alfo.  be  a  wbok 

number.    Ton  mufi  proceed  tbe  very  fame  w^y,  by 

abri^ing  tbe  fra^ion  to  <^^  ,     and    tben   fkd'* 

a 

y:=iaV+gj  v&bere  P  is  any  wbole  number^  taken  at 
pleafure. 

PROBLEM    LXXVi: 

^ofind  fucb  a  wbole  number  Xy  tbat  being  divided 
by  tbe  given  nambers  a^  *,  r,  &c.  fball  leave  tbi 
given  remainders  /,  g^  by  &c 

RULE. 

,Sincc  the  fraaions  ^,  ~^,  —  .&c.   are 

a  0  c 

whole 


120  FUNDAMENTAL  B-E 

9#bole  numbers;  pat  the  flrft  -^-^  =  P  =r  wk 
iEben  xziaV-^f.    Put  this  value  of  x  in  the  fe- 
cohd   fradlion  5    then  — r — ^    zr  Wifr*      Then 

(Cor.  2.  laft  Prob.)  find  P=iQ^m ,  where 
<5^Vit,  then  will  x^abQj-am+f.  Put  this  va- 
lue of  x  in  the  third  fraction ;  then  "  ■     '  ' 

c 

znwb.  Then,  as  before,  find  Q=:rR+;f;  and 
put  this  inftead  of  Q  in  the  laft  value  of  sc  1  then 
this  value  of  x  muft  be  put  into  the  fourth  frac- 
tion.; and  proceed  the  fame  way  through  all  the 
^a&too$.  This  is  the  method  of  proceeding ;  but 
numbers  muft  be  ufed  all  along  inftead  of  the 
fmali  letters.  And  the  leaft  iah.  number  R  may 
te  takea  at  pleafure. 

Ex.  I. 

To  find  a  numher  which  divided  hy  j,  5,  7,  and  2  '\ 
ipiU  leavi  tbi  remainders  z^  4>  6;  o^  rtfpeSiveljt. 

^      V         t     .         1.     ^"-^    *-^4    ^f-r? 
!Lct  the  number  be  x,  then  ~T^%  ^"JT"*  — 7^ 

iand  are  whole  numbers;     Let  — —  =  P# 

T>  .       ^^'— 4  3P+2 — 4 

and  x=:3P+a  ;    then  — —    =    ^ — t —    ::; 

aP— 2  fsP  2P+2 

■*^     :=zwb.  fubtraft  it  from  — ,   and . 

5  5'  5 

aP— 2  P— ^4 

=«e;i&.    Subtiaft  this  from  ' — — -  ;     then  — r- 

5  5 

=tpA.=::Q^  an4  P=5Q:f-4>  andx=:i5Q+i4. 
.    X— 6       icO  +  «  d+t 

Agam  •— —  =  -  =:  w.    and    — —    . 

=£tc^i&.=H}  and  Qz:7R-ipti,  ?«d^*=id5R"— ^^ 

•  Laftly* 
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t    ai     ^""^        I.05R— I  R— I 


2       .2  "  ^^ —     2 

aS,  and  R=2S+i.  Whence  ^=2108+1049 
the  number  foughc ;  and  putting  Sr20,  the  leaft 
value  of  X  is  X04.  * 

Ex.  1. 

T4>  find  a  wbali  numter^  which  being  Mvided  ty 

l6r  ijy  '*«  *9»  *0i  will  kme  6,  7,  8,  9,  i^^ 
umainders. 

Let  xrrnutnbcr.    Then  ^^  ^,  ^  / 

-^,    ^Q     are  whole  numbers.    Pyt  -j>- =P, 

dien  ariri6P4.6. 

«..         «.T-7      .16P— I  .         .    , 

Then    -^^=1— j^ — —wih      And   tbeiw» 

P+i 

-^^    =  w*.  =  Q^,   and   P  =  17  Q^— i,    and 

ir=:272Q^— 10. 

=R,  and  Q=9R,  whence  x=2448R — lo. 


*     •     * — 9  a448R — 19 

Again  -j^   s=  ■— — <-  =  vb,    and 

— 3R     ,       3R      ,    ■    i8k     ^     . 

--—  =w*.  or  —-  =:w0.  and  — —  rrw*.  whence 

R-  . 

—  =w*.  =S,    and   R=i9S.       Then 

4f=465i2$— ;io.  ■  . 

T^ai     * — ^°         46512S — 20 

Laftly  ^'rr-   =  ^^^-^-rr — ^  r:  11*.    and 

so  20   ■ 

J2S 

"^'^wb:  =T\     and    S  =  5T.   ".    Whence 

*=23255C<T— 10.      And  if   T=i,      then   the 
leaft  y4lueoC«:?a325^  .      .^      ^ 
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Ex.  3»  I- 

To  find  a  number  (x\  which  htir^  Hyided  iy  j,' 
7t  '4*  20}  tbtre fltaU remaiH  i,  3,  J^'i'^'    '" 


Here    — ,  -y-^    -^,  --3-    are  whole 
0umbers.     Let  . =P,  and  x=:3P+i. 


Then    — -^  =~r-  =«'*•  and -^wk. 

7  7  7 

^  P+4 

Whence  —^  zzwb.zzQ^^  and  Pr:7Q^4,  and 

af=:2iQ;— II. 

14  14  14 

fct»i&.  and  ^^^\^  zzwb.    Whence  —   =  v^b. 

which  is  abfurd. 

Hence^  the  queftion  is  impoffible  for  the  three 
firft  fuppofitions  ;  but  will  hold  good  for  two  of 
them:  in  which  caie  ;^=2iQ^£i,  where  the 
lead  value' of  ^  is  lo. 

1    RULE. 

When  two  divifors  and  their  reminders  are 
fiivea ;  then  find  two  fixed  multipliers  M»  li : 
luch,  that  dividing  them, 

—   leaves  o,  and  --r  leaves  i  remaining* 

and  —  leaves  i,  and  -r  leaves  o  remaining. 

Then  divide  — --,  ^ ,  and  the  remainder  is 
^> .  the  number  ibught. 

Likewife 
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Likcv/ifc    for  three    divifors  and  remainders; 
find  three    fixed   multiplteri-  M,    N,  P  j    fucli, 

M  ,  -     '      M  ,  .    -   . 

—  leaves  i,  and  -r-  leaves  o,  femauiing, 

N      *  N 

-J  leaves   I,    -^  leaves  o,  remaining. 

—  leaves   I,     -T  leaves  o,  rcmiiining.' 

Then  dividing  ^ »    the  rematndcf 

13  y,  required  •,  and  the  like  for  more  quantities. 

To  prove  the  truth  of  this.    Since  (Cafe  i) 

M  N 

—  as  alfo  *r  leave  o%    by  divilion ;    tfaerefbic 

— ,  and  "T  ^^vc  'P* 

M  N 

And  fincey,  as  alfo—  leave  ?.     Thcreft»^ 

*    ,  ■    and  leave  0^,  Therefore 

^nd  -A-^   leav^  6  j  that  is,   y-  kavc»  ^,  and 

-^  leases.  /.     Therefore     ^       leaves  o+y; 

and  — J — '  leaves  f +o*  ' 

But  fince  M^+N/  may  exceed  ci,  and*  there- 
fore is  not  the  leaft  number  \  therefore  divide  by 
aK  and  the  remainder  is  the  leaft  number  re- 
quired. And  the  fame  way.  Cafe  2,  or  zfxj 
other,  is  proved. 


£*; 
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Hawig  tie  tyclt  of  the  da^Afncd  kftft  /,    m(d 
Cfck  of  the  mwn  g  s    tojbid  the  year  oj  the  Di<H 


Lee  x^be  the  year  firaght    Then     -j^    and 

^-r-f  art   Urbole   numben.  •  Here  a^iS^   and 

M        _      _        ,  ^_      ^.^      -•-  M— f        , 
?7  =:«p*.=P,  and  M=:28P.    AUb  — — -  =  wh. 

28P — I         ,       . .  ,  ,      .  56P— a 

—  ■■   :■     r,  J  2nd  multiplying  by  2,    -    ■     ■ 

S7P  P-+-2 

srw^.     Alfo  ^izr  —^i^    Thercfort  -;: —  r:«p£» 

^$  '9 

=Q,andP=i9Q— 9.    WhenGeMr:28xi9Q— 1 
=53iQr"56>  and  if  0=1  %  thenMr:475. 

N     N 
Then   -r  =  'r=wA.=P,  and  N=igP,  Alfo 

N— I        19? — I        .        ft.  . 

^g      =  — -r—  =tv^.  multiply  by   31    then 

^^^=T0*.  and  ^  =  «*-    theidbit  ^ 

=«*.z=Q,  and  P=28Q+3.    Whence  NzrtSK 
^^Q+57*  and  if  Q=ro,  N=57. 

Therefore  *  =:  remainder  of  — -— — ,  which 

53* 
ierves  in  general,  for  any  numbers,  /,  g. 

Let/=:io,  ^=12  J  tlwn  x=430« 

£x.  5. 

■KrMji;  /£r  rjrri^  0/  the  SondaV  iSf//«r/,  thegoUdt 
number  g }  ««/  iMdiSicn  b  \  $6  find  the  year  of  tbi 
Julian  peried. 

ir=:i85t  and  «^s=:798o. 

'  -     ''    -  Then 
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M 

Then    ^  zzwkszP  ,    suk^  M=:285P.    Alfo  . 

M;-i       aftsfP—i  ,        ^. . 

-^gT=— J5 —  =  ^P-      Tbi^  at.Jaft   gives 

P=i7  the  leaft  j  and  then  M=:4845.  - 

•     N 
A&in,    —=«)*.  =P,   suid.N=4V)P.,  Alw 

N— 1      420P— I        ,        ,   2P— T        .      ... 
-^  = — -  =w*.  and  — -=i«^.  w|iich 

will  give  P=iO,  and  N  =4200. 

Laftly,  — :=«;*.  =0.   and  P=532<^    Alfo 
S3 

— —  =^ii-^^^ —  =  wb.  and   i^^^—  =r  w*.^  at 
laft  <i=i3,    atid    P=:69i6.      "Whence    the  re* 

niainder of  ■■       ^  '  is  — y# 

7980 

Let  /=o  or  28,  ^=:i,  bzz2  5  then  xrzzojz. 

» 

Cor,  ^i&«i  ibe  $p€ration  hrings  cuU  ^  ^ejf^  num--. 
btr  divided  by  a  greater^  inftead  of  a  wbok  number  \ 
tbe  problem  is  ihpoj/ibk. 

PROBLEM    LXXVll. 

Am  ifkiiion  bei^g  given^  eontaining  fevend  unknown 
quamities ;  to  find  iheir  limiU. 

When  an  equation  contains  feveral  unknown 
quantities,  the  values  of  all  of  them,  except  one^ 
may  be  taken  at  pleafure  ;  and  when  their  values 
are  afligned,  and  nunf)b^ra  put  for  them  in  the 
equation,  that  fingle  quantity  may  alfo  be  founds 
by  reducing  the  equation.  And  fuch  equations 
will  ii4ink  of  9x\  •  infinite  number  of  fQlutjonsii  if 
we  admit  of  fradipqal  and  nrgacive  numbers. 
But  fince  thefe  folutions  are  moft  ufcful  where  af- 
firmative quantities  afc  concerned  ;  and  mote  ufe- 
ful  ftill,  when  only  affirmative  whdle  lumbers  are ' 

C^  .  '  '    admitted"  i 
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admitted ;  therefore- 1  propofe  to  confider  only 
thefe  two  cafes,  and  particularly  the  lad :  becaufe 
in  that  cafe  fuch  an  equation  will  have  a  deter- 
mined number  of  folutions.  And  therefore  it  is 
iieceflary  to  know  the  limits  of  the'  unknown 
quantities  \  left  we  go  about  to  feek  their  values 
beyond  thefe  limits. 

RULE.' 

Tranfpofe  the  negative  quantities  to  the  con* 
tfary  fide  ;  that  all  the  terms  may  be  afErmative. 
Then  to  find  the  limits  of  any  one,  put  all  the 
reft  =o,  of  fuppofe  them  to  vanifh;  and  from 
hence  find  the  value  of  that  quantity,  which  will 
be  one  limit  thereof.  And  to  know  which  limit 
it  is,  conceive  the  other  quantities  to  increafe  and 
have*fome  certain  value;  then  if  by  this,  the 
value  (of  the  unknown  quantity  under  confidera- 
tion)  increafes;  it  is  the  leaft  limit  you  found; 
if  it  decreafes,  it  is  the  greateft  limit.  And  in  cafe 
you  find  no  leaft  limit,  then  o  is  its  leaft  limits 
This  procefs  relates  to  fradional  quantities. 

But  if  you  only  defire  whole  numbers  ;  put  t 
for  each  of  the  other  quantities,  which  is  the  leaft 
value  they  can  have ;  then  from  the  refulting 
equation,  6nd  your  unknown  quantity  and  its.  li- 
mit, as  before  directed. 

Proceed  the  fame  way  with  all  the  unknown 
quantities. 

Ex.  i; 
Lef  3^4- 5^=28,  iofind  the  limits  of  a^  e. 

Let  ^no,  then   3^=28,  and  az;— =9— . 

3  3 

Now  let  e  be  .fome  real  quantity  ;  it  is  plain  the 

greater  e  is,  the  lefs  a  mufl  be  5  therefore  9!  ia 

the  greater  limit.    Whecicc  ^"^q}. 

For 
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For  i:    let  ./iz:o>    then  5^=28,    and    ezz-^ 

.5 
:r  5|.    But  if  ^  increafes,  e  decreafes  1    therefore 

5|  is  the  greater  limits    and  t'^gh  and  the  lefler 

limit  of  both  a  and  e^  is  o.     All  this  including 

/(adiona* 

'For  whole  numbers. 

Let^ni,    then  3^1328 — 5=23,    and  tf=~ 
rz7|,  the  lefler  limit,  and  irzijh 

Again,  let  ^^rir,  then  5^=25,  and  ^r: -r 
=59  ^c  greater  limit,  and  ^=:  br  rn  5. 

£x.  2. 

Let  3J — 5^=128,  /«  fnd  the  limits  ef  a^  t  ih 
whole  numbers. 

Then    3^=28+5^;   let   ezn,   then  ^azz.^^i 

and  azz — =ii;    but  when    e   increafes  a  in- 

3 
creafes,  therefore  11  is  the  lefler  limit,     and  azz 

or  c  II. 

Let  ^=1,  28+5^rf3,  and  ^  will  be  negative, 
which  wc  exclade.  But  whilft  a  increafes  e  in- 
creafes ;  therefore  o  is  the  leaft  limit  of  ^,  or^ 
#  CO :  and  it  has  no  grcatefl  Kmi!t. 

Ex.  3. 

Let  3;f+5y+8z=:  10003,  le  find  the  limits  in 
whole  numbers. 

Suppofe  yzzizzz.  Then  3^=10003 — 13,  and 
X  —  ——1=3330.     And  fince  x  decreafes^  whilft 

y  and  z   increafe;    therefore  3330  is  the  greater 
limit,  and  xr:  or  J3330. 

Q  2  Again; 
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Again,     let  xzzz=:i  ;    then    5^=9992^    and 

QQQ2 

y  zz  ^^^^-=:i998Tf    and  y  decreafes'  whilft  x,  z 

5 
incrcafc  :  whence  y    "D  1998^. 

Laftiy,  for  z\    let  xzzyzziy  then  82:1=10003 

-— 8^:9995,   and  zzz^^^zzii^gl.     But   2  dc- 
creafes,  whilft  ^,  j^increafe  5  therefore  2;"Di249j* 

Ex.  4. 

Z^/  13^? — 5^+82=10,  to  find  the  limits  of  y. 

Here  13X  +.  82  zz  io+5y  ;  let  xzzizzz  ; 
tlicn  ^+10=121,  and  gyziii,  and  _y=2f ;  and 
whilft  X  and  2  increafe,  y  increafes^  therefore  2|  is 
,thc  leaft  limit,  and  jr  c  2|. 

Note,  the  limits  of  x  and  2  cannot  be  found 
lill  the  value  of  y  be  afligned^ 

PROBLEM    LXXVIII. 

Wwo  equations  being  given^  containing  three '  or  more 
ttnknown  quantities  %  to  determine  their  limits. 

RULE. 

Having  pitched  upon  the  quantity  you  would 
limit  i  expunge  one  of  the  other  quantities,  and 
you  will  have  one  limiting  equation.  Then  ex- 
punge another  of  them,  and  this  gives  another 
limiting  equation.  By  chefe  two  eqpations  find 
the  limits  of  the  quantity  pitched  on  feparately,  by 
the  laft  problem. 

But  nctej  In  any  limiting  equation,  all  the  other 
unknown  quantiiies  therein,  (being  put  on  the 
fame  fide  of  the  equation,  with  the  abiblute  num* 
bcr,)  muft  have  the  fame  fign  :  othcrwifc,  (if  they 
have  different  figns)  they  cannot  limit  the  quantity 
proppfed,  till  (he  value  of  fome  of  the  reft  bt: 
known. 

If 
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If  there  be  more  equations^  the  procefs  is  the 
fame  with  any  of  them. 

Ex.  I.  .        i 

Let  a+e+yzi^S. 

and  32tf+20^+-i6jr:i232  J    to  limit' a. 

Multiply  the  firft  equation  by  20,  prodyccf 
aotf+20^+2qyzzi  120.  Subtraft  this  from  the 
fecond,  and  you  have  12^—4^=1112:  whence 
(Prob,  Ixxvii.)  tfcrqj. 

Multiply  the  firft  equation  by  16,  gives 
16/1+16^+16^1=896.  Subtrad  ic  from  the  fe- 
cond,  and  16/2+4^^:336  ;  whence  a'^ioh 

In  like  manner,  to  limit  y^  multiply  the  firft 
equation  by  32,  and  32/^+32tf+32y  =  i792.  Sitb- 
tradt  the  fecond  from  it,  and  i2tf+i6_y=:56o.  This 
gives  yzy^^i.  And  the  equation  1 2a — 4y =112, 
gives  yzro. 

To  limit  e\  the  equation  16/2+4^=336,  gives 
f*38o.  And  the  equation  12^+1.6^=560,  gives 
^"D45f.  But  here  is  no  lefifer  limit  for  ^;'tlierc-> 
fore  rcro,  and  ^45* 

Ex.  2. 

Let    ^pe — y  +  2u  =  20  V  •  *  • 

aud  i2X+oy+5«  =150)* 

ift  X  5.  is,     15X —  sy+iou  =  loc^ 
2d  X  2    is,     24X+i2y+io«  =.300 

difference  Qx+ijy  =  200 

This  equation  gives  *"D2aj,  and  >"3xit\. 

ift  x6  is,     i8Ar — 6ji+i2«=i2o»    add  this  ta 
the  fecond  :  then  30^  +171^=270^ 
whence  x'^StI^  and  u'314xt^ 
ift  X4  is     12X — 4^+8ir=8o.     Subtrad;  from  the 
fecond,  1  oj^— •311 = 70. 

And  ycjTZj  and  «co. 
There  is  no  leaft  limit  for  x\    therefore   xco> 
and  -381^. 

CL3  ^^ 


F3CJ 


FUNDAMENTAL 


Bui- 


Let    h  +  e  +y  -^u 

end  i6tf+io«-h8/+6« 


:  100. 
1206. 


:i  X  (6) 
2—3 

4  -^ 


:ix(io) 

a— 7 
9  ^  (6) 


1  X  (8) 
J  X(i6) 
2 — II 


12- 


i4j 


4» 


3 

4 

5 

6 

7 
8 


10 


2  i6^+io^4-8j?+6i/=:i200 
6^ + 6^+ 6y + 6«  r:  600 
iOtf+4^+2^       =600 

600 — 4 — 2     504.         4  ^ 

«= ^ =^=59-1:  atmoft 

ro  10     '^^lo 

ioa+io^+iqy+|0«^=:iooo 
6^— 2y— 4«     IT  200 
6tf  =1  2CX)4-2j^+4tf 

^=:-^  =34t  at  leaft,  and  ^c-341  ^ 

fb  <?  is  between  347  and  59T.  Then 
for  the  other  quantities. 
8tf+  &r+  8y+  8«=  800. 
i6tf+i6^+i6y+i6«=:i6oo. 
ia+  2e         —  2«=  400. .  ThJs 
equation  will  limit  »  but  not  €. 
Here  ttcro. 

6e+8y+ 10^=400. 
.  400—14     386      ^6      '         ^^ 

10  10     ^   '  ^ 

_6oo — 4e — iD«_586__ 

^"~  2 

^^■3293  ;  but,  fince  th^  limits  o(a^ 

are  known  ;  y  may  be  determined 

more  exaftly;    thOs 

596~ioX35_g46 

J'- £ =—=123,     or 

^•^123. 


II 
12 

13 


16 


— __  -2^2*^ 


14 
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14        17 


H. 


18 


.        400-^16    384 
Again ;>=  — g —  =^-g- =48,    Of 

yzz  or  "3  48.     But  thefe  are  all 

greater  limits  of  7,  ^nd  there  wants 

the  lefler  limit  •,  therefore  jtro,  and 

-348. 

400 — 18     382     ,  . 
<f= 5 — =^zz63h  or  e=^ 

637.     But  the  leaft  limit  of  e  caa-^ 
not  be  found  ^  therefore  take^co. 

Scholium; 

When  three  nunibers  are  fought  by  two  equa^ 
tions  i  all  the  values  of  each  of  them,  in  whole 
^  numbers,  make  three  fcries  of  arithmetical  pro* 
greflion,  taken  within  the  limits  of  thefe  numbers. 
And  if  four  or  more  numbers  are  fought,  the  v^* 
lue  of  each  is  to  be  found  in  feveral  arithmetical 
progreBions.  But  yet  the  values  of  any  three  will 
be  in  arithmetic  progreflion,  when  the  values  of  alt 
the  reft  art  aligned, .  as  before  fpv  three  numbers. 

For  in  the  cafe  of  three  numbers,  and  two  equa« 
tions  i  any  one  of  the  th^ee  may  be  expunged  \  and 
<hen  you  will  have  but  one  equation,  and  two  un« 
known  quantities;  which  brings  it  under  Prob.  Ixxv. 
But  by  Cor.  i.  of  that  problem,  thefe  two  remaining 
quantities  are  contained  in- two  feries  of  arithme-^ 
tical  progreflion.  And  as  any  of  the  three  may  be 
expunged ;  therefore  any  two  of  them  wijl  Qonfti- 
tute  two  feries  of  arithmetical  progrefilpn.. 

PROBLEM    LXXIX, 

fhe  prices  of  feveral  ingredients  being  given^  to  fin^ 
the  quantities  thereof  •^  fo  that  the  mixture  may  he 
fold  at  a  gi'Oen  pric^. 

Suppofii  four  fimples  A,  B,  C,  D,  are  to  be 
mixed  \  and  their  prices  to  be  ^s  follows : 

0^4  Mcaft 
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Mean  price  =  w 

Price  o£  A  =:  m+a 

of  B  =  m+A  ' 

of  C  zz  «— ^ 

of  D  =:  m — d. 

And  let  the  quantities  to  be  taken  of  A,  B,  C, 
D,  be  Xj  yy  z,  v,  rclpeftively.  Place  them  in 
ordeTi  thus : 


prices  quantUies 


Then  by  the  nature  of  the  queftion ;  if  each 
quantity  be  multiplied  by  its  price,  thefumoftbe 
products  will  be  equal  to  the  fum  of  ^1  the  quaa«» 
titles  multiplied  by  the  mean  price  \  that  is, 

m-^a  X  ^  +  m—d  xv  1     

Let  »+^  X  ^  +  »— ^  X  V  =  x+v  x«f. 
And  m+Fxy  +  w-^  X  2?  =;;  ^^+2  X«% 

That  is, 

t^+iy+mz — caf    zz  fny-^mz, 

by  the  former,  ax^^^vzzo^  or  axzzdv^ 
by  the  latter,    ^/— <2^o,   or  ly:z:cz^ 

Now  fince  x"  and  jr  may  bo.  taken  at  pleafure. 
Therefore  put  xzzd^  and  yzzc.    Then  will  v=a^ 

and  z:=:^.    Whence  the  quantities  will  be  ranged 
thus: 
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d 


ajj 


m 


/»— T» 


a  which  gives  thi$ 

RULE. 

Couple  every  greater  rate  wirh  one  leflVr  rhaa 

the  mean  price  {m-^a  and  m — di  alfo  m+i  acid 
m — r) ;  then  take  the  difference  between  each  rate 
and  the  mean  rate,  and  place  it  aUernaielyy  thac 
u,  againfl:  the  quai>tity  it  13  coupled  with  ;  do  the 
iame  with  all  the  rates,  (thus  place  a  againft 
fn — ^,  b  againft  m — c^  c  againll  m^b^  d  againft 
^+^)  \  then  if  none  of  the  quantities  of  A,  B« 
C,  D,  be  given.  Then  d^  r,  b^  a  will  be  the 
quantities  of  each  to  be  taken  for  the  mixture. 
cut  if  any  one  quantity  be  given ;  then  all  the 
quantities  d^  r,  3,  a  mufl:  be  increafed  or  de^ 
creaied  in  proportion.  Or  if  the  fum  of  the  qtian- 
titles  be  given,  then  other  quantities  muft  be  ta- 
ken in  proportion,  fo  that  d-^-c-^-b^a  may  be 
to  the  fum  given,  as  any  of  the  differences  d^  c, 
&c*  to  the  refpe£tive  quantity  required.  And  this 
\%  the  common  rule  of  Alligation  Alternate. 

Again^ 

Since  axziidv^  and  byzzez.  Take  xzumd^  and 
yzznc  \  then  vzzma^  and  2zznb.  Then  putting 
mdj  ncj  nb^  ma^  for  x,  j^,  z^  v  refpeftively ;  aad 
the  cafe  will  ftand  thus : 

md 
nc 


m+a 
m-j-d 


m 


m — d 


nb 


ma.  ^hich  gives  this 

RULE. 

Having  coupled  the   races  as  before  direfted, 

and  taken  the  diflfcrcnc^s.    Then  inffcad  of  any 

couple 
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couple  of  the  differences,  you  may  take  any.  equi- 
multiples thereof;  and  place  them  alternately. 
And  thefe  (or  other  quantities  proportional  to 
them),  will  be  the  quantities  required.  And  this 
is  the  Rule  of  AVigation  improved, 

PROBLEM    LXXX. 

Jf  the  numbers  A  and  B  he  produced  from  a  and  b^ 
iy  any  ftmilar  operation  \  to  find  the  number  fronts 
which  N  is  produced^  by  the  like  operation.  Sup* 
pofmg  the  differences  of  the  numbers  A,  B,  N,  t9 
be  as  the  differences  of  a^  h,  and  the  unknoixm 
number^ 

Let   z  be  the    number    fought^ 

a     b     z       and  put  the  differences  N— Azir, 

A    B     N      N— Bz=j.     Then  by  the  queftion, 

r  (N— A)  :  s  (N— B)  :  :  z^^  : 
z— ^.    Then  rz — rbzzsz — sa.     And  by  tranfpo-. 

£tion,  rz-'^zzzrb — sa^  and  air-^'  -;  or  if  s 
be  negative  (or  B  greater  than  N)jk  then  zzz, 
:^,  ,hc  number  fought. 

,Cor.  I .  Hence  is  derived  the  praSice  of  the  double 
Rule  of  Falfe.     For  if  both  A  and  B  be  leffer  than: 

Nt  or  both  greater  %  then  zzz —.    But  if  only 

one  as  B  be  greater    than   N,    then  s  is  negative^ 

rb+sa 
and  zzz.* — ; — . 

T^hat  is^  if  each  fuppofed  number  he  multiplied  by 
the  error  of  the  otber^  and  the  difference  of  the  pro- 
duSs  be  divided  by  the  difference  of  the  errors^  'when 
the  errors  are  like ;  or  the  fum  of  the  produ£ls  di- 
vided by  the  fum  of  the  errors^  when  the  errors  are 
unlike  i  the  quotient  gives  the  number  fought. 

Cor. 
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"  Cor.  2.  Hince  alfo  is  derived  another  method  1/ 
working  the  BuU  of  Approidmation^  or  Ruleqf  Falfe^ 
which  is  this. 

Multiply  the  difference  of  thefuppofed  numbers^  hy 
the  kaft  err  or  J  and  divide  the.  produ^^  by  the  dif- 
ference of  the  error  Si  if  like  -,  or  by  the  fum  if  unlike. 
The  quotient  is  the  correSion  of  the  number  belonging 
to  the  leajt  error.  . 

Then  this  correSion  is  to  be  added  or  fubtraSid^ 
according  as  that  number  was  too  little  or  too  gnat. 

For  let  s  be  the  Icaft  error,  being  the  error  of 
i,  and  j=:  the  correftion  •,   then  if  A,  B  be  lefs 

rb'-^sa 

than  N,  b+q=z^  and  qz=,z — brz  ^^    — b  zz 

rb — sa^-rb+sb    ^^    b — a 

r — s  ■""    7w* 

But  if  B  is  greater  than  N,  then  kr^zzz^  and 

rb+sa  rb+sb — rb — sa 


—r-  s. 
r+s 

Scholium. 

Snce  k  has  been  Ihewn,  that  the  number  fought 
iMill  come  out  exa^bly-,  by  this  ruh,  when  the  er«-  ^ 
rors  are  exadly  proportional  to  the  diffbtences  qf 
the  fuppofed  numbers  from  the  true  one.  There- 
fore it  follows^  that  when  the  errors  arc  nearly  pro- 
portional to  thefe  differences,  that  the  anfwer  will 
come  out  nearly  true.  And  thefe  proportions  will 
be  the  nearer  to  an  equality,  the  nearer  thefe 
fuppofed  numbers  are  taken  to  the  true  number. 
And  therefore  in  a}l  queftions  where  this»  rute  Is 
applied,  every  operatian  will  bring  us  'nearer 
the  true  anfw-er,  if  we  always  take  the  neareft 
numbers,  (where  the  errors  areleaft)  fornewfup- 
pofitioi^s.    And  thu^  repeating  the  operation,  one 

may 
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may  ciwitinually  approximate  to  the  true  number, 
within  any  degree  of  exaftnefs  required  ;  let  the 
particular  queftion  be 'of  what  nature  it  wfll. 

Upon  this  rule  alfo  is  founded  the  rule  of  finding 
proportional  parts. 

PROBLEM    I-XXXL 

Suppofe    A,  B,  C,  D,    tf  r.    to  be  fever al  forts  of 
goods ;     ani  m^  n,  />,  y,    &c.   given  numbers  j 
and  the  values  of  tbefe  goods  are  . 

iwA  ==  «B 

/>B  =  yC 
rC  =  jD 
/D    =  ^E 

Itofind  what  quantity  of  the  lafifort  is  equal  to  agiven^ 
,  quantity  ofthefrfi :  and  the  reverfe.  ^ 

Let  z  times  the  lad  be  zzy  times  the  firft,  that 
is,  let  zE  rr  j^A. 

Multiply  all  thefe  equations-  together;  the  firft 
fide  by  the  firft,  and  the  fecond  by  the  fecond* 
Then  we  have 

l»Ay/BxrCx/Dx2En:»Bx?Cx^DxvExM-  Then 

mprtzzznqsvy.    Then  if  the  quantity  of  the  laft 

fort  be  required,   2=-^^.    But  if  the  quantity 

of  the  firft  fcrt  bcfouglit-,  y^zL-—-.      Whence 

**     '  ^       nqsv 

this 

R    U    L    E. 

Place  the  terms  in  two  columns,  fb  that  there 
may  not  be  two  terms  of  a  fort  in  either  column. 
Then  multiply  the  numbers  in  the  lefler  column 
for  a  divifor ;  and  the  numbers  in  the  greater  co« 
lumn  (with  the  odd  term)   for  a  dividend.    The 

i|uocient 
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quotieat  is  the  quantity  of  that  (on  wliich  ftandt 
ungle  in  the  two  colomns.  And  this  is.  the  RuU 
4!f  Exchange  in  arithmetic. 

PROBLEM    LXXXn. 

To  inveftigate  numbers  for  rational fquares^  cubes^  &c« 

Problems  of  this  fort  arc  often  capable  of  ac> 
infinite  number  of  anfwrers  ;  and  yet  none  of  the 
quantities  can  be  aflumed  at  pleafpre^  but  muli: 
be  inveftigated  as  follows, 

RULE. 

Put  one  or  more  letters  to  denote  the  root  of 
the  Tquare^  cube,  &fr.     Which  letters  muft  be  fo 
aflumed,  that  when   the  equation  is  involved,  ei- 
ther the  given  number,    or  the  htgheft'  power   of 
the  unknown  quantity,  may  be  on  both  fides  of 
the  equation,  and  consequently  vanifhes  out  of  it» 
And  then  if  the  unknown  quantity  be  but  of  one 
dimenfion,  the  problem  is  foived,    by  reducing^ 
the  equation.      But  if  the  unknown  quantity  is 
Hill  a  fquare  or  higher  power ;    you  muft  farther 
alTume  other  new  letters,  to  denote  the  root,  and 
proceed   as    before;    till  you  get  the   unknowiir- 
quantity    of  one  dimenfion ;    and  from  this  un- 
known quantity  all  the  reft  are  to  be  determined. 
For  the  whole  art  is,  (b  to  denote  the  root  of  the 
given  power^  that  the  unknown  quantity  may  be 
reduced  tp  one  dimention. 

But  no  general  rule  of  proceeding  can  be  given 
to   fuit  all  cafes ;    and  therefore  the  folution  wilL 
often  be  left  to  the  fagaci^y  of  the  analyft,  in  cop- 
criving  fuch  a  delignation  of  letters  as  is  proper 
for  the  purpoCe.  ,    .   : 


Ex. 
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Ex.  I. 

Ta^nd  two  fucb  numbers^  fi  that  U^  fum  of  thHt 
f quarts  is  a  fyuare. 

Let  x<^  y^  z  ht  the  roots  of  the  Iquitres,  fo  thae^ 
xX'^-yyjz.zz.    Aflume   ajryr+r,    then  xx+yy=zz 
njiy+arjr+rr,  and  x^=iry+rr,  and  zryzixx'^rr^ 
where  y  the  unknown  quantity  is  of  one  dimen- 

fion,  which  reduced  gives  y  n      ^    "*■  j     and 

y  +  r  zz +^'=         '  ■  ~z.    Therefore  the 

xx^    VT  XX  -4'  rr 

numbers  are  V,  — — ~    and  — — —  ,    where  x 

and  r  denote  any  numbcFS  taken  at  pleafure. 

But  if  the  anfwer  is  required  in  whole  numbers^ 
then  2rx,  xx — rr^  xx+rr  will  denote  the  roots  of 
the  fquares,  where  the  fum  of  the  two  firft  is  equal 
CO  the  lad  fquare. 

Cor.  The  tbreejldes  of  a  rigbt-angUd  triaf^le  will 
only  be  commenjurahle^  when  xx-^-rr  denotes^  the  hypo^ 
tbenufe^  ^nd  xx—tt^  and  irx  the  two  fides ;  x,  r 
hdng  any  numbers  taken  at  pleafure^  fo  as  x  is 
greater  than  r. 

Ex.  2. 

To  find  two  numbers^  the  fum  of  wbofefquares  is 
eqtml  to  the  fum  of  two  given  fquares. 

Let  ^,  ^  be  the  roots ;  aa^  bb  the  given  fquanes. 
Aflume  x-^a — v,  yzzvz^-^b.  Then  xx+yy:=:aa' 
-^bb  :r  aor^zav  +  vv+wzZ"^  ibvz+bb  ;  and 
w+wzzzz.zav+ibvzj    and  v+vzzzz2a+2bz  i 

jind  V  =       ■■   ■  •    Where  z  is  any  number  ta- 

ZZ^L  ' 

ken  at  pleafure.    Then  xzz — ^^  ,  ; ,     and 

lax+bzz'^b  ^ 

y  =  ^  '    , .  Or 
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Or  tbusj    ^ 

Let  xrztf*—^^ then  aa — ztfi^^-w+^jyntftf+Wjand  • 
yy — zav+wzibb.     Put  yzuvx — h  \  then  wzz— • 

•ibz-^ia 
2aVy    or  vzz-{-vzz2bz+2a^'  in^  vzz^. — -— -  , 

as  before. 

To  find  two  number Sy  fucb  that  when  eitbir  of  tbem 
is  added  to  the  Jquart  of  the  other y  the  Jum  will  he  « . 
fquare  number. 

Let  the  numbers  be  x,   y\    then  xx+yznQ^ 

-, —  » 

and  jy+xx:  q.     Let  xx-^-y  t=  r — x  zz  rr"^  2rx 
^x:C'y  then  y:z,rr — irxy  and  2rx  zrrr—^,  whence 

«    •      /**     '  ^ — y  "t 

Again,  affume  jy+*'  or  jyH =^  =  j+v  = 

jy-h^yv+vv.    Then  — ;r  -   =  iyv+w,    whenoe 

*' 

rr— ;^=:4rjrv+2rt;v  ,     and     4rtjy+jrr:rr — trw  j 

-                  rr — in^v        .    ,          2m;  +w 
whence  y  zz  ^  ' ".     And  xzz  ; • 

where  r,  v  may  be  taken  at  pleafiire,    provided. 
r  be  greater  than  iw. 

Otberwifcy 


Since  x——^  =  l^~7r>    ^d  xJ^+:v   or  jy— 


—  +!'•=  □,  put  yy^^+lrzizyy^^+^rr  - 

I  '  I 

—  .    Then  \r  —  ->— ,  and  r ^  r:  J,    which  is 

a  cube 
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a  cube  numben  And  therefore  will  anfwer  the 
queftion;  and  we  have  r=li  whence  x=i— ^^ 
and  y  may  be  any  thing  lets  than  i. 

Ex.  4. 

sTo  find  two  numbers  in  a  given  ratio^  fo  that  either 
ef  them  added  to  tbefjuare  of  the  Jum^  may  make  a 
Jquare^ 

Let  the  ratio  of  the  two  numbers  be  as  ^  to  r» 
and  put  i+ezzdf  and  let  the  numbers  be  ix  and 

ex.    Then  the  fquare  of  the  fum  is  bx  +cx    r: 
ddxx.  ThtrcfoTtddxpc+bx=a^  znd  ddxx-hcxzzd* 

Put  ddxx+bxzzdx — v  ziddxx — 2iiw+'yt^i  then 

ix^w-^idxv^  or  hx+zdxvrzvvjzndxzzf.    ^; 

^,        J.                     ■  *              ddw-^-bc+icdv 
Then  daxx+cx  or  ddx+c  XAf=  bA-idv — 

^  'i^^ikj'=°>  ^"^  •  =  °  »     therefore 

ddw+bc+2cdv  =n  (See  Cor.  27.  IL  Arithm.}; 

aflume  iifov+^f +2rrfv  =z  Jv — 2:  zzddw — zdvz 
+ZZ  ;     then     2cdv  +  zdzv  zi  zZ'-^bc  5    and 

V  =  — — — — .    Where  2:2;  mull  be  greater  than 

•         J  .  2:r — be 

tc^  and  expungmg  V,  xn— 77 — , ,, ,. 

*^    P   ®    *        4ddzxb+zXc+z 

Scholium. 

It  appears  from  thefe  operations,*  that  when  a 
quantity,  which  is  to  be  a  fquare  by  the  problem, 
is  not  an  algebraic  fquare ;  we  muft  make  it  fo, 
by  afluming  fome*  new  quantities  to'compleat  it. 
Then  thefe  fquares  being  compared,  an  equation 
k  hadfgr  determining  the  unknown  quantity.  And 

in 


r 


f 


' 
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in  working,  one  may  multiply  or  divide  bv  any 
quantity  which  is  a  iquare,  and  what  is  len  wiil 
be  a  fquarc,  in  a  more  iimple  form^  The  like 
for  other  powers. 

PROBLEM    LXXXIIL 

To  determine  the  maximum  or  minimum  of  a  quantity 

propofei. 

When  a  quantity  is  required  to  be  the  gteateft 
or  leaft  poflible,  it  is  called  a  maximum  or  mini^  • 
mum.    And  at  the  time  it  becomes  fuch,  it  is  at 
a  ftand,  and  at  that  mopient  neither  increales  nor 
decreafes.    Therefore  co  compute  it^ 

RULE. 

Calculate  the  value  of  the  maximum  or  mint* 
num  two  diifer^nt  ways^  which  is  done  by  in- 
creating  the  unknown  quantity  therein,  by  an  ex* 
'  ceedipg  fniall  parti  then  thefe  values  are  to  be 
put  equal  to  one  another.  The  fame  muft  be 
<Iooe,  if  there  be  feveral  variable  quantities.  But 
gp  no  farther  than  the  Erft  power  of  the  fmall 
added  part.     Or, 

If  the  maximum  or  minimum  coftfifts  of  two 
parts  i  compute  the  exceeding  fmall  increment  of 
one,  and  the  decrement  of  the  other  $  and  put  them 
equal  to  one  another, 

Ex..  I. 

WhaifraShm  is  that  nk/bofe  fquare  exceeds  its  <uh 
the  greateft  pojftble^ 

Let  X  be  thefraftlon,  then  ic* — x^ts:inax,  T^fct 
e  an  exceeding  fmali  part  to  be  added  to  x^  thea 

you  will  alfo  have  x^J^e  —  x-H  tzimax.  that  is^ 
Air+aw— If' — ^^ezzmax.  Whence  x**^x^:=^xx 
^2xe — x^ — ^x*e^  and  2^— 3jcv±:a^  or  3^*^ 
Zizixe^  and  ^xz^zz^  or  xzzh 

L     :  .  /  K  Or 
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* 

Or  thus; 

Since  «f»— ^^  -zzmdx^  let  e  be  the  fmall  increafe 
of  x^  then  2xe  is  the  increment  of  xx,  and  ^oe^e 
is  the  decrement  of  x^  ;  iherefore  ixezz^x^e^  and 
'  ^=17  as  before. 

# 

T(J  ^mJ^  tf  ^iw»  quantity  into  two  p9trts^  tBat 
one  of  the  parts  multiplied  hy  the  cube  of  the  other 
part ;  the  produS  may  be  a  maximum. 

Let  a  be  the  quantity,  and  x  one  part,  and 
c — X  the  other  part,  and  e  a  fmall  additional  part 

to  X.  Then  x '  x  a — x  or  ax^ — x^  =  max.  zz 
<^*+3^^*^— ^**— 4^'^.  Then  ^ax*e^4x^i^  and 
x:z:la^  for  one  part,  and  a*^x::ziai  the  other 
part. 

Ex.  3. 

To  find    a^ — a^x+x^    a  minimum^    x  being  un^ 

known. 

Put  x+e  for  X.  Then  a^^-^^x+x^zz  mim  zz 
jj^— ^*x — a^e+x^+^x^e,  and  — /j*^+3y*^rro,  and 
^xxzzaa-^  whence  xzztfy^T^     Then  tf*— fl*x+;fJzz 

*' — a^x/i+i^^\/i=^^  X  A — 5</i>  the  mininium. 

.     £^  4. 

baax+  aaxx — ix' — x^        ^     - 

This  reduced  to  a  common  denominator  is 

2bbaax  +aaxx — bx^ — ia^ — ax^  ^ 
—7 — —- =  max.    Put  x+o 

for  Xf 

TheiJ 
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__         2^^tfAf+rt£7A'^-^— ^;f' — ha^ — ax^ 
Then    ^— 5^5 -= 

i^tf'j,v4-2^<7^^4-  ^^^-^Af  +  ^doxe — Ix^ — 7hic^e — ha^-^^ 

Then  multaplyit\g  alternately^ 
dtaax  ^faxx-^x^ — i^a^ — ax^  X  taa+x^^^xx€  fa 
:  2iaax+2taae+aaxx  +2asxe — hx^-^^bx'-^ — ^^<^— * 

4ix^  —  zax^e  :  x  baa^^^.       And  throwing    out 
what  h  Cdmmon  on  both  fides. 


Ml        I     ■        M 


zbaaX'\'aaxx — bx^ — ba^ — ax^  X  ^^f  tr  i?aa-^x^ 
X  2baae+iaaxe — 3^;^;^^ — 3^;f;r^.  That  is  (^dividing 
by  €%  6baax^  +  ^aax^  —  ^bx^ — ^ba^^ —  3^?^^  =1 
itiia^^TLba^9>-^^bbaaxx^'^  ^ba^xx+zbanx^  ^  taax^ 
•= — jfof^— 3tfx«.  RedtJccd;  j^ax^-^aax^zzlbba^  -+» 
•^zba^X'-^^bbaaxx  j  or  drviding  by  a,  and  tranfpofingi 
|if4-{-4^;ifs  +^bbxx — ziaaX'^ibbaazs.Q^ 

£x,  ^» 
Suppdjk  J^'— 335* + 3)'A?jf  :r  ii^'j?— Jir^x* 

Stippofe  the  maximum  rziw.  Then  ^stw-f  ^* 
This  (ubftituted  in  the  firft  equation,  and  reduced^ 
gives  ^» +y»*;r:  !«)!y---f»;w».  And  ^^  + 1  zmmf^^ 
^+^mn:^6.  Where  »  is  a  fixt  quantity.  Put 
y+€   for  ^5    then  j^'4^i2^*j)^—*J55y+4«*/*r=or: 

and  ay«€+ 1 2«i'^^-rl»7tf£ro,  whence  a)y4-J2f»* — 
2»yz:o,  or  2^  —  37;'  =;:  iimm.  From  tfeisequa* 
lion,  and  j?»+i2iB*j^^i9y+4«»**ru),  the  quan» 
titics  j^  and  m  will  eafily  be  determined. 

Ex.  6* 

Through  a  given  pmt  P  ^;7/&fe  /j&^  angle  &AC,  Figi; 
Udraw  a  right,  line  BPC,  iWiiiib*;^  #i>f  tfr^a  ^  the     1. 
mij»f&  BAC,  /Zj^  kafifojjible. 

Dr^w  AP,  and  iP^  extremely  near  ftPC  *,  then 
die  area  ABP+ACP  =  mimmum..    Ja   the  very 

R  a  itmail 
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Fig.  fipall  triangles  BP^,  and  CPr,  the  vertical  angles 
I.  at  P  are  equal,  and  BP=:^P,  as  alfo  CPrrtrP, 
cxtream  near.  Therefore  the  areas  BP^,  andCPr, 
are  to  one  another  as  BP*  to  CP*  (Geom.^ij.  II). 
But  CPc  is  the  increment  of  the  area  APC ;  and 
BP^  is  the  decrement  of  the  area  APB.  There- 
fore BP^  =z  CPr,  or  BP*=CP»  ;  therefore 
BP=CP.  Whence  if  PD  be  drawn  paraUcl  to 
CA,  then  DB=DA. 

.      > 
Ex.  7. 

2.         To  find  the  greatejt  triangle  infer ihed  in  a  circle 
ACBD. 

Draw  the  diameter  AB,  and  CD  perpendicu- 
lar thereto;  alfo  draw  AC,  AD.  Let  ABzzd^ 
AE:z:x,  ECzzy:  then  triangle  ACDzzxyzzmax. 
or  xxyy  zi  max.  but  yy^-dx — xx\  therefore 
dx^-^x^zzmax^  =  dx^+^dx^e — x^ — 4X}e  (  putting 
x+e  for  ^),  and  ^dx'^ezzj^x^e^  or  j^xiz^d^  whence . 
x=yi. 

S  C  H  O  L  I  U  M. 

.  When  any  quantity  is  a  maximum  or  minimum, 
its  root,  or  its  fquarc,  or  its  cube,  tfr.  will  like- 
wife  be  a  maximum  or  minimum.  Alfo  when  any 
quantity  is  a  maximum  or  minimum,  any  given 
quantity  may  be  added  to  it,  or  fubtrafled  from 
it,  and  it  will  ftill  be  a  maximum,  or  minimum* 
Likewife  it  may  be  multiplied  or  divided  by  any 
given  quantity,  and  ftill  remain  a  maximum  or 
minimum. 

PROBLEM    LXXXiy. 

A  number  or  quantity  being  given ;  to  find  its  loga^ 
ritbms  by  ajeries^  or  to  turn  numbers  into  logarithms. 

X 

Let  —  be  the  quantity  given  5    M=:i,    for 

Nej>er's  logarithms,  or  M =,434294482,   for  the 

common 
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common  logarithms.  *  And  let  x-^yzzVy  x+yzzz» 

Then  the  logarithm  of  — ,  will  be  denoted  thefe 

fcvcral  ways  fbUowing,    deduced  from  the  nature 
of  logarithms. 

^  X       ^,      V       V*       v^       v^      v^ 

1.  Log:  -r-  r:Mx: ^— x +-%—"-: +"n  — &c. 

y  y    V    iy^   ^^   sy^ 

Or, 

.y  V  0i;t  ^l  ^4  t?»  ^ 

2.  Log:  —  =Mx: — I- — ^+ — ,+ — ;+ — c+  &c. 

Or, 

3.  Log:  —  =2M  X  :  —  +  — ,  +  — .  + —  +  &c. 

Cor.  t.  If  V  be  far  lefs  than  i.     T'ben    . 


1)V         V'  V*  V' 


Log:  i+T;rrMx:^^   1 1 &c. 

This  is  plain   by  putting  yzz.inr      For   then 

xzii+v,   and — =ii+v. 
'  y         ' 

Cor.  2.  Log:  ;^+^'=  log : J^,+M  X  i—  —  jp 

+  .—  —  — ^  &c. 

3>»         4y* 

X;  V»  ^J  ^* 

X  X 

For  ](^«  or^r+v  zzlogiyK—^hgij+log:  ~ 


R  3  Con 
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Con  3.  If  Izz^logarithm  of  », 

and  l^s-zilogariibm  of  »4-v.     Then  tbe  addU 
tional  part  of  tbe  logaritbm^  that  is^ 

V  V*  v*  V*    . 

j;;s  Mx  :  -^  -^   — :    +  — r r  &C. 

»  2»*  3»V         4»* 

« 

^r  /r:2M  X :  — 77-  +    3  H — •      ,  ^  &c. 

^'^+^      3.3«+v^      5«2/?+v 


For  fince  /+i=Iog:  n+v^  and  /nlog:^;  there* 
fore  l+s-^Izz  log:  »+v  -*-  log:  »z=  log:  — -  , 

« 

that  is,  j::rlog:  — r— .  And  by  this  prop,  (writing  n 

foryj  k+t;  for  y,  ^nd  an+v  for  2) ;  s  or  log:-— 
will  come  out  as  above. 

Cor.  4,  If  X  he  far  lets  \han  <»,  tben 
Los^  a+l^X+cx'^+dx^  &c.    =  log:  ^+M)|<- 

bx+cx^+dx^  &CC.         bx+ccxx  &c, 

+  "IF-  -  &<==         . 

^'^^''-f-   ^-^l,X^cxx-<ix^  tec.  ==  M  X  ''  • 


bx+cxx+dx^  &c.        i*-4-iA'^   &r. 

1 + 


e. .s  «i  .  u 


2aa 


■^n* 


*' 


tf/fi 
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T 


The  firft  cafe  appears  from  Cafe  i.  Cor.  2. 
writing  a^h-jrcxx^  &c.  for  x,  ^  for\y^  and 
hx+cxx  8rc.  for  v. 

The  fccond  appears  from  Cafe  2  •  of  this  prop, 
writing  a  for  x,  a-^lfx — cxx  &c.  for  jr ,  and 
hx+cxx  &c.  for  V. 

irhe  third  appeal?  from  Cafe  3.  of  the  prop, 
writing  a+ix+cxx  &c.  for  x,  a-^ix—cxx^  Sfc. 
for  yj  2lfx+2cxx  &c.  for  v,  and  za  for  2. 

Scholium. 

2M*y 
The  log:jf+v  =  log;j^:  +^j:p^  very  near, 

when  V  is  very  fmall ;  which  is  only  the  firft  term 
of  the  fcries,  Cafe  g.  Cor.  z. 

PROBLEM    LXXXV. 

J  logariibm  being  given ;  t9  find  tbe  quantity  belongs 
ing  to  it^  or  its  number^  by  a  f tries.  Or  to  turn 
logflrfiim  inta  numbers. 

Let  l+,s  be  the  logarithm  given,  n+v  its  nunn- 

ber,  and  let  /  be  the  logarithm  of  the  number  n. 

*    1 
Put  «:=2. 302585093= -jTr,  for  the  common  lo- 

garicbtns*  or  mzzi^  for  Neptrs  logarithms.  Then 
by  Cor.  3.  laftProb.  /=Mx :  —•—  ^  +~    kc, 

R  4  and 
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tod  ^  or  m=^^^  +  —Sec.  Theft  by  rtw" 


A. 


VerCon  of  fcries  (Prob.  Ixii.),  ^  =  mi  +— 

+  o*T   +  :; —  &c.    Then 
2.3         2.3.4 

f»S  MS 

,      1.  f;=«X:«w  +  —     +   ^  &c.    Whence 

iji+vzzffx:t+m+*^  +  ^  + -2LL  &c. and 

a        2.3      2.3.4 

»+f  .  ms  ms 

.  3.  "IT  =  '+««+—  +  —  &c. 

That  is. 
Number^  l+s  =  number  of  /x ;  1  +  w  4. 

Cor.  I.  If  nzzi^  and  Izio;    then 

i+v    or   number    of    szz  i  +  ms  ^ 
ms  nts  ^N^     ^ 

/*tf  addtttottal  fart  of  the  number ^  that  is, 

v_»  X  :  mx  +  — —  +  4.  &C. 

2  2-3  2.3.4  ***- 

Cor.  3.  IfLietbe  log:  ef  the  number  N,  then 

For 
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« 

For,  by  Cor.  n  i+v    (numb,  of  J  log,)  = 

j+ms  +  '^  +  T^  &c!      Where    1+^  may 

reprefent  any  number,  and  s  its  logarithm.   There- 
fore let  i+v=N,  and  szzL*,  then 


N  (numb,  of  L  log.)  —i+niL  +  -^  +  — 

&c.  therefore  by  the  nature  of  logarithms,    ^ 

-■  ■  -a 

Vt    (numb,  of  xL  log.)    ,=  i  +  «wf  L  +  ^ 

awfL    „  ■         .  - 

- —  &c. 
2-3 

•  •  • 

Cor.  4.  If  yzzn+v^  ^=:r+^  /=:i?f ;  »• -iTitei  . 

- 1^      y  ,       tnel        met 

f  or  »+v^  =»  X:i+«^/+  I-  +  T3" 

r+tf      v  r+i      r+e — i     3^ 

1      _J_.     y    _i ^     V    -       '    '  X  ~    Sec. 


For   »+v''''''=:»'"*''xi+—        =  »'X»'    >C 


■r+* 


J  ^ —      ,    but  by  Cor.  3.  j^     =  i  +  »«/  + 


T-  +  5:y  &^-  and  I  +  —    -  I+-J-  X- 

+  -r-  X  — :;; — ^  X  ~  &c. 
1  2  nn  . 


s 


Cor.  5.  ^  /=&;;  » ;    iben 

N  ^   -  »  X :  I  +  /w^/  +  —  +  yy  &c. 

For  here  t;=:o.  ^ 

Con 
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Cor*  6.  If  v^  e  he  exceeding  finally  then 
n+V^^  =  »  X  :  1  +  w^/  +-»-  ;  nearly^  being  on^ 

rm 

tjf  the  fir  ft  power  of  e  and  v. 

Cor.  7.  If  nzznumier  of  the  logarithm  a ;    then 

the  number  of  the  hgariibm  ^ +^x+f*;x+^'  &f. 
*  «_  fn^ 

2 


nil         .  — 1         !»♦ 


^x  -J-  &c.    +  &c. 

This  follows  from  this'  problem^  putting  Izza^ 

PROBLEM    LXXXVL 

!^  problem  bwi^  rtfilved  analytically,   to  demonfirat^ 
'  it  fyntbeticully. 

R   U    L   £• 

When  a  problem  has  been  folved  algebraically, 
the  demonftracion  of  it  is  to  be  deduced  from  the 
Ibcps  of  the  algebraic  procefs  ;  by  goir\g  backward 
from  the  end  of  it  to  the  beginning ;  obierving 
how  each  ftep  is  fornved  frorn  the  foregoing,  and 
forming  your  procefs  accordingly. 


SECT. 


r 


9fi 


SECT.   vm. 


73&tf  Rejoktim  qf  Uquatiom  -,  <fnd  the  exfroStim 

of  their  ropis  in  mvbers. 


«M 


PROBLEM    LXXXVH. 

^ofind  the  limis  of  the  roots  of  an  equation. 

W^  E  N  9n  equation  is  propofcd  to  have  its 
root  cxtrafted,  it  is  proper,  to  find  •  the  li- 
mits of  the  roots ;  left  y^e  lofe  our  time  in  feeking 
the  roots  beyond  thefe  limits. 

.RULE. 

Reduce  the  equation,  that  the  highcft  term  may 
have  I  for  hs  coefficient ;  then  fquare  the  coeffi- 
cient of  the  fecond  term,  fmm  which  fubtraft  twice 
the  coefficient  of  the  third  term,  then  the  fquare 
root  thereof  "is  greater  than  the  greateft  root  of 
the  equation.  But  the  equation  fliould  be  clear 
of  impoffible  roots. 

For  that  quantity  is  the  fum  of  the  (quares  of 
the  roots,  by  Prob.  35L  Art.  9,  and  that  fum,  it. 
greater  than  the  fquare  of  any  one  rQpt. 

Or  tbusy 

Subftitute  feveral   numbers  fucceffi^ely  fsir  the 
-unknown  quantity  ;  till  at  laft  you  find  two  num- 
bers which  give,  ot>e  a  pofitivc,  and  the  other  2^ 
negative  refult.     Then  the  root  is  between  thefe 
numbers. 

There  are  other  rules  amohg  the  writers  of  Al- 

Jjebra,  which  cpme  nearer  5  but  then  they  arc  more 
^bofious. 

.Ex. 


'  I 


RESOLUTION   of         B.  I; 

lAt  *'+3** — 5Jf— 20=0. 

.    Then  3x3  —  2X— 5  =  9+^o=*9- 

and  v/'9=4*3>  &?^.  Therefore  4.3  is  greater 
t^an  any  of  the  roots. 

Ex.  a»  , 

Suppofe  XX — X — 5=0. 

If  ^=2,  then  the  rclult  is  2 — 5= — 3. 

If  V=3,    the  rcfult    is     6— 5  =  +  i. 

Therefore  the  root  is  between  2  and  — 3. 

PROBLEM    LXXXVIII. 

■ 

To/efolve  a  quadratic  equation^  and  extraSl  its  root 

in  numbers. 

I  comprehend  all  equations  under  the  name  of 
quadratics,  in  which  are  two  terms  ^involving  the 
unknown  quantity  ;  and  where  the  index  of  one  is 
double  to  that  of  the  other.     As  in  thefc, 

aa  -^^  ba  z:zd 
a^  +ba^  z=  d 
a^  +bai  zz  </,  &c. 

where  3,  d^  may  reprefent  any  numbers,  affirma- 
tive or  negative. 

Every  quadratic  equation  has  two  roots,  though 
perhaps  only  one  of  them  will  anfwer  the  queftioi^ 
propofcd.  And  to  find  thefe  roots  the  equation 
propofed  muft  be  firft  reduced,  by  dividing  all, 
by  the  coefficient  of  the  higheft  term  ;  and  then 
tranfpofing  the  known  quantity  to  the  contrary 
fide.  Which  done,  the  equation  will  appear  thus, 
sa+ba=d.  Now  add  to  both  fides  ibi  the  fquare 
of  half  the  coefficient  6f  a^  and  we  have 
M+ba+ibb=ibb+d ,    where  the  firft  fide   is  a 

complcat 
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compleat  fquare  •,  therefore  extradt  th?  fquarc  root, 
and  a+lizi±y/'iii?^d  >     tranfpofe    ib  ,     then 
azz — lt±\/^iif  +d.     So  a  becomes   known,  be- 
ing either  equal  to  — ih   +  \/ii^b+d  ,      or    to 
— 1^ — )/^b  +d.     Whence  this 

I     R  U  L  E. 

'^  The  equation  being  cleared,  com  pleat  the  fquarc 
by  adding  to  both  fides  the  fquare  of  half  the  co- 
efficient of  the  fecond  term.  Then  extraft  the  root 
of  both  fides,  which  may  be  either  +  or  —  ; 
then  tranfpoft  the  known  quantity. 

NoSe^  If  the  abfolute  number  is  negative,  and 
greater  than  ^  the  fquare  of  the  coefficient  5  the 
equation  is  impofiible. 

If    aa'+baziJj 
Then  a  =  ±  \/%bb  ^d  —  .;*. 

And  the  root  extraded  in  numbers  gives  a  v  but 
if  '^hb  is  lefler  than  d^  and  d  negative ;  it  is  im- 
pofilble« 

Ex.  I. 

^>M+5«z: 68. 
Then  a zi  +  v^db + 01  —4  =:±v/74- 2 5 — 2-5.5 

74.25(8.6168  &C. 

166x1025  i  8.6168 

+6/  g^6  —  2.5 


•■•^ 


+  6.1168=:^ 
11.1168=:^ 


172l\2900 

+  1/ I72I 

17226)117900        •'■  '  '  . 
4-6  10335^ 

17231)1454400  ^' 


^5*  RESOLUTION    of        B.f; 

Ex*  %• 
Lit  au-^Saziij. 

Then  tf=:3±V^9+27  =  siv/s^- 
Cbac  is,    azz^+6z^g* 
•or       ^=13— 6= — 3» 

■ 

jEa:.  3. 

Suppofe  aa-^2^Sazz — ii55-  ""^ 

Then  ^=118  +  ^/115* — 1155; 
Chat  is,  tf=ii8  +  u^zzi^t 
or       i7=ii8  —  113=:     5. 

2    R  U   L    E. 

When  you  have  large  numbers  to  deal  with  1 
|t  is  better  to  proceed  thus.    Ckar  the  equation, 
.    And  if    aa+ba-^zdj 

then    a  zz  fT^'^  the  form. 

d 
To  find  the  firft  quotient  figure,  take  -j,  when 

i  is  far  greater  than  a  5  or  take  \/^  when  a  is 

d 
far  greater  than  b  ;    or  take  -7  when    a   and  ^ 

are  nearly  equal ;  thus  it  will  eafily  be  found  by 
a  few  trials.  Or  in  general,  take  the  firft  figure 
fuch,  that  when  it  is  multiplied  by  tht  fom  of  it-- 
felf  and  ^,  it  will  produce  the  firft  figure  or  fi* 
gures  of  d^  or  the  next  lefs  :  th^s  is  all  the  dif- 
ficulty. Then  multiply  and  fubtraS:  as  ufual,  the 
remainder  is  the  refolvend. 

Then  to  continue  the  divifion  ;  you  muft  find 
a  new  divifbr  for  each  quotient  figure,  thus.  Add 
the  laft  quotient  figure  to  the  laft  divifor  (duly 
obferving  their  places),   iot  a  new  divifor  >   fee 

bow 
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how  oft  this  is  contained  in  the  rdfolvend,  fet  the 
anfwer  in  the  quotient,  and  alfo  ^d  it  to  the  di- 
vifor ;  then  multiply  the  whole  divrfbr  by  that  quo- 
tient figure ;  and  fubtrafl:  the  proda£t,  ^or  a  new 
refoivend.  But  when  any  of  the  figns  are  nega- 
tive, the  proper  quantities  are  0)  be  fubtraded,  in- 
ftead  of  being  added.  Tbi^  work  is  always  to  be 
repeated  for  each  quotient  figure. 

When  any  quotient  figure  h  fo  great  that  the 
product  exceeds  the  refolvcnd,  place  a  ieis  figure 
in  the  quotient. 

When  you  have  got  more  than  half  your  in- 
tended number  of  figures  in  the  quotient,  yoa 
may  continue  the  divifion  without  adding,  the  new. 
quotient  figures^  to  the  divifor. 

Obferve,  each  quotient  figure  is  to  be  added 
twice  to  the  divifor;  once  before  multiplicattoo^ 
and  once  after ;  jud  as  in  extra&ing  the  (quare 
root,  and  for  the  fame  reafon*  For  this  method 
extrads  the  fquare  root,  when  ^na. 

When  one  root  is  had,  the  other  is  found,  by. 
adding  this  to  the  coefRcient  ii  for  the  fum^ 
changing  its  fign,  is  the  other  root. 

This  rule  is  the  foundfttton  of  the  method  for 
extrading  the  roots  of  adfe<£bed  equations. 

Ex*  4" 

Let  aa+^ta  n  4844. 
then  4644 

32+a 

^     46CO  ^     . 

Suppole    - —  z:  100  too  great  for  a. 

^4644=60^  which  is  alio  too  gi^rfdr  a.  Take 

4600 
4  =  £—  zz^y  too  .gtcat.     Take  ^=:50» 

2» 


1 


k5«  RESOLUTION    of        B.  ftr 

32    ...      - 
+  50 


■   I    ^ 


82)  4^44  (50 

+  54     410  • 


WMi 


»36      544  (  4 
544 


m.     » 


I54=A 


■«  • 


Ex.  5. 

Let    aa+35a  =.  28349994 

283499^ 
4    — -; 


35+« 
Here  4=^^28  &c.  =5000  nearly. 

+35 
5000 


503 5  \  28349994  (5307  =< 
5300/  25175  ••• 


III        >w 


»0335\     3»749 
307^     31005 


10642)         74494 

74494 


m  ,  n 


Ex.  6. 

Suppofs    ^^—5307^  r:  —184520. 

then  ^:=Zli»15^   ^  2!4520_ 

—5307+*       Si^l—^ 
Hctc  i?  =:  -'—  =  3  nearly. 


5307 


*3«>»  i845«o  (35*=^ 
—30   15831 V    ^ 

5277)       26210 

•-^35     26210 


t    4i     Wk 


5H«) 


Ex.  7.     . 

tit    4M+463«  zz  16698 

2660S' 

46'^+tf 
4S3)  46698  (5[i.85534J  =* 

' — &    > i^' 

513)     104» 

+51         564 


««liAMMMto  >>i^Mto 


564)       4i{4.0O00O 

4-1.8    45264. 


565.8)   31.3000 
+.85  283325 


566.65)   aQ275 
+  5.    28335 


^^<M^«Aai 


566.70        1940 

1700. 


•  •    •  • 
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IX 


■i^ 


1 

Sfi!>!ittm,Mx*+hx*=id.    ?«<!=:**,    then 
aa+.ta:sd ;    and  find  49  as  abov^  Then  «=:y^«« 

S  by 


by  extra£ting  the  ipoc    ^Aad  the  lame  for  higher 
equations. 

To  prove  the  truth  of  this  rule*  Let  ic+y-k-z  &c. 
be  the  true  value  of  a  %  x  the  firft  figure,  y  the 
fecond,  and  z  the  third,  (^c.  Then  fince 
na+ba^df   the  value  of^  will  be 


M.X 


*  X^+y+^  +  ^+y+2  ,  whence  y+J'-f  ^  &c-  or 
_  3+tf  _  ix+hy+iz  +  x+y-^z 

7he  opiratim. 
i    \biC'\'by+iZ'^xx+2x^{x+y+z  &q 

I  -divifor  ^+x)  h+xx 


+x+y 

^  divif.  *+2^+J^)      ^+^«'+:3!T+2^  re(blvend| 

+y+z  +ZZ+ZXZ 

h*h2^+yy 


3  diviC  ^+2A^+a^-rz)    hz+2x+2xz  refolvend 

+2yz    . 


Here  tx^t-iy  ice.  being  divided  by  i  givear  « 
in  the  quotient,  and  x  added  to  b^  gives  b+x  for 
the  divifor,  and  bx+xx  for  the  produ£t».  which 
fubcra&ed^  leaves  the.  reiblvend  by+bz+ixy 
+yy  Sec. 

Then  in  order  to  get  the  iecond  figure  y^  the 
refolvend  iy+2xy+yy  &c.  is  to  be  divided  by 
i+2x+y.  Therefore  x+y  is  to  be  added  to  the 
laft  divifor  b+x^  to  get  the  new  divifor  b+ix^y. 
This  divifor  multiplied  by  7,  gives  by+2xy'^Hy^ 

which 


which.  fubtra(5ted,  leaves  ix+ixz-^iyz+zt  for 
the  refolvcnd.  .  ' 

Then  to  get  the  third  figure  2;,  it  is  plaiq^  the 
Ttioivend' hz+^xz+iyz-^-zz  muft  be  divided  by 
the  divifor  ^+2Af-)«2>Hr2?)  but  this, new  divifor  is 
^+2y+y4-^+2;#  that  is,  it  is  the  old  divifor  with 
*+2  added.  Then  this  divifor  multiplied  by  z^ 
and  iubtraded,  o  remains.  Therefore  the  root  is 
rightly  extrafted,  and  the  rule  true^ 

As  I  am  upoiQ  this  fubjed,  I  fliall  alfo  {hevr 
the  trutia^  of  tb^  rule,  for  pctra^ipg  the  fquare  root 
10  Arithmetic,  which  is  the  cafehere4  when  ^=;0» 


iMl 


Let   ^-H7+2  be  the  fquare,  diat  iS| 
I  div.  x)*Jip+2flgr+jjy+2^5;+2y2+ifez(^+^+» 


immk 


^y  2xy+yy 


i«teMttMMHMMi«a^Mirta 


%  div.  2X  +y)  +2XZ+ lyz-i^zz 

,+y+z         ^ixz^zyz-^z:!^ 

3  div.  2;c+2;^4-2)  o 

Here  x  being  the  root  of  the  firft  term,  iti 
iquare  fubcraAed,  leaves  the  refolved  ixy+yy  &c* 
Then  to  find  y^  the  refolvcnd  muft  be  divided  by 
2x+y.  That  is,  to  the  old  divifor  x,  add  ^+>  ^ 
for  a  new  divifor  ix+yi  this  multiplied  by  ^,  and 
fubtrafted,  leaves  the'  reiblvend  zxz-^iyt+zz. 
Again  to  find  z,  the  refolvend  is  to  be  divided 
by  2X+2y+z  that  0  remain ;  that  is,  to  the 
Old  divifor  2x+y  add  y+z^  the  fum  is  the  new 
divifor  2if*h2jf+2,  which  multiplied  by  2,  i;i  e« 
qual  to  the  refolvend,  fo  that  o  remains  j  and  the ' 
root  is  x+y+z. 


S  2  J"  R  O- 


afo 


RBSAJUUTIP.N:,  tf  ...  "BX 


*     ^    > 


^      » 


PROBLEM    LXXXIX. 

9«  txtrad  tht  root  of  aifihU  iiptaripta 

'-  •"'■■    -.r'  R"  u'-L  .e;\'.  ■■ 

'*i*alcc''aiway'  tKe  fecbhd  term  of  ^Hc  cquafiofl^ 
(by  Prob.  U.)  i«^hkb  then  wiU  be  in^  tiuft  ]^ai>   , 

Then  fubftitutc  numbers  in  cither  of  the  following 
forms,  and  ottraft  the  roots,  by  which  means  a 
wiU  be  found. 


a=  y/kd+\/'^d+Si^ 


t   •* 


rszi: 


6ra  =  ^id+^idd+^ib^  +  v^i^— V'ifi+^* 


^  1 


iVi?/f ,    When  *  is  negative,    and  iji^    greater 
than  idd^  the  equation  is  impoffibie* 

Ex.  u 

/>/  x^ — 6x— — 9. 
Hew*  *=:--*6,*   ^z± — 9,    and   ^iSS+7fF^::i 

4uxd  v/—- 4i+3i  =  s/ — 1=-— !•    Therefot^ 
.^X  v^— 4i-^3i  =  >/— 8:r— 2,  whence    ' 


:■    .' 


«=-j:P— ?=— 3,  «  before. 


•    '(    ' 


»     »    . 


\    • 


'  » 


1 '   _■-..■ 


.L.f, 


'4  ».v 


-.•*.^    ^ 


&!• 


P 


SiGL  viir.     Ef  0  ti  A  t  r  b  N  sf  •        it  r 


'  r 


■  I 


£^  d'rtr^  sap* 

Here  ^=6,  </=:20,  ai^  v<W+ iS^'  =:v/io7. 
And  .v<io.rj-v/Aoa.  =;  i+v/?  i.Prok.  Ipii.]^ 
v/io— v^io8  £=  1— v^g.    Whence    ,  ,-. 


*  % 


I       ■  I 


f  r 


\     ' 


Let  a* — 154=4. 
Here  ^=—15,  dzz4t  Jtnd  V^iSI+J^     == 

And  v^*4-iiv/ — I    =  2  +  \/ — !•       'And 
Whence  ^=2+4/— 1+2— v'— 1=:4^ 


••     J 


.  Ex.  4*  w    . 

Suppofe  tf' +24/2=58  79 1 4. 

Here-  ^=24,  1/1=5*7194.    y/^dd+ijb^      = 
293957.000878. 

AiidV'i^+^P&c-  =  83'  773^  .    And  ^ 
gi^z=.0958;    therefore  - 

4=  83.7731— .0958=83.6773. 

It  fomctiipcs  happens .  that  the  root  may  be 
found, ,  chough  the  negative  quaotity  vrb^  be  greats 
er  than  idd  ;  and  that  is  when  the  iurd  cubic  root  • 
can  be  extraftcd.  For  then  the  irrational  partjr, 
in  different  parts  of  the  equation,  will  deftcoy  one 
-ifaochert  and  vanifh  \  as  in  Ex.  3. 

S3  u» 


s^a  RESOLUTION    •/        B.-I. 

To  prove  the  truth    of    this    rufe.       Put 

f  5:v/'<^+^*'»  J=  x/i^+i"  •     Then  az^s  — 
b  bh      h^  ib 

•therefore  «»+34i=:j'-—  — - -=r  li  +  r  —   7-7--. 

275'  •sa+r 

^  |7+P «=...(  refto»*iig;.w ) 

is,  ^5  4-^<?— </,  according  tp  ^  ficft  parf^of  the 
rule. 
And  the  fecond  part  \9  proved/  by  fhcwing*that 

«  —I  ^'^^ffi^ 

^  %dd'^-rr'=z—:rhK  therefore  «<*—r=:  ^V: — 


^1  s   —- ^ 

•p-  — ,,  and  v^ia-^i-f  zz  •—  — .  Which  wa$ 
to  be  proved. 

JSome  of  .the. cafes  of  cubic  equations  may  'alio 
be  refolved  trigonometrically  by  the  table  of  fines* 
As  Iqppofe  the  oquation  9^—pxzz±ji^  to  be  gi- 
ven/  fiTy  Prop.  24,  25.  Trigonometry,  *if  rzira- 

4y' 
dius,  y:^^w  of  an  arch  \  then  ^ en  S.^## 

the  arch.    And  by  Prop.  26.  if  x  s  cofine  of  an 

arch,  then  ^—  «^—  ^  ~  cofine  of  ^ce  that  arch* 

fr*        .4 

Thcfc  equations  reduced' give  ^» — ^rrj^  1=*-^  -^^ 

X  fine, of  3r^  the  arch.  And  y» — irrx:=:+\rr  X 
cofine  of  thrice  the  arch.  Or  putting  y  -for  eit 
thcr  the  fine  or  cofine  of  the  arch,  C.for  the 
iiac  W  wfinc    of  thrice   the  arch  j    thch  * 


(i(^.  via       E  CUf  A  T I  ON  Ss  aS^ 

^'-^rrjfz:+ —  C>  die  fign  +  being  forcofinesj, 

.and  -^  for  fines. 

ThiSDt  if  xfae.^yracqtiatipn  9c}-'Ti^^±g  w  jo 

be  relblved ;  it  muil  be  compared  with  the  fore- 
going,  and  all  the  .parts  made  fimilar  in  both. 
Therefore  let  the  equation  x^—fx^z+q^  be  de- 
.  noted  thus,  x^ — ^jRRxrr+iRRS,  S  "being  the  fine 
«ar  MflM"  of  thrice  the  ar^h.  Thpr^efbre  ^Rtzp^ 
and  R^Vt?-       AUo     J=ilt*S  =  j/>S  ,    and 

.S  =  ^.    Whence  by  firoportjon  R  C/^) :  S  (0 

:  :  r  :  C  =       ai%   the  cofine  or  fine  of  an  arcb^ 

Of  ^ich,^  y  is  the  cofine  or  fine  of:  t|ie  third  part* 
Then  y  being  fbuiidi'  icwiU  be-r-:jr^-:;R<^M) 

:  X  =  <^^^y  as  required*  ^  Hence  thia 

2  R  u  L  e:     '  ^ 

•  Take*  away  the  fecond  tefra  (by  Prdb.  K.)  Jf  it 
Jhave  any ;  and  the  equation  will  he  reduced  tp«. 
this  form.  '        '  * 

Then  take  ^^  =  the  cofine  of  4nr  arch  XW 
it  be  +j),  or  thp'  fine  (if  --^).    Vji^  jjz^jfgC^ 

or  fine  of  i  that  arch  %   then    "^  -  ■'■  -  =.  x    re- 

•     .ft 

quired.  *" 

;  And  this  lad  arch  may  beetthenthat^eiboiid». 
or»  that  +120%  or  thic  fame  +240«.  By  which. 
means  you  will  have  three  roots  pr  values  of  y. 

But  npte,  when  ^-775  i&  gi«ater  thaa   i  ^    ifaft 

^ueftion  is  impoflible  by  this  rule 

S4  TU«re- 


! 


•     4 


Tiietefbird  this  rUl^roppto  >th6;dif<)ft  ^f  4the 

'  firll  rule,  \whichiDn1y  folves  e^juations  thac  have 

but  one  root  reilK  and  two  impoffible^ooes  r  whilft 

*  ».    »  *• 

'  Ex.  <. 

aiid  if  r=:i,    5^  =.9876551=  fincof  8.i<^  i^ci^ 

siear^  and  the  third  part  k  27,  or  1479  or  2671 

yKofe  rviesar(P»   .y^-45399»    ^^    -544^7 »    *>** 
•—-.^9^63  J '  theft    multiplied  by  tl.015  P^'odiicc 

.5;ooo4i'and  5-999  if   iam)  — 10.999$^    theicfbrc 

the  tbr«e  roots  are  £1  6,  and  '^lu 

* 

Here    ^319*     f=3<>»    and   \/|p=5-93}^3l 

-Iff 

T^V  =.94112  =;  coflne  of  i^^  :  45'i^    and 

the  rhird  part  is  6**  35',  or  126*  35',  or  246**  35\ 
whofe  cofinc    U  jr=.9f9340,    or    — -59599  f    o** 
!*^-J974f  •  'Which    multiplied  by  5  Q3323,    pro-   . 
ducc  499998,    and  — 2.99974,    and -—2.00024V 
€0  the  three  roots  are  tbefe^  5,  — 3,  and  ';— «a. 

P  R:  O  B  L  ]fe  M    XC 

into  two  quadratics.  .     *^ 

TAt  'away  the  fecond  term  (by  Prob.M  ),  and 
let  the '^refttking  equation  be  x*Hrf»»+raf+i=Oi 
Suppofc  it  to  be  ^neraied  by  the  two  (quadratics,  j 

W+^*+/^Q>    aqd  w^^f^j+^szo. •   Thcfc  being 

»ukipli«d 


•iid  -3!^    - 


SeaiVIIt.       RQyA.TlQNS.  ^ 

CompttiffSr^^  tcira^  th)(i.  itkll  ^  fiiilnfqiH^ 
tk>n,  wc  have  f^g^-^^zzqf  ijf— ^=rt  mdfg;z:4i 


whence^;  4/=;rh^^   Maf--/=7;    and  coofc- 

ftu^pdy.  1^^=        ^     .»  and  /s^ j — -,  And 

rr 

'4  ;'  ■        - 

^-f  g^^  +  yj^#~rr=:o.  Put  J=^^  iand^thell 
Z'+^JT*  +f2T— rr=o.    A  cub4c  equation ;  wtienoe 

the  following 

.   ,  ..     -I     .  , 

R   U   I.   E.  ,       \^. 

To  refolve  the  biquadratic  equation  x^+p^^y-nt 
^fz^o.  Take^die  cubic  equation  y+2jj!)i+xj{©H^ 

^:o  *,  out  of  which  take  away  the  feconcl  term^  (bj^ 
Prob.  liO  %  and  find  the  root  by /the  Jaft  probleizi^ 
Qc  ofjberwlfei   and   from  thence    finf}  j.  ^I^ca 

take  ezzs/j,  and  /-  ^        _  ^  ,      and 

r 

»        ■      ^ 

,„Mft'f.  find,  theirQpUt(^iihrfet*iaqi»%dr4t!k^^^^ 
qijationst  ;flr+^;lf^*/=sO,  .ftndr*R^r-«rf^=;o.  And 
theft?  will  be  the.  four  i^oom-^  thftj Mgu^flijuic 

£:cam£li. 


I  f    m       t  *       ,    I       I 


$£6  RlLSX)LtITIO!N    (^        B.i. 

I 

.    .    Example.    ' 
Let  ^*^-f25«f*+6ox— 36=0. 
-    iPromtWs  you  have  <hc  cubic  equation  f^ 
j^i-^^gy — ^36002:0.     Take  away   the  iacodd 

^«erfii,  'hf  writing  jtr-h  *-  for  y.      An4  ^fw  *»^c 
««— ^^  if  x:  ^7^.    And  by  Rule  2.    Prob. 

I  "f 

laft,  v=:8.3333&c.  =:8-r-,     whence    J^  =  8  — 
,if.  i^  tt  25  ,     and  ^-=  5 ;     therefore  /  5=; 

»  -OO*     '     *  .  'OO 

— 25+25— r  — 25+-?5+-T 

+6.  Whence  xx+sx — 6=0,  arid  xx-r^^x-^rS 
r=o  ;  and  the  roots  of  the  former  equation  are  1 
and  — 6  j  and  of^he  iatter,  3.  and  3.  Therefore 
the  four  roots  of  thd  biquadratic,  x^^^igx^+Sox 
>i— jjinb,'  arc  i,  2,  3,  and  ^^. 

Anfl  the  faine^  roou  will  be  /ound^  b^ . imdc>0g 
ufe   of   the    other    values    o(  v  ^     which    are 

\^     nd  ^  ~ 

5ri&^/.  But  this  and  fuch  like  rules  are  of  little 
value ;  for  there  is  "far  more  labour  here  in  get- 
ting the  roots  (than  by  the  method  of  oon verging 
feries,  which  is  to  follow* 

PROBLEM    XCI. 
To  extras  the  root  of  any  pure  power  in  mmhers, 

'-    Let  G  be  the  nunober  given  to  be  cxtra£led  % 
m  the  root  required,   r  the  «oeaieft  ro9C>    aiid  ^ 

the 


the  rcnwiiuDg  part  pfit^ihgn  'vH^.^C^.  xh?t 
is  (Cor.  I.  Prob-v.)  ,r*  +  ^r**"'  *  7fc.l». 

rTr  •f^  +  m.—: —  .  •— —  r      ^  e\3cc.   =G,   and 
rcjcfting  ^ '  and  the  higher  powers,  as  very  finall  $ 


...2 


'  wc  have  tir^      i  +  m. ^      -^e'^  G*-t  r  9 

2  o 


t  ^  ..    .^ 


'    At,i**~*  •  f* :v 

•«^  — ::: — T ^  +  ^^  — ^   '^:,   "'\^  rancc 

2  2 

•  ^  * 

1    I(   U    L   E. 

,;    15 Let  .G.=:abfelute  number.^  ;•    r-^ 

'  r  T!!  the  ncaiteft  root  70U  can  fincL 
r+e  tc  the  true  root. 
.-4W  =  the  index -rftheiFOQt.  t. 


« •  » 


...  . ',  •     *  -  -I    ♦ '  * 

G — r  V. 

^. — ■ — r 

2  ,'  .  . 

.D 
Then    he+ee:z,Tiy  or  ip  =^1^^:^  ,   nearly. 

Which  equation  is  to  be  reWwd  by  Prob.  l^x.if^iii. 
When  ^-Whad,  then-  r^e  iitabe  taken  for  a  new 
value  of  r,  and  the  operation  lacpflatcd,  f^prfeaps  of- 
tener  than  once.  Thte  >uk  igdncraHy  ttriplcs  the 
number  of  figures. 

But  if  the  third  power  of  *V  be  taken'  in,   then 

n— I  m — I    to— 2  ^ — I      «~2 

2  -  ^.-  2  3 

yP-^^!  -^Q — ^  and  fincc    ic+te^fy.    there- 

tore 


figs  R  E  S  O  L  U  T I O  K   of     '   £  t. 


^  «  <^ 


"2  3 


f      I 


I      .       m^^^  m^%        ,       ff— I 


whence   mr        ^  +  ui.— ^-iT^.        #f  + 


>>n  i    <i 


2 


r*^>:  De-^«  =  G— r*  and  ir^+,^ 

— 2»%    .  w— t         i» — IM — 2,"    ■  G— r         ^ 

"by  fubratutiODiCputtiiigi*  n  —i^);  expunge  h  arid 

^    iV         ■     m^i    m-^     "  G — r^. 

D»  then  mr  H r-  .  • y,-— ^--r  ^  + 


Tf^  — 


r 


Z  '2  3 


X  ij— :  ^^^^T  i  that  IS, 


that  M,  rr  +  — —  F  x  *  +'— g^" ''  '*  =  ''F  • 
whence  thi) 

2  R    U    L    E. 

Let  G  i=  abibhite  number, 
«  . :  ^    r   ±c  nearcft.  rootr  you  can.  fiod- 
r+e  =  true  root.  , 

n  =  index  of  the  root. .  —  —  - 

2W— 4  „ 

Then    ^n.     ■o   ■  ,  \  mC'^cgzz ^  heart V.'  * 

Which 


•'•"        -•         .i^  »»»*•  V 


SMfVni  .    K  QUA  T  101*^5,  ^ 

Wbich^is  ro  be  folved  as  Prob.  Ixxxviii,  and  re- 
peated mxk  new  n  it  dsere.  be  joteafiSin  -  Thh 
rule  commonly  quihtuples  the  number  of  figurgi 
in  the:  foeli-truc>  at  each  opcra^on.  .^  *  1 
The  root  of  any  number  may  alfo  be.extcafted 
,  by Prob,Jvui*.-?rftW  ^    ,   ,  i,t^> 

•4      ;•  3    :  R    IJ    L    E«  ^  /      r   :      *^ 

Let  P+Pji  be  the  number  given  to^  cxtra6W*' 
F^  the  greateft  power  pontainedih  it.        ^ 
:    3Pj>  the  reminder;  and 

}y  thl^  quotieht  arifipg  by  dividing  the  rcr 
mainder  by  the  greateft  power. 

-  10^  the  index  ^  the  r0QC.    Then     •        vi 

i 


•^5=1  C«  —  -2^^  D  «  &c.     Where  A»  B,  C; 

(Sc.  are  the  pi«ceding  terms.  In  this  nil;,  whai 
two  or  three  figures  are  got,  put  them  equal  to 

P*  y  and  b^in  the  opei;ation  anew  $  and'  the  feriei 
will  then  conveme  exceeding  faib )  and  fo  mocb 
f after  as  ;  is  lefs . 

Cor.  Hence  itfolhws^  that  > 

•|-  D^  —  ^  E?  &c.  for  the  fqilare  root: 

5      *       10    **  *     - 


1 '      '      2  f^ 


V'P+f ,  =  v/P  +y  A,  -.-J-  p,  - 1.  Cf  - 

8  II 

rr  Dtf  — —  Eff  &c  fof  the  cube  root. 

v>F+i7= v;?  +2.  Aj-4  B?  --  -^  Q  - 


rg  Df  &c.  for  the  biquadrate  root. 


I 


■ 

&c.  for  tbo  cube  root  of  the 
D^iuuiei    and  ib  on. 

fFbat  is  tki  (Hkf  rmKif  z. 
Here  G{=2»  r=:i»  mzz^t   by  Rule  s,  ^=i« 
D  =~  =.3333  J  »nd  ezz-^^. 

.  '-    V3333(-26=* 

.1.^  ) .  0933.      and  r+e  =  i>26 
+26       876 


1.46        57 

Agaln^  for  afecond  operation; 

.  Let  new  rzzi.26  ;    then  G— ^'s  —« 000376^,. 

m— -I  ^        ,  _      .000?  76 

".^  ^•""^'•=3^=3-78,  and  D=  —778  = 

.000099471,    arid  bccaufc  ^  is  ne^tivc  here  » 
^^.000099471 


I  •2600000 
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1.2599300  11275900 

— 78  10078816 

1.2598520  1197084Q: 

i*259843  •    ^J2253 
•  •  •  •  •  629925 


233^ 


HK- 


7i. 
r  =:  I  s  t€ooo 

^     = 4    000078950106 

^2  =  1.  25992104.9894 

Extras  tbe  sib  fcot  of  23278345^73* 

Firft  point  every  fifth  figure  tbt» 

•         •         • 

23278345«9^73»  • 
Then  for  brevity's  fake,  tafce  bnly  tlifc  firft  pe- 
riod»  as  an  integer,  that  is  432.  _Theft  piticccd- 
ing  by  Rule  2,  we  fhall  find  2  the  toot  irf  the 
greateft  power  contained  therein  ;  and^hence^ 
r:=2/and  ~  '^     ^ 

3*  =  'r'^ 


mm 

100  =t  G — r 

and         40  =:  mr    . 

100 
Whence       — -  =:  5  =  F. 

*    ■• 

Therefore 


I^f  RBSOLUTIOK    (f        KV 

TbatSatt    4U'¥*«:=^5t  or  «  ss  — ^. 

+9  4  86 

"^  )  I40O         frbcnoe  r:^t.$»  % 


+g2    1164 


Cdppore  again  new  rsi^O, 
Then  r'=:243890oo. 

G  =  a32783455987J 
r'  =  1051114900000 

Q— r«    =     2  767 1 96598  7  J 

F  =    2269.117        whenos 

297.825f+f(r=:2269.2i7 
2260.217 

or  ^  =  ■  '■'r       '  III. 

«97'825+* 

a97,«25)  2169.217  ("7.43375 
+7  2<33  775 


304.825)    1354420 
+7.4        1248900 


312.225)  105520 

4-  43  •  9379^ 

312.65I5  11724 

+  33  9380 


i 


312.68  2344 

;  ;.  2188 

Whence  r+i  =  297.4337,  which  m^y  be  ta* 
ken  for  new  r»  and  the  operation  repeated,  if 
there  beoccafion. 


^ 


'  >    t  ,•        I    't 


seoufvm.  i  Boju  -^  r  ham  &  ^       ^% 

*  9 

fl^tf/  /i  th€^ib*roct  of  idoooo. 

The  neareft  root  of  1 00006  is  .ky  whence  by 
Rule  3d,  .     ^     * 

P    -  .3  .78U25  ..    -  ;. 


» • 


Vq  ZZ     41875. 

whence    £  =:     .  2<8  &(i. 
And  v'F+F}  =  V/P.+  yAj  -^^  By  -- 

Thitis^  \v^P  £=  +5000  ' 

+  rAjf  =r       /aoo  .      ,  . 
— fBj  s:    --;o24. 
— .ItCj.  =;.    +.004^    V  ^ 
— -|Dy  =    -^.^oo.i 

vCC*  wui    ■  I'l  —111*. 

But  beeaufe  this  converges  flow,  take  5. 1 79  for 
the  root,  and  involve  it  to  the  7th  power,  and 
wc  have  ^     »      •.        :    ,  -. 

P+Pj  =  100000.  . 

Pf         =:  64.1347126906 

f         rz   .0006417587 

Then  v^P  i^     5.1790000000  —  A 
+iAtf  =  +-0004748,097   z:  B 
•    — cBfl  r:    -*-     >      1300  =  C 


i^mm^ 


5.1-794748098 
— 1306 


T  Schei^ 


tt74  RESOLUTIOH   •/'       8,1. 

"  ScboL  1.  If  the  root  is  required  for  only  a  few 
places  of  figures  ;  the  ealteft  way  by  far,  is  to  «x- 
trad  it  by  the  help  of  logarithms. 

ScboL  2.  From  the  foregoing  procefs,  tht  tvJe 
for  extrading  the  cube  root  in  arithmetic,  may  b& 
demon  ftrated. 

Let  a+e  be  the  h)ot,  a  the  firft  figure,  e  the 
fecond.  Then  the  cube  is  a^+sa^e+sae^+e^i 
then  a^  the  greateft  cube  contaned  in  it,  being 
fubtraded  -,  there  remains  gtfV+j^^,  letting  afide 
e'  as  being  very  fmall.  Divide  this  remainder  by 
3,  and  we  have  a^e-^-aee^  from  Whith  ta  *6tiA  e^ 
this  remainder  or  fcfoivend  muft  be  divided  by 
aa+ae.  That  is,  the  refolvtnd  mnift  be  <livided 
by  aa^  the  fquare  of  the  root,  and  then  to  thfe 
divifor,'  there  muft  be  added  4f,  the  proAiift  of 
the  root  by  thk  quotient  fi]^re;  and  the  whole 
will  be  the  true  divifor  lor  finding  e.  But  as  f' 
was  left  out  of  the  account ;  the  root  got  this  way 
will  deviate  from  the  true  root ;  and  therefore  you 
mbft,  after  a  fbw  figures  are  had,  bedn  the  ope- 
hitipn  again,  with  toe  new  root  whiw  you  have 
atfeady  got. 

PROBLEM^  XCII. 

9V  extras  the  ro9t  of  aitf  adfe&ed  e^uftstm^  in 

numbers. 

Preparation. 

Suppofe  Ax+Bx»+Cx'+Dx*+Ex*  &c.  =N. 
Put  r+f=x,  r  being  the  firft  fi^e  ofthereot; 
and  to  find  r,  put  i,  lo,  lOO  fucceflively  for  x ; 
and  the  neareft  value  of  thefe  being  found,  try  the 
intermediate  numbers  5,  50,  tfr.  then  expung- 
ing X,  we  have 

Ar+Ae 
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Ar  +A*  s:  A# 

Br»  +2Brt  +Bee  zzBx* 

Cr»  +3Cr*e  +3Cree  +C<»  =:Ck»  )cN. 

Dr*+4Dr»*+6Dr»f*+4Dr«'  +D«*=:P*» 
&c.  &c. 

Sum  P+«  +  ^«  +  .«'  +  <^  &c.  acN. 

/ 
Then  fince  f  =:  -7  nearly,   we  (hall  bate 

M-^rhe  X  —  =/    Of  4e  +  •^*=/.  from  whence 
we  (hall  have  this 

I    RULE. 


e  a;      1  t  u  rj?  nearly. 


1  • 

Or,  if  tfiore  ezaftnefe  be  Kequiced*   we  tMf 
bring  in  a\.  then  mt^^-hu^f^  whence 


1    R   U   L   £. 

-7^+«  =-r,  or  *  ~r*-^  —  _^^^     ' 


7+^ 


nearly,  to  be  wrought  by  Ixxxviii.  Rule  t. 
Or  if  ^!  be  taken  in  for  more  exaftnefs ;  pro* 

cced  thus,  i$$^'''<-ae^  «nd  €t^:si'^ — r-*— ,  whence 


M+ia+ct^zzae+iit  +  -ji  —  "t^=/i  whence 


T  X  3    R  U  L  E. 


« 
\ 


276  RESOLUTION    ^        B. T. 

3    RULE. 

J 
' — -ri  e  +  ee^  ^ — — ,  very  near  j  to  be  wrought 

as  Prob.  Ixxxviii.  Rule  2. 

In  any  of  thcfe  rules  the  operation  muft  be  re- 
peated after  a  few  figures  are  had»  by  taking  a 
new  value  of  r,  and  proceeding  as  before. 

Ex.  I. 

Z^/  iiox^+^Bgyx* — 38o59Af=:8oo7ii5. 

By  a  few  trials,  yoy  will  find  x  to  be  greater 
than  30,  and  lefs  than>  40.  Therefore  fuppofe 
r— 30,  and  ^o+ezzx  the  root  fought,  which  be- 
ing involved,  and  taking  the  lead  powers  firft,  as 
in  the  rule,  we  have 

—1141770 —  38059/  •% 

43291300+219420/+-  3657//  >=:8oo7ti5« 

+324oooo+32400o/+io8op#/4-i20r'  J 

Which  being  added, 

5389550+505361^+14457^^+120/^=8007115 
and  50536i/+i4457//+i20/'=26r7585. 
or  ae  +        iee+ce^     z=/, 

Then  to  (horten  the  work,   divide  by  1000,    and 
then  505/+14//  &c,  =2617,    and    by    Rule  i, 

2617  1  2617 

e  zz  — rr"=5'X8  ;  or  rather  ezz—- — ; : — s  = 

505      ^  505  +  14X5-18 

2617 

—^=4.53.      Whence  r+e  or  xz:34.5    for    a 

new  operation.     Which  being  involved,  beginning 
at  the  higheft  power  firft,  we  have' 

4927635  +  42849/  +  1 2420//      •> 

+43S^744i+252333^  +    3^57^^        >=8oo7iis. 
.~'3'3035i~  38059/     •  J 

:  .\\  That 


Sed.  Vlir.      E  Q  U  A  T  I  O  N  S.  477 

That  is, 

79673431+257  "3'+' 6077''  =  8007115, 
or        257123^4- v6o77«  =  39771.25 
whence  i5-9$Sit+ee  =  2.473799 

and  by  rule  2d,  .*  = -^^^212^. 

»5-9932+* 

15.9932)  2.473799  (•>532=' 

H—i  160932*  -' 

16.0932)    864479  '■=  34-5 

+  15         812160  e  zz      .1532 


16.2432)  523*9  \      r+*=34.653aw*. 

4-53  ^888« 

10.296I2J        3431 

+  3  3260 


16.30  171 

Ex.  2. 

Let  z^ — 32* — 75z=:ioooo* 

Here  by  a  few  trials  z  will  be  found  very  ncaf 
10.    Therefore  let  r=io,  and  r+e+z.     Then 

2*  =  I  coco  +  4000tf  +  6oo^f  Seep   , 
— 32*  =:  — 300  —      6oe  —     3^^        >  =:iocoo» 
+752=  +75^  +75^  ^  ' 

Being  added^ 

10450  +  4015^  +  597^^  =  1 0000. 
or  4015^  +  597^^  =  — 450 

or  6.725^+  ie  rz  —  0.753769 

therefore  e  is  negative,  and  by  Rule  2.     ' 

^  —         6.725+^* 

T  3  6775) 
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6.725)  —0.753769  (—0.1 14=^ 

6  625)    —  9126  r=io.ocx> 

— II       —  6515  rr: — ».  114 


■  > « 


6-5*5)    "^  ^6119  r+^=:9.B86z:2r. 

—  14     —  26004 


6^501         "■*  115 


Again,  puc  rzrj.SSe,  and  r4-/s:«  1  then 

•^293.198988       —     59316^ 
+741.450  +      75^      . 

+586.3979761^      =n  loooo;  diat  ishjraddi* 
—3  ie        ' 
tion,    o999.9895i9i35+3880.437593824^+583, 
397970^^=:  10000^  and  tranfpofiog, 

388o.437593824'+583*397976«=.oi048o865, 

^    ,           .01048086^  , 

And  /  = gT-j — ^=;ooooo270095,  nearly. 

Then  r+^r:9.886oo27o095::; 


Sufpofe  7Jf'+2ioq7' — 8ooqy»=b385< 

By  ft  few  trials  y  will  be  found  between  50  and 
60;  therefore  put  r=:50,  and  r+^r:jp ;  then  cx- 

{>unge  jr.    Or  rather  thus  ;  Since  the  numbers  are 
arge,  transform  the  equation  (by  Prob.  xlii.),  by 

putting  xzz — yy  or  yzz  lOXy  which  done  we  have 

yooooo^r' + a  i  coooojr »— Sooooox* =38  50000000  ^ 
or  7X'+2i*'— 8x*=:38500.  Then  to  extraft  the 
root  of  this,  put  rzzgj  and  r+^  or  ^+ezzx  ; 
and  X  being  expunged,  we  have 


21875 


9c&  Vfll.       %  ^  A  T I  O  K  S.  J7tt 

»»875  +  2»875'4-S75o*r+  »75.of'> 
+2625+    1575'+    3*5«+     4i<»>  =38500. 
—  20a—       8oe —      ,8<*  J 

'  That  is, 

24.joo+23370«.4-9057/^+i7«9f'=38500. 
and      23370^+9057^*+ 1729?' =  14200. 

Then  by  Rule  3,  -^=2711,  -j- =4461,  whence 
5<^75' + ''= $'0900. 

5-675)  3'090o  (.5004=' 
+  5         30875 


6.175  *5 

•♦-5 


m^mi^mmtm 


6.675 

A^in,  put  rzzs.gj  and  repeating  the  opcranon^ 

35129.906254*3*027. i87#+ii646.i5ar  7 
+  3493.875    +»9<^.?S<+     346.S  ^^>:?3fe09- 

That  U  when  added^ 

pi4&uy&iiS  +  33844.957^  +  "98475  ^*  = 
38500-  And 

33844.937^+1  i984-75^^=J8'^^875 

,^       18.21875  «       /  1 

Them  |5J;~^=ooo5383=7==*  n«*^'?* 

Then  *  x  —  =:6  45i,  and  (Rxilc  i-) 

18.21875  -  =  .000538  iQ8=g,    more 

33844-937+6451  oi    :f 

exaftly.  Then 

r+e  =  5.500538198  =  X,    and  jp  =  io«f  = 

5,.oo«8.9«.    .        ^  •  \^ 


»8o  RESOLUTrON    of         B.  L 

The  root  may  alfo  be  extraAed  as  follows.  Ha- 
ving got  tf^+^^*+f^'+i&*n/,  as  before  dire Aed ; 
let  t;  be  the  firft   figure  of  the  value  of  t^  s  the 

fecond.     Then  putting  v+s  for^;    axv+s  + 

.»  3  « 

ixv+s  +cx'v+s  &c.  ±/;  that  is,  ev+as-^ 
bv^+2bvs  &c,  +  ryJ  4-  3^-1;*^  &c.  =:  /.  And 
as+ibvs+^cv-s  &c.  =:/ —  av  —  bv^  —  W  &€• 
Whence 

^  = — ,  ^z^  I . — ^  o^^   ■     Whence  this 


4    R    U    L    E.    _ 

Having  any  equation  given,  proceed  as  in  the 
jOther  rules,  till  you  get  ae+bee+ce^-^-de^ixc.  =/. 
Then  find  by  repeated  trials,  the  firft  figure  v,  of 

the  value  of  ^,  fo  that  v  xa+bv-^cv^+dv^  &c. 
may  be  nearly  =/;  and  cake  that  produft  from 
/,  to  find  the  remainder. 

Then  to  find  the  next  figure  or  figures ;  divide 
this  remainder,  by  4i+2bv+^cvv'+4Jv^  -fee.  the 
quotient  is  the  faid  figure,  which  muft  be  added 
to  V,  for  a  new  value  of  v.     Then  rg'peat  the  ope> 

ration  with  new  v,  viz.  take  vXa+bv+cv^+dv* 
&c.  from/,  and  divide  the  remainder  by  a+2bv 
+2CV*  &c.  and  add  the  quotient  to  laft  v ;  and 
fo  on. 

And  note,  after  the  divifor  once  takes  place,  each 
new  quotient  may  be  continued  to  near  as  many 
figures,  'as  all  the  preceeding  ones.  Alfo  in  the 
divifor,  you  need  not  continue  the  parts  of  the  di- 
vifor 2bvy  ^bv*  &CC.  any  farther  in  decimals,  than 
to  anfwcr  the  number  of  figures,  you  would  have 

true  in  the  root. 


General 
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<  • 

General  form. 

/  / 

V  =  ^5  or  vzz  — rx:  nearer  ;    or  v  = 
a  a+pv 

"  :  ,   ■. — r-,  nearer  ftill-,    6?r.   then,  next  figure 

/ — av — iv* — cv^  &c. 
""     a+2bv+^cvv  &c. 

•  Ex.  4* 

Here  2;  is  greater  than  10,    and  lefs  than  2«. 
Let  rmo,  r+ez=:z\  then 

1000  +  300^  +  30^*  +.  ^^   7 
—1700  —  340^  —  17^^  ^  =  350. 

+  54®  +54^  J 

or-.i6o  +  14^  +  13^*  +  ^'  =  350.  s 
that  is         14^  +  13^*  +  ^'  =  510- 

To  find  tf,  try  i,  2,  3,  fc?^.  and  you  will  find 
€  ycry  near  51    but  fomething  lefs.      Therefore 

take  vzz^y  and  vxa+iv+cV'  =5x14+65  +  25 
1:^520,  and  510 — 520= — 10,  then  a+2j^v+ 
^cv^zzii^^  and 

= — '045  ^  ^ 

2*9  ^^  — ..045 


Let  new  ^1=495;  then    a+bv+cv*xv  = 
509  119875,    and    510—509  1 19875=0.880125. 
Alfo     a  +  2lfV  +  3fv*  =  2*6.2075.         Whencp 

I  =      ^       ^    =  .00407,     and    €=4.954^  *- 
216.2075  ^  '' 

whence 


•tt  RESOLUTION    ?f         mt 

whence  2=14.95407.      Or,    if  you  pleaie»    put 
V =4.95407  for  a  new  operation. 

Ex.  5. 
let  a^*— i6*«+4<>*»-t3q|}=^-s-U 

By  a  few  trials,  it*  appears  that  x  is  between  r 
and  2.  Therefore  fui  rzzit  r^ezzjc.  Then 
expunging  x, 

2+  8^  +  iiee  -A^  9t0y+  2^* 
—16 — 48^  —  48^^  — •i6/J 
4.40+80^  +  40^^ 

The  fum  is 

—4  +  loe  +  4£e-^9e^  +  ^  :si' 

or        iM  +  4^#—  8^  +  2^  7^3 

f  '  a         b         €         d     f 

Here  we  ha«  e  ^  -71  =^3%  Pr  more  exaftly 


10 


i  = 


Then  for    the    next    %«rcs    qf    the    root  ^ 

^X  4+i^+«'+^^' =^-73893*  ^'^^  3— ^•72^93 
=•16106.      Alfo  tf+2*v+3^*+4*''  =  io.5S|8» 

and 

^1    06  , 

r     =  .0246 

v±.  .26 


then  f=  .2846 


Take  new  «=.284«,  then  to«« -»■**+"'* +^* 
-2.99869539,  and  j-*a.99869539z:.oo»3046i. 

,00130461 
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.00130461 

^0.5*73 


=       .00012404 

.^846   Zl  V 


•6847^404=^^ 
whence  r+e  or  x=:i. 28472404. 

The  roots  of  equations  may  alib  be  wtra^ed  bjF 
hdp  of  the  Rule  oi  Falie  Polition  in  Arithmetic, 
as  lottows. 

5    R    U    L    £• 

In  fuch  equations  as  contain  furdi,  expooencial 
Quantities,  &rr.  make  two  fuppofitions  in  numbers^ 
for  the  root*  as  near  as  you  can  get  them.  Then 
each  of  thefe  being  put  in  the  equation  inftead  of 
the  root,  you  muft  mark  the  errors  (that  is»  the 
excefs  or  ciofeA)  arifing  from  each  of  them* 

Then  multiply  the  difference  of  the  fiippofed 
numben  by  the  Uiaft  error,  and  divide  the  pro- 
duft)  by  the  difference  of  the  eriors,  if  they  are 
like,  (that Js,  both  excefles  or  both  defeds)  s  or  by 
the  fum,  if  unlike.    Then 

T<he  quotient  is  the  corredion  of  the  number 
belonging  to  the  lead  error  \  and  is  to  be  added 
if  that  number  was  too  little ;  or  fubtraftedv  if 
too  great.     This  gives  the  root  nearer  than  before. 

In  like  manner  try  this  root,  and  the  neareft  of 
the  former,  or  elfe  take  a  new  fuppoled  number  ; 
then  find  their  errors,  and. proceed  as  before,  and 
you  will  get  a  root  ftill  nearer.  And  thus  by  re- 
peating the  operaciont  you  may  continually  ap^* 
proxtiMte^  as  near  as  you  wlll^  tp  the  trufi  KQot^ 


Ex. 


\x 
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Ex.  6. 

Suppofe  x'   =  100,  fo  find  x. 

By  the  nature  of  logarichms  x  x  log:  x  =  log: 
100=2. 

Here  x^  by  a  few  trials,  will  be  found  greater 
than  3,  and  lefs  than  4.  Suppofe  xzz^i  i  then 
/;x=:. 5440680,  and  Ar/:x  1=1.9042380,  which  fliould 
be  equal  to  2 

-—.0957620  niEr.  too  ' 

Ktde. 

$ 

Again,   fuppofe  xzz3.6j    then,  !:xzz. 556202 5^ 
and  ^/;x=:2.0026890 
2 

4-.0026890  =  2Er.  too  great.      Hence 
we  have 

1  num.  3,5  1  er.  — -095762 

2  num.  3.6  a  er.  -f  .002689 


diff.     O.I  fum      .098451 

_,        0.1x002689  ^ 

'  Then    5 ^ =.00273  =:cor.  ■ 

•0^845  ^^  :  " 

2  num.     3.60000 
corred.     —.00273 


3.59727=^. 

Again,  fuppofe  y=:3.597,  then  /;??=:. 5559404* 
and  x/:a:=i.9997i76,  which  fubtraded  from  2, 
gives  — .0002824  the  error,  too  little.    Whence 

2  num.  3  600,  2  er.  r=  +  .0026890 

3  num.  3.597,  3  er.  =  — .0002824 

diff.      .003,  fum      .0029714 

Then 
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^^         .003  X  .0002824  «       • 

Then    - — ^- ^ — =.000285  the  cor. 

.0029714  ^ 

3  num.  3.597 
cor.  +     .G00285 


mm 


f     -    .    ^    *     jc  =  3*5972^5  ^  required. 

Ex.  7. 

If  s  be:4be  Jim  of  an  arch  z^    rad:zzi  ,    iuid 
4jzr=5,  fo  find  s  andz. 

By  dlvifion:  szrz  1.25.  The  length  of  i  d^;rcc 
is  =.01745329  &?f.  By  a  few  trials,  wc  may 
find  z  between  70  and  80  c^egrees.  Suppofe 
2=170  deg,  therf  .01745x70=1.2215;  alfp,S.70 
=.939'=^,  and  jz=i.i469,  and  1.25*^—1.1469 
=.1031  the  firft  error,  too  little. 

'  Again,  foppofe  2=175  ^^-  ^^^^  '^^745X75 
=  1^3087,  and  j=»966,  and  ^^2=1.2642  ;  and 
i.2^9*~iV95=.oi42  the  lecond  error,  too  much. 
Hence-        ^ 

.1.  num.  70.  I  er.  —.1031    • 

z  num.  75  2  cr.  +.0142 


.    5-    .  ^^^        '^^73 

Then —  =  — r*  ^  -60  the  cor. 

.1173  .117  f  , 

.  2  num.  75.0 
—  cor..      .6 


I 


z  =  74.4 

Again,  let  2=74.4=74^  :  24%  j=.  96316261 
then  .01745329  X  74.4  =  1.298524  ,  '  and 
1.2^8524^=1,2506895,  from  which  fubtrad  1.25, 
then  .0006895 =3d  erroc,  too  much. 

2  num. 
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a  mm.  75    ^        .     ^  er.  +*ot43937 
3  num.  74#4  3  cr^  4--Ooo6895 

diffl        .6  diffl      .•Q133105 

^,        .6x0006891? 

Then    ■■'  ■  ^^^ — ZtOjiQ.  m  €^4^of/t2.^^^ 

.0.33.  ^'J^Vryr 


^031 

and  z  =:  74*369  =  74*  :  aa' ;  8" 
and  i  =.9630372, 

Scholium. 

There  are  aHb  other  ways  of  extraAiAe  the  roots 
of  equations,  thou^  not  much  differed  Trom  fone 
of  the  foregoing  ones,  particularly  a  method  of 
Sir  /.  Ntwton\  which  is  like  the  proceft  ufed  in 
the  fecond  method  foregoing;  the  principal  dif- 
ference being,  that  he  every  where  takes  a  new 
letter,  where  we  find  a  new  value  of  e. 

/  Alfo  furd  or  tr^nfc^ndenral  equations,  may  be 
rcfolved  by  reducing  feme  of  the  quafitittes  to  in- 
finite feries  ;  proceeding  by  the  roles  of  Srft.  VI. 

In  equations,  where  the  terms  involve  a  great 
many  faftors,  which  .mak«s  it  tedious  to  multiply 
them  together  \  it  will  be  a  !horter  way  to  add 
the  logarithms  of  the  feveral  factors  together ;  ^nd 
then  find  the  number  belonging,  which  will  be 
the  numeral  coefiicient  of  that  term.  And  thus  all 
the  coefficients  of  the  particular  terms  may  be 
found.' 

We  may  note,  that  though  the  third  rule  con- 
verges faftcr  than  the  reft  -,  yet,  as  there  is  fo 
much  trouble  in  finding  the  coefficients,  and  di- 
vifors,  it  will  be  found  not  fo  expeditious  as  the 

fecond,  or  even  the  firft. 

In 
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/In  mddne^fq  of  tb^  fiHro^d  mle,  after  h«tf  ihc 
M9tobp€  of  plf t)es  mv  found  for  the  value  of  ^ ;  it 
will  be  needlefs  to  foriB  new  di^or«  s  for  the  nft 
<tf  the  6fi^re«,  wUl  be  \w  troljr  fottfid  bf  pUmtk  di- 
viiioii.  for. what  is  added  to  tht  divifor,  m  places 
^  ^^  hadci  rdpe$m>i  at  all  affed  rite  quotkoc. 

The  root  may  atfo  be  MtraAwd  as  iiithe  follow 
ing  problem,    and  the  coefficients   a^  i^  e^   &c« 


found  as  theV6  ditefted  ;  ^hkh  is  a  x30inpendious 
method,  when  the  equation  confifts  of  many  terma. 

PROBLEM    XCIII. 

^0  mtroM  ^be  ro^i  ^  -Ac  if^mtt  farm  Az4-SV4- 
CzJ+Dz^+Ez*  &c.  =N,  «r  numbers  \  Juff^- 
^  fiHg  4bUfaries  to  <onver^e  /tfi  ttmtgb. 

iTake  f  -«i  near  the  roGC  %  «$  jw can  fin4  U» 
and  Jet  r-^f  =if9^  aa^  x  beiii^  «3ipi*ngc«^  we  ^ve 

Ar+A> 

&c. 

the  Turn 
F  4-.tft  +^  ^  tr  ±dt*  ^:gei  =  N 

Whence  this 

RULE. 

Taie  r  vefy  near  z,  and  fct  r+^i:':&,  tteVi'Aib-. 
ftitute  the  powers  of  r+^  for  ihofc  of  a,  tilV  yoU 
get  P+i?^+i^*+C(f«  &c.  =:N,    and    tf^+^f^  &c. 
^N — P=/>  which  equation  is  to  be  rcfolvcd  by 
ft-Ob.  Ixicxyiii  >  or  clfe  the  equation  fl/+*^'+«' 


4-^  &c.  rs/j  is  to  be  rcfolvcd  by  Ibme'of  the 
rules  in  the '  lafir  probiein^  and  the  operation  re^ 
peated  ^i(^  there-be occaflon.  ' 

And.  here  the  Cbelfifcients  a^  h^  Cy  d^  &c.  irt 
moft  eafily  had  from  the  terms^  which  compoie 
the  value  of.  P;  for  we  hare  •p3:Ar+Br»+ 
•Cri-hDr*  &c.    WhencSe  ^^        .  * 

Ar+2Br»+3Cr'+4Dr*&€. 

n   —  ' 

r  .^ 

*  Br*+3Cr^+  6Dr»  +ioEr^ 

p  zn  ■ 

•       ff  *»    -  •     . » 

Cr»+4Dr»+ioEr»  &c. 
fix  .-: — • — -r —  "',  andiooiii  wheTfi 

the  numbers  in  a^  are  i»  a,  3,  4,  &V.i    in  ^*  i, 

3>  2X3.  ^X5»  3><5f  3X7>  4X7,  4X9*  ^c.  in 
<=!,  4,  ^,  ly,  V,  7J, '?/  &c.  where  ^,  j,  r,  x, 
/i  &€•  ai€  the  foregoing  terms.  AM  in  finding 
tf,  (,  r,  &c.  you  mud  go  through  all  the  terms, 
till  they  grow  very  fmall,  and  at  lafl  vani(h«  But 
you  need  not  find  above  two  or  three  of  thele  co- 
efficients tf,,^,  r,  &c.  and  each  fucceedbg  one 
may  confift  of  fewer  places  of  figures. 

Example. 

II  I  i 

Let  2— — z^  A «»  — z^  +  ^         2* 

2  ^    ^  2.3  2.3.4    ^2.3,4.5 

&c.  =   — . 

7 
Here  by  feveral  trials  2  is  found  nearly  =1 ; 

therefore  put  my,  and  r+^=:2.    Then  P=A+ 

Br*+Cr»  &c.  that  is. 


r=; 
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''=•333333 
_  +"r»=      6172 

• 

■^'055555 

5«4 
—         if 

•339539 
•—.056071 

J>=  .283468. 

• 
*  • 

-036071 

•333333— '"i"© 

+  18516—    '^056  .352019 

then  i}=:  +     170       —  i«  — .113178 

« = X3  = 

i  I 
.710523.    Alfij 

—  055555     +.O18516 

3084     +.             340  —•058669 

*     =  30  +.018856 

=:     X9 


-9 


=  —.3583.    Hence 

.a8j468+.7i652d^;3583w=?=i.2857i4 

and        .71652^ — .3583ffiz.oq2246 

and     1.9998/—  ee  =.00627 

,00627 

^  -  1-999— tf 

1.999)  .006270  (.003 14:=^ 
—  3     5988 

V  1.996  282 

»99 

4 

U  Then 


s     m 


t^ 


R  fi  S  6  L  tJ  T  I  6^N    if         B,  t 


4,       (^      ^i  .  •  .  *■•.    'H 


«  z:  .00314    .' 


»  zz  ^336+7 


>*. 


« 


*l^ 


/;or  p^t,  r— •35647  for  tnofher  cjpemion. : 

-  S  c  H  o  L  I  ty  M. 

If  the  fcries  breaks  off,  then  it  is  no  matter  whe- 
ther it  converges  or  not.  And  in  thtt  cafe  it  co- 
incides with  the  laft  probkai,  and  may  be  folvcd 
by  any  of  the  rules  therein^ 

And  if  e  be  very  fmall^  the  equation  .ae+iee+ 
ce^  &c.  =/j  may  be  expeditiouQy  fiilvcd  by  Prob* 
Ixii-  Rule  i,  in  which  you  need  oniy  ufe  the  three 
firft  terms  ;  which  will  be  ftiqrtcr  than  uking  new 
.r.  But  that  rule  cannW  fe-  conveniently  be  ap- 
plied to  the  given  fcries,  bccaufe  it  doe$  aot  con- 
verge  fo  fait  as  this.  ' 

PROBLEM    XCIV. 

To  exiraSi  the  root  in  numbers  of  the  infinite  [cries 
Azi+Bx'+Cz^+DzT  &c.   3:N;     fitmfi^X  iS 

to  converge  fafi, 

Prepettdtion* 

Take  r  as  near  the  root  as  It  citi  be  found  by 
trials,  and  put  f +^=:z,  and  expunging  z,^  wc 
fliall  have, 

Ar  -I-  A^ 
+Br3-|-3Br*f+  3BW  +B^' 
+CrJ +5Cr*f  + 1  oCr^ee+  ioCr»^i  +5Gwf*&c. 
+Dr7  +  7Dr6^+2iDrVtf-|-35Dr*^»+35pr'<r* 
+Er9+9ErV+36Er^tf+g4Er^^  +  i26Er! 

the  fum 

P     +ae  +  bee  +  ce^^"'\'de^  &c.  r:N.     ' 

and 


X 
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and   ae+tee+ce*+de*  ifCl'  =] 
Whence  this    ^    •  o     ■ 


R   U.  L   E. 


r 


Aflumq  r  by.  triaU  very  near  2;,  "and  r^ezzz^ 
then  (irtSfticatb  the^powers  of  r-f^^fdr  2,  in  the 
given  ferics,  till  yoi^  get  Frhat-^l^e^+cc^ilC'ZzTaip 

Aod.^/.+i^*+rc' &c.  =N— rPs;/.  - 
Wfiere  Pi:Ar+Br^+er»+DrT+Er9  &c. 

3Br»  +  ioCr<4.2iDr^  fee. 

i  :3        »     '   r !  ■ 

rr 

Br*  + 1  oCr > + 3  rDr^  8rc. 

Where  the  numbers  of  a^  are  i,  j,  5,  7  t?r.  of 

*;  3f  2K5»  3x7.  4>^>  5x1  U  6^13^' (^c.  And 
each  feries  is  to  be  coBcinucd  till  the  wvii  become 
Very  fmall  and  vanifh ;  which  will  happen  in  a,  lie- 
Ht  cime^  becaaft  die  g^vcn  &ries  con^^erges.  The 
terms  of  a^  b^  c^  are  eafily  had  from  the  terms  of 
P,  as  above,  without. Qigch  labour;  then  having 
sot  ae^J^e-^ci^  &c.  z^i/,  io  numjbers  •,  find  the 
root  e^  by  Prob.  Ixxxviii.  or  by  feme  of  the  ruljca 
In  Prob.  xciL 

Example. 

^^^y^c:  =.698132,  to  find  y. 

The  fcrics  abridged  will  be  j?+  ^— — h  ~~;  ~ 

U   2  + 
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+  ^--^  &c.  =6981321  Q,,  R»  S,  being  the 

numerators.  By  a  ftw  .trials*  y,  is  nearly  =.6,  put 
r=.6  i   then 

r  =  600000  r  =.600000  =  At 

Q=.  108000  3-)Q=  36000  =  Br« 

R=  29160  5)R=  5832  =  Cr» 

S=   8748  7)S=  1249  =I)r» 

T=   2756  9)T=  3©6  &c. 

V=    893  ii)V=  8 1 

W='  295  I3)W=  43 

X=    98  i5;X=  6 

Y=    33  i7)Y=  2 

Z=     11  i9)Z=  1 

.643500=1?. 

Then  tf= 1.2500,  the  fum  erf  the  firft  column  di- 
vided by  r.     ^=.5851  wlicncc 
»         /■     - 

.643500  '+  .1.250^  +  ^585^^  =.698/32 
and  1.250^4-  .585^^  =.054632 

and  t  zz  '—^ —  =  .043  nearly. 
1.25 

1.2500+.585X.043         i.2500+.025r 

.0/546^2  _,, 

=  ■  zr. 04284  more  exactly. 

1.275 

add      r  =:  .60000 


.64284  =y. 
or  take  new'  r=:.6428  for  another  operation. 


PRO 
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PROBLEM    XCV,    •      ^ 

fto  extra£i  the  roots  cf  two  given  equatfonSy  containing 
two  unknown  quantities  x,  y  •,  though  never  Jo  com- 
pounded* 

R    tf    L    E. 

By  feveral  tualsiind  two  near  values  of  ;c  and 
jf,  viz.^  rand  a  and  put  r+^zzx,  and  j+r=y. 
And  inftead  of  the  powers  of  x  and  j,  pyt  in 
thofc  o?  r+e,  and  s+v.  Then  involve  all  funds 
by  the  binomial  theorem.  (Prob.  lyiii.),  alfo  re- 
duce logarithmic  quantities  to  feries  (  Prob. 
Ixxxiv,  Ixxxv.),  and  the  like  for  all  compound 
ouantities  *,  fo  that  at  laft  the  cquacrons  may  con- 
uft  only  of  fimple  terms.  And  in  doing  this,  re- 
ject all  powers  of  e  and  v  above  the  firft,  and 
alfo  their  pi-odufts. 

Then  you  will  have  two  fimple  equations  of  e 
and  Vj  which  being  refolved,  will  give  their  va- 
lues ;  and  from  hence  x  and  y  will  be  known. 
Then  put  new  r  and  s  for  thefe  values  of  x  and 
jr,  and  repeat  the  operation,  which  may  be  done  . 
as  often  as  you  pleafe,  till  ypu  get  the  roots  as 
near  as  you  have  a  mind.  And  the  fame  form*  ' 
may  -ftand  and  ferve  for  all  thefe  operations. 

!Ex.  I. 

2xy 


Suppofe  s/yy — ^^    4-  ■  #  —  ~'^  zziozzh 

rrj     v^y  Vyy  +  2X 

:  lo^:X'\'\/xx+yy  :  ^ 

and    '  —  =  o.OQOzir. 

Let  azzz.  And  by  fome  trials  we  find  fc  near 
4»  and  _y  near  13  j  then  put  r:z4,  szzi^y  and 
by  involution,  and'  putting  r+^  for  x,  and  j+v 
{qt  y^  we  have 

U  3  ii- 
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■*^— »■— «*  I    >      ■       ]^ 


log:  r4.5.4-rrt4^2rf*t*iM4*a^^    . 


•  > 

!  I.I 


and    Ji4-^+2iv+i?^"^*r: 


alfo  rrH-«+2r-tf+2XD'  =  v/7r+}i  +   ■'*'*H^^,  ^ 
Put  dd^ss^^,f=u+4r,  ig^zts+rr:  Themwc 


t    t  I      I    <  I 


have  <?+  '^^5^+2^+ irt; + 2jtf  x  4— ^^^r^ 
3SI9,  tnat  IS,  f  I)  -T— — «_— —  y>j.  —  a.  — »___ 


Again, 


re+sv 


>«a^ 


=     < 


; jq~ =^-.,  and  log:r+^+i^+.  -y— 

=  7+v  X  c.     Put  /=:r+^,  l=log:t. 

m.  =.4342945*    thtn    ( Prob.    Ixxxiv.  )    /+ 
mte+msv 
'      '       *  ^e:  ri+w,     which    reduced,    is    (2) 

mie  +  msv  =  /^  x  « — /•     Then  numbers  being 

fubftituted  in  thefe  two  equations^  giye 

(i)  1.588^4.     i.075t;     =: — 0.190 
(2)  7.643^—  i7.3p6v  =  +0.59536  ; 

And 
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And  thcfp  equfitionjs  being  reiblved-r;  -give 
ei::— .0743,  and  v£: — .0671.;  whence >+/  or 
xs:3^2$i  and  s+vct  y±:i2.^^^.-      t  ^  ^  .-. 

Or  for  another  x)peration,  pur  rr:j>^26  .and 
mi 2.933,  and  finding  nct^ values  forV,/^"^, /, 
aodif  )rou¥fiU  have  two  equations^  which  will 
give- /.and  v  more  exactly. 

!>/  *4-/^j'5rz;i  =  8.76791 14. 
tfW  y+log:xizc  —  3.4760046. 

%  a  few  trials,  we  find  x  neariy  =8,  an4 
i+v=7.    Alfo  M=*4342945  I  ihen  we  hfive 


'  ,'-: •  \      M^ 

and  /+v+/;r+<  =^=:^+v+/;r+— -. 

Thefe  equations  reduced  becoiAe 

Mv,  .  ,  .  •     v 

^    Mi 

tr  +   -—  =c — 4 — l:r. 

And  put  into  numbers  are 

^+-»737^.=  -3700. 
"and' v+.0543^  =  -0730. 


<  -♦  • 


Which   equations   being  rcfolvcd  give   ^=:.g6o8, 
fuid'v=:.0535;  whence  n    • 

r  =  *.oooo  is 2.^'    .'•■.,: 

+  «=    .3608  .  .-+ v.r-' ♦0535,  ,• 

*  =  8.3608  y  =  2.5535 

.     .  U  4  Again, 


ft9<f         R  E  S  O  L  U  1 1 0  N,  OT/r.         B.  I. 

Again,  put  rzz8  3608,  and  ji:2.5535,  for  a» 

1    '  M- 

nother  operation  ;  whence  will  be  found  —  zz , 

.170678',  — =.051944;     and    p — r— rA-jcz  — 

!oooo2"4.5,  c^^f-^hrtz.dcoig^i  andfroffl  ihwce 
will  ariic  thefe  two  equations,  % 

e  +  .lyooySv  iz  —  .0000245, 
and  V  +  .0519^^  *z=        .000^56811  -  '    - 

WhicK  being  refolvcd,  give  ^zz*— .ooop68S,.  and 
7;z:.obo26o4  i  therefore 


rzz  8.3608000 
'j-ezz — .0060688 

■  ■  II ■■   I   Hi       ■     nip     I 

*=   8.3607312 


J  =  2. 5535000 

+v=:  .0092604 

■  I        f 

y  =2-5537604. 


SECT. 


S  E  C  T.     IX. 

.  The  geometrical  Con/lfii£fion  of  jEmatiom. 

TH  £  eonftrullion  of  equations,  is  the  drawinjg 
right  lines  or  curves,  after  fuch  a  manner, 
as  by  their  interfe^tiqns,  to  give  the  roots  of  the 
^equation  propofed.  This  method  is  .ufed  f«r  a- 
.voiding  the  tedioufnefs  of  computation  ;  and  is 
exaft  enough  for  findii^  two  or  three  of  tl)e  firft 
figures  of  the  root,  but  not  more..  For  where 
great  cxadinefs  is  required,  we  are  not  tq  tryft  to 
a  copftruftion  by  hnes ;  bu^  make  a  compilation 
m  numbers,  to  find  the  root. 

•In  geometrical  conftrudions,  the  flmplefl;  is  air 
ways  to  be  made  ufe  of,  or  that  by  which  we  caii 
come  the  fhortell  way,  to  the  roots  of  the  equation 
propofed. 

But  fince  the  extraction  of  roots  by  converging 
ieries,  is  now  brought  to  fo  great  perfection  \  geo- 
metrical conftrudions  are  almoft  laid  afide.  Xhere- 
fore. I  intend  to  trouble  the  reader  only  with  the 
fliorceft  meihods  of  conftruding  equations  as  far  as 
l.hc  fourth  power.  When  v^e  come  to  higher. pow« 
ers,  there  is  (o^  much  trouble  and  difficulty  in  draw* 
ihg  the  lines  proper  for  them,  that*  their  inccrfcc- 
tions  cannot  be  depended  on  \  and^  one  may  fooner 
extract  the  root  in  numbers. 

PROBLEM    XGVI. 

To  cenJiruQ  afimpk  equation. 

RULE. 

I.  When  there  are  fcveral  fimpic quantities,  con- 
ne^ed  by  the  figns  +  and  — .     From  a  certain 

point, 
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point,  draw  a  right  line,  from  which  point  (ct 
all  affirmative  quaptitiqs  pne  'Vay,  one  .'  ^- 
joining  to  another  \  from  the  laft  point,  (et 
atf  the  fiegntive  ^uantitks  the  contrary  way, 
adjoining  to  each  other  as  before.  Where  the 
Jaft  ends,  the  diftance  friun  rhfnre,  to  the  firfl: 
point,  gives  the  fum  (or  difference)  of  all,; 
which  is  affirmatire  or  negative,  aceotdlng  as 
It  lies  on  the  affirmative  or  negative  fide^f 
the  firft  point  aflfumed*. 

2.  When  you  have  th^  fquare  root  of  two 
ouantiues,  find  a  mean  proportional  between 
tnem,  by  Prcto.  16.  B.  VHr.  G^metr^, 

3.  To  reduce  two  compound  quantities  to 
tKe  fame  dcfignation.  By  Prob.  15.  B.  VIIL 
Geometry,  find  t>ne  or  more  propbrtionals 
thus ;  fay,  as  the  firft  letter  of  the  firft  quan-^ 
tity,  to  the  firft  in  the  fecond,  fo  the  leoond 
in  the  fecond  to  that  fourth  proportional.  A- 
^in,  as  the  fecond  tetter  in  the .  firft  quantity 
to  the  thi^d  letter  in  the  fecond ;  fo  the  foorth 
proportional  laft  found,  to  Mother  Iburth  pro* 
portional.  Proceed  thus  till  aH  the  letters  \fL 
one  quantity  be  exhaufted. 

Note,  when  any  ttrm  is  of  too  low  -atli- 
tnenfion,  make  i  to  be  one  of  the-fadors,  as 
oft  as  it  is  wanted.  And  when  you  have  fe-* 
▼erai  fimple  quantities,  add  them  into  one,  by 
Art.  !• 

.  *  4.  For  many  ^compound  quantities,  red^(ieo 
them  all  to  the  fame  defignation  by  Art.  3. 

^  Ex.  I, 

Fig.      Draw  the  line  DAB,  and  from  the  fixt  point 

3    A,  fecoff*  ABz:^,  and  make  BC=:^,   both 

forward;    laftly,     make  CE^r^    backmifsli 

Then  +AE=:Ar.  tx. 


Ex.  2.  .       ".  |8f« 

Let  ax^Ut  u>  ^  w.  • 

Mskkc  AB  («) :  AC  (J)  ; :  AD  (0  ;  AE   # 
nxy  (by.Prob.  15;  Geom.} 

'£«.  a. 

Make  as  2^ :  51/:  :> :  m  (Pr.  15.  Geom.) 
and     t  :  f  :  :m:h 
and     V^  f  1  •  »^^. 


By  Fcpbi  45»  Geoin>g>g|kc  #  ;^,:.:y  :  wlj 

ms&e  £k-Hni:=ir,  then  \/i»f — ^^^  =  v^JSu 
Find  ^  a  mean  proportional  becween  a  and 
n,  and  ;  a  meap  between  1^  and  r«  (Prob.  i6. 
GecHii.)  -tben  the  given  equation  ^xcomea 

lUdoce  thefe  three  terms  to  the  finme  ^9g* 

liation,  thus  aifiiqir^  whence  y^r=^  in 

in  like  manher  ddzzss  ;  then  the  equation  ia* 

ahh-^^rxzzasp^  or  Aw— fvrzj^.    Put.^T-fc*,. 

then  ix:£spy  and  / :  i  ri-f^^tr.  required. 

"       -Ex.  5/ 

!>/  iabcdd—ecfgh+^ilhnn'=i4qrj$x^pwpb^* 
to  find  z.     -  « 

Reduce  all  the  qaamities  -to  die  fam^  de- 
figoittion,  then 

4qrsx 
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4qntv  =:  zabcdd 

then  the  equarion  becomes  ^ 

4jri/t;— 4yrj/53E;  +4?w// = 4frj/2; — ^sfcz. 
that  is,  /x^--•/a7  4-0^=^2-^*2: 
Put  0^— tt7+7=A,  /— x=B,  then  A/zrBs^, 
'  'or^B  :  A  :  :  /  :  2;. 

P  R  .0  B.    XCVIL 

7I9  conJlruS  a  quadratic  equation.    ' 

I    R    U    L    E- 

If  it  is  a  pure  quadratic  ;  reduce  the  quan- 
tities concerned  therein  to  the  fame  defigna- 
tion  (Prob.  xcvi.  Arc.  3.)  by  which  means 
furds  will  be  denoted  by  Omple  quantities,  and 
at  lad  you  will  get  all  the  known  quantities 
(qoal  to  a  known  (quare,  whofe  fide  is  the 
root. 

» 

Ex.  1. 
Suppofe  yy  zzab >  -  +  d  \/aa — be. 

«  * 

Make   b  :  e:  :d :  m^    (Prob.   1 5.  Geom.) 

then  edztbm^    and  -r  =  —r^zumd.      Alfo 

make   a:b  i  :  r  :  »>     then    be:^an  ;    whence 

yy^ab — md+d\/aa — an. 

Let  ^  be  a  ipean    between    a   and  a — », 

(Prob.  16.  Geom.)  then  \/aa — an zzp. whence 
Xr=jib-'^md+dp. 

Lee  d  :  a  :  :  b  i  q^  then  abrizdj* 

th^n  yyrzdf^^m+dp. 
Laftly,  p\it  q-^m+p-^r^  and.find  j"  a  mean 
between  </  and  rj  then  jiyiziir-zuji  and  ;yrri. 

2  RULE. 


•   i 
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•    '  p. 

2  R  U  L  E.  ^2' 

In  adfe&ed  quadratics^  reduced  to  this  form  5, 
aa±bazzfin.  Draw  a  Hght  line  AD,  then  take 
any  point  C ;  and  make  CBr:a3»  towards  the 
right  hand  if  +*,  or  towards  the  left,  if — i. 
£lreA  the  perpendicular.  BFr:^.  From  the 
center  C  through  P,  defcribe  the  circle  AFD, 
to  cut  AD.  Then  (BD,  BA)  the  diftances  of 
B,  from  the  interfe£Hons  A,  D,  are  the  two 
roots,  the  affirmative  to  the  right  hand,  the 
negative  to  the  left  of  B. 

Ex.  2. 

Let  aa-^-'^azzio. 

Draw  the  line  AD,  make  CBzrii  on  the  5. 
right;  find  a  mean  proportional  between  i" 
and  10,  fet  it  in  the  line  BF,  perpendicular 
to  AB,  with  the  radius  CF  defcribe  the  circle 
AFD;  then  tf;=BD=  +  2,  and tf=BA= — ^5, 
the  two  roots  required. 

Ex.  3. 

Suppcfe  aa — 3^=10. 

Draw  the  line  AD,  make  CB  (on  the  left  5. 
of  C)  =14,  find  a  mean  proportional  between 
I  and  io;  at  Bereft  the  perpendicular  BF, 
and  make  BFn  the  mean  ;  with  the  radius 
CF  defcribe  the  circle  AFD ;  to  cut  AD  in  A 
and  D  -,  then  tf  rzBD  =+5,  and  ^  =:BA=: — 2, 
the  roots  required. 

3  R  U  L  E- 

In  fuch  quadratic  equations  as  may  be  re-    7. 
duced  to  this  form,  aa^bazz — nn.  From  any 
point  C  as  a  center,  in  the  right  line  BD,  with 
radios  4^,  defcribe  the  circle  BFD,  ereft  a  per- 
pendicular at  D  on  the  right,  if  it  be  +*,  xk 

on 
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:Fig.onthe*5fe^itB,  if  kU  — *;  tHiofe  lifeth  is 
/.  BAs».  Throagli  A;  <i»w  AFG- pa^d  CO 
.  BD,  nr  IniorieA  the  circle  in  ff  ^d>G  V  then 
'  AF  aod  M»  utt  ihe  two  roefs  cf  the  e^of- 
tioai  which  araafirnatiTe,  if -they- iie  to- 
wards tho  rig^chaod  from  Aj  •co^gatlrc, 
if  on  rhc  left. 

Note,  if  the  parallel  d<m  Ijot  px  idie,9fck» 
or  touch  ic»  thecquattoo  iaimjtmSble. 

Supple  oiH'jazz—io. 

8.  With  the  radius  31,  and  cciUcrC,  dclcribc 
the  circle  BFD.  Ac  tke  end  of  the  diamecer 
D,  on  the  right,  raife  the  f)efpendicalaf  I>A, 
a  mean  between  i  and  10.  Through  A.  draw 
AFG  parallet  to  the  diameter  BD»  to  cut  the 
circle  in  ^  ^and  G ;  and  AF>  AG,i.  being,  w 
.  the  left  from  A,  are  two  negative  roots' : 
i^=AF3-^2,  and  ^=:AGr=— r. 

» -"  ■  . 

Ex.  ^n 

Lftaa — 7^1= — 10. 

With  the  radius  CBz:3«,  and  center.  €« 
V  defcribe  the  cifcle  BFD  ;  at  the  end  B,  of  the 
J  diameter  B0  on  the  left/ raifc  the  perpendfc 
cular  B A»  equal  to  the  mean  between  t  arbi 
la  Through  A,  draw  AFG  parallel  to  tJic 
cfijimcter  BD,  to  cut  the  circle  iri  F  and  G  *; 
then  AF,  AG,  lying  on  the  right  hand  froro 
A,  are  the  two  .i&rioative  roots  \  and  a:;^J^ 
^;2j  andtf=AG=5, 

4    RULE. 

'When  tHe  unknown  quarvtity  is  higher  tha^ 
fhefquare,  and  the  index  in  one  term  double 
to  that  in  the  other;  It  may  be  brought  to  ibme 
ci'theforegoiiijgformsi  whofe-higheftterm  is 

.     a  fquareL 


*4 


.m  fqc^^iAliimfrVu^iMik^^  utefe  fag* 

^tbe  Tqai^rc  of  tafie  unktHH^m  quiociqr  ftopo&ai ; 
|(^;hift^tit^^     iliat  i«6^a9gki  iKi4 ]NM ilpill 

,. .    1  <    *i  -   •        *  •      - 

•  >^  a 

Ex.  6% 


Afllime  iv=:22(|  then  by  fubfticutioft^  4U»i 

k  n 

I  :^;  then  bzz^\  alfo  make  i^:  ir::  i  :  ^, 
and  if :  » : :  f :  r, . riieit  dd:n  :  :  tir^  and 
Mrzzn.      And    the    leaft  eqiMtioQ  becooies 

jTJ^ — ^  ip  i:  "22,  that  i^,  pcx^^Mzzty  which  is 
to  bt  conftrii£ted  by  fome  of  the  £EM:nier  rvAti^ 

.  To  deiDOftftrate  thefe  rales.      Lee  tf^-^i^i   ^^ 
=»».    Here  we  have  CB=ii>,  BF=«,  s^nd 
if  BDrr4,    thcft   CD  or    CF=a^ih    tn<f 

CP*=:CB*+BFS  that  is,  S+i^*  =**>+««► 
But  ifBA==— tf;  then  CA  orCFir— ^— i*» 

and  -^-Hj^— ^  cr^i^-icm/  In  both  cafes  aa+ 

Again,  if  aa — hazznn^  we  have  as  before   6. 
CB=J*,  BFrris  and  if  BD=^,  then,  CD  or 

-  Attt  if  ABi^«'-ii»   Chen  AC  or  FCzs— » 


4-;^,  dod  *^+;>  zzfai+\Ur  '^  bothcafi» 

A^ain.  if  m — ^^tf:z: — nn\  here  BCr:l^> 
]Bf)v5*,.aDd 'AG=BI>-AF,  thrrdoTC  ff 
AF^tfr.'then  .  AGz^^  ,     and    AG  K 

But 
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Fig.  BatifAG=:a,  theflAF=BI>— AGc=*-^ 
and  AFxAGzr  AB%  or  b — u  xarznn.  Id 
both  cafes  aa — bazz-^-^nn. 
8.  .  Lafilyv  whftn  aa+6a= — nn^  then  BCni*, 
BA=«,  as  before;,  then  if  AF=:— tf,  theft 
AG=BD— AF==^+tf,  and  AFkAG=ADs 

or  — axb+a  =  »»/    . 
But  if  AGn— ^,  thenAF=BD— AG=:^+tf, 


and  AFxAGrzADs  or  i+a  x-r-tf  =:  nn. 
In  both  cafes  aa-^iazz-^nn. 

P  R  O  B.    XCVIII. 
To  confirua  cubic  and  biquairaSic  equations. 

Toxonilruft  a  cubic  equation,  that  has  all 
its  roots  real,  by  a  circle.  Let  the  radius 
OB=:R,  fine  EFzij,  GH  the  fine  of  the 
^rch   GB  or  3BE.     Then  by  trigonometry, 

3^— ^j^irGH.  Draw  CD  parallel  to  AB, 
and  put  SfziCj  EScrx,  GH=^,  then  r+x 
=i,  whence  3x7+x" —  |rg-  X^+x  ^h  this 
deduced  gives  x'  +  ^cx^+^ccx    +f'       ^^'^ 

—  if  RR      . 

Suppofe  this  cubic  equation  be  given, 

x^  +px*+qx  +mo.  Comparing  this  with  the 
former,  and  equating  the  coefficients,  we  have 
prz^Cj  and  czzjp.     Alfo  j^cc—iRR  =  \pp 

— JRR,  whence  R:=zi\/pp — 3^,  and  r=:c» 
+i^RR— JitRR  5  whence  b=^~^-  +  jp. 


Hente  arifes   the  following 


I  RULE. 


1    RULE.'  ^^ 

Having  the  equation  x^-fpjt^+jx^^rzzO.    to. 

u    With  the   radiua  *v03>—ii  f    dcfcribc 
the  circle  BGAK. 

2.  Draw  the  diameter  AB,  and  CD  parallel 
CO  it,  at  the  diftance  of  ^  %   above  it»  if 

'  It  be  +A  but  below  it;  if  -rf . 

3.  Draw  allb  ZG  parallel  to  A^  tt  die  d!« 

ft«<»  ^^?+T^  above  it,  if  it  is  affif* 

mative;  or  below  it,  ifnq;ative*    Letjt 
cut*the  circle  in  G. 

4.  Take  the  arch  BP^iBG  ;    and   make 
.   I?Qz:QK=KP. 

5*  From  the  points  P^  Q,  K«  let  fajil  peneii^ 
diculars;  opon  the  line  CD,  wluch  will  be 
'    the  roots  or  the  equation  \  the  affirinaclve 
above  the  line,  ano  the  negative  below  is. 

Scholium* 

If  3;  be  sreater  than  p^  the  equation  h 
impoffiole }  ror  in  this  cale  the  equation  hat 
two  impoi&ble  roots. 

Alio  if£=o,  then  the  radius  of  the  circle 

OBrr|y^«*^3f  I  and  CD  coincic{es  with  AB  i 


and  the  diftaoce  of  ZG  from  AB  is  — ^. 

J 

And  if  q  is  affirmative,  the  equation  is  im« 

poffible.    Thefe  conftru&ions  are  e^ctreamljr 
cafy. 

Ex.  !• 

Here  the  radius   OBzzh/^-^$i      —        1 1. 
^81+66=8.0829,  and  Tp^i%  tliediftance 
«f  CD»  above  AB. 

X  And 


II. 


3o6         COlffSTHtlCTlOtJ    ^       B.Ir 

ri_64-<>±b»  the  diftwGc  of  GZ  fit>m  AB  i, 
therefore  ZG  coincides^  with  AB  \  and  the 
arch  EG  and  alfo^Jes  third  part  is  o,  and  P 
falh  on  B4  and  making  PQbQK^zKP,  and 
letting  fall  perpendiculars  onCD,we  fhatt  have 
P^Si— 3,  QT=+4,  and  KT^— io»  the 
three  roots  required. 

,Supp9fe  *<— »i7i»-h82*— ffto=ro. 

12.       The  radius  X>B=*v/a8^»— 246  =  4.  37. 
•/  =•— 5.61$,  the  diftance  of  CD  below  AB« 

^  Sl=li+^  ^-'o8o.t'^?4  _  If  ^  ^ 
■     PA— 3?    ^         289—440  3   ~ 

7.^02-— 1 1.333  :=>—4.og  I  »  *^^  diftanoe  o£ 
GZ  bdow  AB.  Take  BP  che  third  part  of 
BG,  and  making  PQ=QK=KP  r^oaea- 
furing  theperpendicttiars  upon  CD,<  we  havQ 
J»S=:+4,  QT=  +  io,  and  KV=+3»  the 
reots  of  the  eqviauon. 

Be,  3. 

« 

1^;       In  this  example  p-^zo^  therefore  CD  txAn^ 

cides  with  AB;  and  radius   OB=;7v^ — 3;=  ( 

V39=4-i8i  and  — ^  =  E^j  =^-77^. 

dlftance  of  ZG  above  AB.  Take  arch 
BP=i  arch  BG,  and  make  PQ=:QK=KPv 
and  let  fall  perpendicularf  on  AB,  then 
PS=  +  i,  QT=:+3,  andKVz:— 4^  the 
three  roots  required. 
J  4.  Cubic  equatiofis  may  alio  be  conftrued  by 
a  cubic  parabola  and  a  riftht  line.  Let-FVAC 
be  a  cubic  parabola,  whole  latus  rc^um  is  i . 

*  DraW 
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Draw  VE  die  tangent  at  the  vertex,  pcrpen-  Fie» 

*^'?^S»«®  '^  "**  ^^*  *°^  BI  parallel  to  it.    il- 
and  ,SBC- perpendicular  to  AB.  ■ 

Then  put  VHr:^,  VD=r,  VI  or  SB=», 
m:z=a,  VS=«,  then  SCzzn+a,  and  by 
the  property  of  the  parabola  VSr:SC».  or 
y  =iM+a  .  By  fimilar  triangles,  VH  .  (i) : 
:VD  (0:  tSH  (*-4):SC=f^,  «„| 

"^  or    ='  ^  ■ — n»   and   ia^tx—eb—iiit 
whence  rx-^sfiJ+Kj^  or  *—  £  4  -^^ 

7,  that  u  (expunging  X)   »«+3«*tf+3«^+ 
«'— 7  tfsi  +  -.  ^    ,rijich  ceduoed  is 


«'  +   +3M*  +  ^WM  +  »J  =  o. 


7--* 


ff^ 


M-'  +  /«»  +  j«  +  ;  -.0,  b^ 

jny  cubic  equation.  By  comparing  thcmv 
and  equaang  the  like  terras  j  wpb,^  ytzzp. 
and  »=i/.      Alio  *■*'  f"-     i^-^¥* 

h  I 

3"»— 7-?..  and  7=3a»— j=^^>^)--j. 

A^,  »*--^7?rr,    or  ^^p^  —  ^  —  ^ 
Xi^p — i  =r,  whence  ^=:j^— %^> — ^r. 
And  fince  i  =  ^f^-j,    /  =  -1- 

/¥►— M     '    Whence  we  have  the  fol- 
lowing conflruaioa,  by  this 

X  2  2  RULE. 


/ 

I 


I 


I 


ts 


jot       C  O  N S  t  RO  C T  i  d  iJ    «/  " '  B.  I. 

Given  the  equation  .a^+pa*+qa+r:izo. 

i.  With   the  parameter  i,  and  the  axis.  VS| 

deicribe  the  cubic  parabola  F  VAC,  draw 

'the  diamfctet  JRA0»vcdi&>n|:.^  faun  the 

'•>  iki^Va,  ^itb  ithr  iigl*  hwcj^if  affirma- 

-  "iivrrind  tfMwLriie  (aiftgmt  ^  the  vertex 

'  ■WDi'i.-.:..'^...  ..^,::,:  ;;   '    • 

-  ^«' VirS^^^I ' »  %  M^t.  If  aiBrma. 

tivc  *'^;  •'  '*^i     .'..■:  '  f  i^^...  V    !    - 

4.  Through  the  points  D,  H»  draw  the  right 

line  FDHC,  to  eac  the  parabda.    Frpm 

all  the  points  of  Jnterieflion,  let  fall  per- 

;  '     ;i1'^^P^r9  ^  ^^  ^iameter  A!B,'   Ivbich 

q.       ^iH  t>e  the  roots  pf  the  cotuiidtii   thofe 

'on  the  right  hand  Of  AB  < affirniative  1 

^^'1  tlxA  on^^^  left,  nieoar^ 

^^  •  5"  'T^cn ,  «nf  of  the  atorefaid  quahtities  arft 

J;:^^^^g^vei  they  riftuft  be  ktd  roc  conti*ry 

IV.       w'ay.\t3o  whtt  13^  directed  tfbove  (Art.  i. 

So  H  Oi.  lUM*     .   . 

-     (f(h<r'f(^'cond  term  bewandng,  p::iOt  ud 

.; :  At  'c6mad*i»  MlUh  VS \  and  th«i  VH  =— r. 


*)I]F  the  ^oumljcrs  ^vcpf  tn  the^feq^flon,  be 
too  great  for  youi"  parabola  rt^e-t^atton  is 
eafily  changed  into  another  Vritblefe  lliimbers> 
;  by  Prob.  xlii.       ,^ 


Ex. 


.    .  .  .•-  ^  ',    .f^'  '^'      '    '.    ■■  .  ■    ■  ' 

Let  iht  ^itUn'bf.  4'4-'>S0*-K5135««>- 

The  parabbti=1)eiifg  ^arfcribed, .  wu-  have    14. 
VI=:$;=:.6,  tlw  diftxnce  isf  IB  frOn^Ehe  axi^ 
VS,  00  the.nlghtv  4Kt'.VHisij>f-H^'— r 
=:.3 1 05,  ukM^  dowfiwards  from  tbirvtinjtexV. 

•Thnmglv.fly  H  4raw  ^  right  Iioe,F]i^C»  ' 
^tting  the  paraboU  inT,  G»  €'»  fioh&irliiieh 
poiiits  \m^t^h\\ ^n>em)icu4af»  ^if  AB,  nc 
have  FR=~i.^5,  'Gl.=T--^r  and  ^^ 
A-'7S*  tbfi'three  roottoftbceqiiyi^a^  ^.v 


•     •  ■  V  .  ;.   •  *- 


»  %  < 


Hfitit  f^Qf   aod  tKefefofe  AB  ^coincides    i5< 
•  with  1^;  tivcn  rni|ke  .VH=w:i:^^^  j 


J*- 

r 


cot  the  pMf^I^^. ;.  joj  %  Cj^  ^  L.  ^f  ^^  ^**^^^ 
letting  fall  perpencucumrs  on  VS^'  '^  we  have 

FR=— ii»  GL=-tA»    wi4   Cfi=4^f   the 
three  roots  i^quifed.^    ^    " 

Ccibh: ,  and.  biqua^  ra»U£  eg^at^cmi  inay .  alio  1 6. 
be  conftraAed  by  the  cotnoiOn  parabola^.  Let 
FVAC  be  a  Mrabola,  VS  its  axis,  AB  a  dia- 
meter parallel  to  it«  £A«  andrJSBC !  two  ort 
(liMti^pcfVcivli^ilM  klVS.'  Drnw.  alfo  HD 
I»^«¥fiww|*^^  ^ir^lelito  VS  I 

draw  HQf.  •  • .  .      ;    .\ 


1* 


X  3  Put 


Sio         CONSTRUCTION    cf/lBA. 

Fig.     Put  EA  or   SB=::r,    ADruf,     DHn^, 
16.    HCs/;  and  BC=*.    iTicn  QC=^+tf,  U- 
tm  re&om  of  the  figuret  ,isA. 

Then  by  the  property  of  the  figure  ABzs 
FBxBC^2€d+aa^  and  DB  or  HQrr2rii+ 
4^— i/,  and  HC»=HQ*+QCS  that  is, /rr 

+aa ;  which  reduced  is^ 

Let  4*+^'  +  ^it*  +  ^^  +  ^  rrOfbcany 
Biqiiftd&cic  i  equation  V  compare  ^\§xenn  by 
ter^  witit  the  other;  to  findtbiE^  values <^ 
the  Quantities   ^,  d^  fy  .g.    Then  we  have 

h%vaD^  ^cr^ii^Mntiy  and  aiJa4^c+. 
fr:^+i — f,  and  iac*^ 


Again,    2g'^4cd=r^    and  jr  =■         > 

-  •    ,  '* 

^i  fg+ii^ff±Sy  and  /±ii+M^J. 

following  0Oi»ftf|lit)o«. 


:  '/   .' 


•  •/:.       .    ,-• ,  3    RULE,       :    /  ^  • 

•  'HaVih^-th^  etquition,^  '    •' '■'^^ 
'    or     a^+fa^+ia^r:=:o. 

1.  Deferibe  a  parabokt  FVAQ,  -^hoTe  pa* 
nmcceii  is- *,  andamVS/'  Draw  tll^diatn^^ 
ttr  Aft  M  cHa  d^ftafiM  of  {/  from  (he  axis^ 
on  thrY%Kc  hafid^  \£  f  ia  affiEmactve.^Thet|  j 

for  the  cetitral  rule.  —  -  ^ 

>  11  ,    :t.  From 
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16 

\.\ 

/  ■     /'"' 
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/      a- 
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2.  From  A»  the  top  of  the  diameter.  Cake  Fig* 

AD  :=:'^^-^ *■,  downwards,  if  affirmatire. 

3*  .From  D  in  the  perpendicular  DH,  take 

DHd-     '^       ■  cowards  che  kft,   if  afRf^ 

mative. 

4.  But  when  any  of  chele  quantities  are  ne- 
gative, fee  them  the  contrary  way. 

5-    From    the   center  H   with  the  radius 

V^AD*+DH»— 7=i:  v^HA»— J  ,  defcribc  a 
circle  which  will  cue  the  parabola  in  feveral 
points  as  C.       .  * 

.  6.  From  the  points  of  intcriedion,  let  fall 
perpendiculars  upon  the  diameter  AB,  and 
chele  will  be  the  roots  of  t^e  equatictn  ^  thefe 
(BC)  on  the  right  fide  of  AB,  are  affirmative  ' 
roots  \  and  on  the  left  fide,  negative.  '  And 
there  are  always  as  many  real  roocs,  as  there 
are  points  of  Interfeftion  i  and  che  reft  art 
impoffible. 

ScHOI.S^UM. 

If  the  lecond  term  be  wanting ;  then^zro, 
and  the  diameter  AB  coincides  with  VS.  Thea 


alfo  AD=  ^,  an  DH=Ir. 

z 

In  cuhica  s  it  wanting,   and  then  the  n* 
dius  HC  becomes  =HA. 

If  che  numbers  or  coefficients  be  coo  large 
for  your  parabola,   you  nvift  cransform  ch^  J 

equation,  into  another  to  (uic  your  parabola^ 
by  Prob.  zlii.  and  Chen  conftruft  H »  wd  laft- 
1y,  rcftorc  che  croe  roocs. 


•  X  4  Ex. 


3«         CONSTHUCTID^T?*/       3.  L 

I 
v^»  ■■    ■  »  f  • 

or  y:±i6x ;  then  *  t^e^ itJinmOfr  ~ bc^^ 
looo^'+aoocwf* — 5o6bJr'-N6doo^o,  that  i^ 
.;i»+2»*— vf — 6=0.  dwhere  the  nuipbers  are 
fmaU. 
»  7-  TKf -pintbola  FVC  1>cing  dcferib^;  make 
£A::=i/=ZT9  on  the  right,  and  draw  AE  pa«> 
ialkl:,i(Ctjhe:'a^«  VS.  .  ,        . 

downwards.      Draw  DH    perpendipular  to 

ad;  and  We  l)H=^?±' =  ^.^^^ 

.=*»  tQ  tl^lcft.  From  tha  center  H:*with 
radipS)  HAt  dcA^nb^.acicde^  qijKiag. the  pa^ 
raboja  in  R,  Ail  5x»  J**  K  ^^^  wlijch  luting 
fall  perpendiculars  oo  AB  i  we  have  R A  ;;:7r  1 1 
hCzz+z^^  ttzz — 3,  the  roots  pT  the  equa- 
tion ^'  +  3x*— 5ff--:6jp3,  and  niukiptyiog  by 
10,  we  h^ve  — lo*  +20,  and  '—30,  for  che 
roQtt' df^  i6e'  given'  'equation  y^  +^^* — 5<>of 

•— OOQ^O.  ' 

•  Let   Af*—  1.75^^  — 4»^^5»f*  +  4-875*'  + 

675=0. 

18.  .  Dtffcribc  the  parabola  FVC,  ind  draw  the 
iixis  VS,  ^nd'  msfcc:  E<:2:iy^ii-*.44,  to  tftrf 
l^fc,  and  draw  AB  pafallel  to  the  axU,  «iakci 

ADrr      '-     ■      =319' .  dwniwarcb.     PraW;. 
PH  perpendicular  to  !AB,    and  make  DH 
_  i- — _  __    o5^     t^    jlje  right. 

From 


BOtL  IX.      ROfU  AtTJ  iDrt^X  0^  .     a>3 
F#om    the  canter    H  »    with    the    radius  f» 
\/315nS5EP^5^2  ;  ^  defcribe   c  dide   «• 
ctttdng  thejawifiriii  m  Fr  R*'  G*  ^ip  ^Inkn 
which  dt^wioft  MiipcodicuUcs  t]»,.ABi£fK 

have  ^=--r,  >B=^r-»^^Gr==i,  i?r=j 

2.a5,  the  Mots  required.    .,..,...    -  - 


.1.' 


Ddcribethe  parabola  RVCttfth^axi^^^^   19^ 

draw  AB  laraUd  to  VS.      TaTcc  Al5^  = 
^•^1.72  upwards^     Then   (per- 


2 

pcndicular  to  :AD)>t»ke  PIJ=^^--5p-^  ^ 

'^Jii »,  -  t^'fS&  rt^.  -V^Wt  the' <^cntcf  H, 
and  rad^8^^4.*i9  ^±:  V^A1l>«-Dh*+6}:.de. 
fcrilje  a  cirplc. .  to  intcrfe A  th*  paffcbDla ;  from 
"rhe'pb&rt  bflntiti^ftiori^  Jctiin|;  fall  j)erpcn- 
•dicWafs  otiAB;  rffc$  the  toots,  ROi: — -5, 
and  *  CB::z4^2.'  The  o  Acr  livo  roots  arc  in^* 
poffible/ Which  is  knoAVufripm  this/ that  ife 
circle  ^  interfeds    the   parabola    in  no  oust 

points  dian  thcfe  two. 

« 

-'  Hbre^^xo,  <hcfTf<m;dd'^^  to, 

FAQ  whofe  axis. is.  A&\  ;attl.nmke  AD=^ 

'^^=^-335»  ^d«wiWarck|  ..and  :DH.=;\r=s 

•403*  [>erpctidicatar  tQ-iAD:». tQ:lite  lcft>  .With 

'  radius  %/Ab* -I* pH*—3.564:::2  72,'defcribe 
.  ^  circle  cutting  the  parabola,  ^in  K,  G,  C,  F'; 

and 


2U 


t 

1 


11 

3P4         CONSTRUCTIOWy        Bkl. 

Kg.  and  the  perpendicuUrt  from  thtfe  ^nits  tf{l- 
20.   on  AS,  give  RE=.— .y,  XSt=-|ri»  C9=:+ 

.■tt.i,  and  {i'jzi-ra.l, -«he  ^oo^  of  thecqiu- 

don, 

I 

Scholium? 

w 

Geometrical  equations  may  be  conftrufted 

by  lines  as  well  as  by  nunrbers.  For  proper  lines 

flfiay  be  feund.for:the  cocfikients.  h^  proceec(ing 

according  to  Frob.  xcvi;    and  k>  the  wholp 

^j     niay  be  done  geometrically. 

:  Quadratic?  equations,  whoft  general  for  Ai  is 
•  a*-\-pa+q — oi  'may'  alfo  be  conttn^td '  hf 
the  laft  rule  •,  and- then  r  and  s  Iwill  6e  pro-, 
but  the  method  of  conftru&ing  by  die  circle^ 
is  eafier. 

4    R  U  L  £• 

c    Arty  cubic  ot  biquadmk;  aqqatien  jc^+psfi 
4i7:v''+rj(+i=Ot    iMy  be  conftrudtd  me* 
xbanicaJJy  jthus ; 

-  .  i  •  Upon  a  i^ain  fmoodi  waB*  draw  a  hori- 
.xontal  lin^  AB,  and  X:D  perpendicular  to  it^ 
^d  tokc  CFzzif^  to  the  l^ftTiand  if  /  is  af- 
Aroatire.  Hai*g  a  thread  *cd plummet  EPF 
aa  any  .point  Et  in  the  perpcadicular  EPj 
make  a  knot  in  the  thread  at  ir,  and  tic  the 
other  end  fo  to  the  fixt  point  E,  that  ?n  may 
be  zzi.  Then  with  a  pia  or  the  point  of  a 
compafe*  move  the  thread  EF  fidewayi  toward 
CD,  till  the  knot  n  falls  in  the  point  C  •, 
mark  the  point  D  in  the  line  CD,  whjro  the 
pin  is,  wheA  Aat  happcfts. 

2-  From  D  uke  DGzz^^-^ (  =i), 

downwards,  if  afltenatife.    And  in  the  per- 
pendicular GH,  uke  GH  =^^,  to  the  left,  "] 

if  - 
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if  it  is  afiirmadve.  But  if  any  of  theft  quan-  F'ig. 
Cities  be  n^ative»  they  xnuft  be  ukep  the  con*  21. 
trary  way,  to  what  is  dtrcAed  abo^. 

2.    Then    with    the    radius    or   diftance 

VHD*— i,  and  one  fo6t  cfthe  compofts  in      • 
H,    move  the  other    foot  along   with  the 
thread,  round  in  a  circle,  and  the  weight  F 
wtU  afeend  and  defccnd>'  as*  die  ritread  £F 
moves  laterally.    Obferve  always,   when  the 
knot  n  falU  in  the  fine;  J^i   amd  mirk  all 
thefe  points,  Q,  N,  O,  R.      Then  the  di« 
ftances  of  tfaefe  points  from^  C,  are  the  roots 
of  the  eauation  \  the  affirmative^  00  ^ther  r^g^  - 
the  native  on  th«  left  Hand  of  C  y  thus  HC 
is. an  aBirmatlve  root^   v^d  Qpt.^^Q  0(1^     , 
negative  ones* 

•  * 

-  It  is  plain,  this  mie  i$  fbiihdeif  On  the  la^ 
For  the  moving  point  xif  the  compafs-  is  ^- 
ways  in  the  curve,  of  a  I:^M^abola,  when  the 
point  n  is  in  the  tine  AB.^  To  prove  which» 
tappofa  the  parabola  AP9»  ^o  be  defdribed, 
whofe  focus  is  E.  Then  by  the  pr^rty  of 
the  figMTt,  £L-hLH=l£I^^i  pammfter  s 
£P+P»  Of  E»=ED+DC.  Thercfof^  the 
drde  cuts  d^parabolfi.  in  L|.  aad  ifie  .'diftanoe 
of  1^  from  t)C»  tb^  i(  UC,  ia  one  i qoc  cif  tbo 
;jpquatipn  1  and  the  like  4^^  jh(  ivft; 


1 1 


1  •  *  •   J  ^ 


I  ..SECT. 


^:  .-»»  X  \ 


11      •      -  -k 


-i  ,A^/-i2iT<«-i..vJi.M  ..    i^.-^.;  V  ^;:*:  ^. 


It 

Rulei and Dire^Htmf  for  the  iftvffiigaiUm.fmd 


•   *       m  M  "■'  •"*  « 

'      :  P  K  O  B'L  E  M    XCf35Jl-       ^ 


A^Qo^fti^H^is  &id  tobetrdy  mtnt^^  Vhen  it 
^  t'admitfii  but.  of  9nc  folotion ;  pr  at, jnoft,  of 
as  tnMy  at  i]»  the  index  of  the  Hig^e^jppwer  of  the 
unkaomi  qvap(ity  in  the  ^nal  equatioa.' VV^d  whe- 
ther a.q»f mm,  be  liiQif^d  w  f^  maj^  jae  known 
from  the  equations.  by^»  : ,  .,    ,,,  , ,  \     ; , 

When  the  number  oSPuokclown  quantities,  is  joft 
as  numy,  as  the  nutriber  of  given  ^  equations,  not 
depending  on  ode  anofter ;  theif-the  qdeftion  is, 
truly  hlnkecL ^  •     '       •   -  -:-  ^'        ^ 

3ut  wKen  the  numbltf  of  uhk^oWiJ  ^qtMntitiet 
exceeds  the  number'of  ttrou'aiibns  givto  i  then  thfc 
queftipn  is  unliitlired;  adtf  capabK!^  of  innumerabte 
anfwerst  .  ^ 

And  when  the  number  of  unlcnown  quaAtitier 
is  lefi  than  the  number  of  given  equations )  then 
the  queftion  is  abfurd  and  impoflH)!^  ekcepc^thefe 
equations  be  dependent  upoh  one  anethet' ;  ki  ifduch 
cafe  the  dependent  ones  may  be  ftrucic  oM«  '  * 

Equtfions  are  fkid  to  be  i^^dent  ^lone  ano- 
theri;when  they  may  be*  fer^h^  "or  d*-ived  lirom 
one  anotherV  by  any  opehttions,  -  with  the  help 
of  the  kaot^h  axioms/  *     -*^       :     ?  i 

For 
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For,  by  Cor.  i*  a.  Prob.  liii^  one  tonkiiown  quan* 
tity  ttiay  b(i  tikeojtw^.bjr  each  equation ;  fo  that 
at  lalt  there  will  limaitt  ^qij^  js^adon,  and  one 
unkaowii  quantity  in  it  1  and  therefot-e  it  is  truly 
limitodr : '  V'-":':x  -•'=•.    •  'v    •     ,T  .••'•..{  -    — . 

But  if  there  were  m^re  i^nknova  quannties  than 
equations^  there  will  remain  ixiore  iknknown  quan- 
tities thlui.one»  injhe.  bft  equation.  And  then  the 
queftion  i^  not  limited  1  for  all  of  them,  but  one, 
may  be  takei^  at^pl^uft :  ami  thit  is  the  reafon  of 
queftiOns  being  unliiAlCed.  '  ^^ 

Laftlfi'  tf^  there* be  more  equations  ^arrtinknown 
quantities,  then  at  laft  there  will  remain  one  un- 
Kn^n  quatttity  for  feVerat  ^uatldns  r  aild  then 
'  the  queftion'  \%  vtidrt  than  timi^^  'and  wiJl  chere- 
fore  be  impoffiUe.  Fot  the  unknown  qufmtity  toe- 
ing ticterrninated,  there  will  be' an  ^utttioO'  con« 
fimnKttf  lAt'  knowA  quantities  \  ^YAA;  waft  be  con- 
tradtaory  to  one  another,  dadS)^  «hiQr«t^ 
way  or  other  d^pepdii^  on  oac  anodber,  fo  as  to 
make  an  equality.     * 

S  c  H  oa  t  u  vt:   - 

As  a  probleai  is  truly  liiTU^,  >i^en  tfve  number 
of  independent  equations,  is  equal  to  the  number 
of  vidtnown  quantities  f  to  likewife  a  problem  is 
Uiity  limited, .  thou^  there  bf  never  fo  maiiy  equa* 
tioos^  prodded:  aU,.  above  that  number,  arb  de*- 
pending  upon  tbefe,  and  derived  from  them.  This 
is  plain  ftootany  a^phr^  proct fs  *»  f^r  in  the  ope- 
Wloo^  .idl  the  fuocoediog.  equations,  are  derived 
Aom  lhef^;£rilmveor  and  all  equations  fo  de- 
iwq4  n(^|(«,^.Mcer^^  in  the  limitation  of  the 
prooleflSs  >^'  *■*  ,  - 

:Arpi«blem  4XKiy  beimpodlbi?,  wd  more  than  li- 
mit^ ili^K^she^mimber^^  than 
jtiienu9lbQrof-ui^WWi)  quanjnties^;\^^d  that  is 

-when  the  equations   are.  Gootrai^^^ 

As 


-quaQCttseSi  4nd  t^  c^  kpown  on^s.  iM<Hr4f4c  tm^ 
c  is  noc  rr2^9  then  die  prbbkm  Is^  itnpoffit^^ 

eqoatiools^  or  may- be  rc^ooA  to^ijiiclr  :>  even  though 
tl»e  immt^  o£  onuatioiu  bo  equal'  to  fit  left  tbaa 
the numborof  mVnovin  qiwicioef.    r  . 

T[ie  equations  given  in  -a  probkm^:  OQghc  to  be 
ifidepiodentt  otberwiie  thef .  n^Il  either  be  oonfe* 
cuentjal,^  or  contradi^ry  no  one  ^nocheiv  In  the 
&rft  cafr»  you  wiU  ai  Jaft  find  fome  quantiiy  eqiK^ 
to  icfdf.  And  in  the  fecond  cafe  you  witt  arrive  at 
ibme  :abfucdify»  where  a  greater  <piifiittt; .  is  equal 
to  a  kfi.  And  it  often  happens^  that  at  the  end 
ef  aniopeRftti^n^  die cqdfationagpveii,  4re  liwnd  to 
be  eithcrtlcpendenc  or  }na>nfi&nt  ^Hh  ^ooe  ^no« 


I 


their ;  vhiokat  fisft^  could  nee  ib  tfi&fy  beiUfcovored.  | 
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•       »#t,-,  .1'.  )  ^ 

J*  When  a  queftion  is  propofed  v^  be  refblved 
aleebraically  ^  *  the  firft  thing  to  be;doaey  U  to  con^ 
fioer  the  nature  anddrcumrfkaseies^^itief^^  to  find 
out  whaut  ts  given  therc&n»  and  what  reqiiimd.  And 
the  nature  and  tenor  thereof  ^biMg  deatrly  inideiv 
ftood;  rtfjofteveiy  condition  iCirci#cu]Qafta^  whioh 
has  nonece^My  cooneftitm.oi:  idationMitfi^  die 
thbg  enqmred  afi^r.  -Then'  give-nam^  to  all  the 
quantities  ecncernedin  the  )calcola«Dni  whether  gi- 
ven or  fought ;  chat  rs,  £or  the&ivti^t  numbers  or 
quantttieS)  or  at  Itaft  iori-the  pnneippd  o^  them; 
put  fo  m^nj^  difitoint  lettecs^^  ^iwO^  in-die - 

'   notation^ 
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noudon;  takiagaire  tdmaUbtheftnie^leiterftand' 
iii¥iui«bly  for  -the  f^mc*  th^t^  V  ttiiouglioub  the' 
whc4e  epeniiidn.  -      . '  . 

And  Uk  ||cnaral  profcAbinsi*  it  w31  be  Qoffvenietit 
to  make  ctmice  of  lu^h'  leitera  oi^  fymbob,  as  may. 
ibme  way  repi'cfeint  to  the-  mind,  the  things  de- 
figned  by  thetor  ^  r  forttdius^  ^  f or  fine',  /  for 
latus  reftom,  v-  ftr  rekichy,  t  for  time,  ^. 

And  if  Jdieoe be  never  ibmuiyx^uantkies  df. dif- 
ferent forts,  we  may^fsqmfent  thetn  by  any  niitn- 
bcrs  we  like  i.  or  even  all  of  them  by  li  which  is 
die  moft  liinf^  notation*  Thuvin^^may  caH'^ny 
degree  of  modoo  r^  any  degree  of  vcfcciiy  *  i ,  antf 
we  may  put  .t  libr  any^qjuahtity  of  *  fpace,  •  •  tirticV 
matter,  &€.  Bm  then  we  mtift  take  care  to  rc-^ 
prelcnt  otl^erquantMes-of  the  ftine"fert,  by  pro-' 
pordonal  numbers « * 

We  cantjaifo  tncxrure  any  kind  of-qmntity  by 
any  other  ktnd^of  fjtiantity,  by  taking  parts  or  de-' 
grees  of  ode  fort,  -proportional'  to  theparai  or  de* 
grees  of  the  other.  Thus,  quantities  offeree  may 
be  meafured  by  right  lines  propprtk>oal  to  tiiem ; 
bodies  or  quantities  of  matter  by^-their  weights  ; 
▼elocities  bythe  Tpaces'dHcribed-ln  equal  times  ; 
and  all  (brts  of  quantities  or  ti)inM  by*numbers. 

2.  But  as  that  (blution  of  aqueiHon  is  reckoned 
t!ie  more  artificial,  thci^lewer  unknown .- i)6antides 
are  aflTuraed  at*  firft.  Tbefefore  when  the  pnnci^ 
pal  quantities  are  denoted  by  letter»t  feme  of  the 
qoanticies,  tbae  miy  he  eafily  •  derived  irain- the 
itrft,  are  left  without  a  hameJ  At  when  tiie '  whohr 
is  given  and  ^ part^  the  other  ^part'is-^eafily  had 
from  thence^  or'  the  parts'being  giveri,  you  may 
find  the  whole*  iVifa  whtih  two  fides  t>f  a  'fi^t- 
angled  triangle  are' denoted  in  a^gebrak  terms,  >  the 
third  fide  is  had  from  thefe,  by  addjdon  '  or  'fub^ 
tta^ion  of  fijuares^  Likewife  three  ttrms  6f  a 
proportidn  biiog  gi^en,«tbe  fbtsrdi  term  is  eafily 

derived 
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from  thfi  reft.    An^  by  i^s  mtuti^  JEhcfe  wul  be, 
fcw€ar  terms jp  exxermlnate^    .  .       ^*  .  ^.^ 

j».  A^er  ibe  d€0gnadoa  a£  the  jqtiaa^ties*  hf^ 
letter^  a$  afbreHi^td  ^ «  we  mq(b  next  ibftrad  Jtv 
from,  words  ud  craoOace  tc  out « of  the  EnglUh : 
into  the  J^igebraic  lap^age  ;  that  ist  we  muftdt^ 
not^  all  the  cqiuUtiona  of  k,.  by  fo  wixif  ilg^bntic 
equations :  apd  tbii  is  called  j?tf/a!i{'  iJ^ffu^m.  In 
order*  to  this,  we  mvft  fuppo&  the.  u^  done 
wl^cb  wa$  required  V  and  tbeii»  widioM  making 
any  dif!trence  between  the  knowa  and  twkoown 
quantities  ^  aflume  any  of  themi  known  or  un- 
knpwn^  io  h^n  your  computation  from  %  taking 
filch  as  jfu  tbink  will  bring  out  die  fimpldl  eaua- 
tion,  or  ^ve  the  eafieft  fi:4ution»  And  it  is  beu  to 
afipoic  (hat^q9a^tky*Hp  begin  with  £rft%  wluch  is 
eafieft  found  or  brouj^t  to  an  equation*  Arul 
Xlktftiffitfi  it  ia  <^ten  more  conveiueiic»  not  to  begin 
with  that  wjhich  if  direftly  re^iftd»  but  with  Ibme 
other»  fram  which  theq^antit|r  ieq|aired  ms^y  be 
eafilyjiad..      ... 

From  tMe  .firft  afTumed  quantities^  you  mud 
proceed  in  a  fypthetic  method  to  find  other  qnan- 
sittes  waMffif  ind  from  thefe  to  find  others^  &r/ 
aooprdiqg  a>  t)ie  nature  of  the  queftion  dire^,  till 
you  gqt  what  o^pajtions  you  wane  .To  diis  pur- 
pofe,  you  fnuft  attend  ftridly  to  the  nature,,  de- 
fign^  and  maaning  of  the  qudlioo/  and  JG^arch  in-^ 
to  fit  the  QKomftances  of  itt  and  examine  into  the 
MuticnhMT  relationa  of  the  qnantitiea  to  one  another ; 
w  that  irom  thence  yon  may  get  a  pcoper,  number 
of  c«|na|iona«  But  UMnetiqies  thefe. equations  can- 
not on  had  from  the.  words  of , the  queftion  ;  but. 
depend  upon  the  hid^n  pro|itrtiet.«f  she  quanti* 
ties  concerned  thardn  %  and  then  the-equations  are 
to  be  dedMced  fipm  them>  (9  a  prajper  chain  of 

^  realbning; 
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ftifo^flg,  adlpiiriiog  «d  tfie  Bat«f«  of  ttie  fdbje^ 
under  cof^deratioot  •  Thu»i  in  niirfi«rical  qoe^ 
ftjoiU»  we  a»ift  proceed  bf  the  pNipcrties  df  huin« 
bcrs :  io  geometrical  prpolems;  l^  the  elements 
of  geometry  r  in  itiechtoital  problems,    hj  the 

Erindpies  of  mcjctuaics  1  in  ingonoitoetricid  pro*' 
lemsf  by  the  rules  of  trlgofi<Hnetrf  i  in  phtlofo-; 
phicat  problems,  bjF-  the  laws  of  mottoa;  and  io 
6f  other  fubje^.  And  here  |greAt  cart,  muft  bo 
takeh  that  yoilr  ccjuatrons  do  not  depend  upoti 
OM  9nother>i  Mc|  tjiat  tjiere  be  as  m^ny  n  there 
are  unknown  quandties»  otherwift  the  queftion 
will  not  bft  limited. 

4.  Having  got  t  proper  oumber  6f  eqtfatiohs;^ 
6ur  jboliiicls  it  now,  to  exterminate  them  one  by 
6ne,  ai ^aft  as  we  cani  tilt  there  only  rkmaibsone 
unknown  quantity «  in  one  Gna)  Equation  :  theo  the' 
problem  is  faid  to  be  krovigbt  to ,  $  Jiikiidn.  An4 
by  thefe  M^atibns,  *  you '  muft'  exterminate  thefe 
quanUdes  nrft,  tix^  are  moui  daftly  cxtermihated  i 
that  is,  thp  fimplcff  tMkr,  and  fo  on  t  till  the  quan- 
tity that  [temaink  at  lal!,  ttiay  give  the  fimplei): 
equatioa.  ppflibiei  or  ihore  fimple  than  if  i(ny 
othei:  pf  the  unknown  quantities  remained  in  th^ 
final  equation*  And  ip  all  your  prdctf$,x  great 
tare,  mui^  be  taken,  t6Jteep  to  ajuft  cdualityi 
which  ^  wilf  certainly  be,  if  yOu  ofaienrcf  all  fiio^ 
to  work  ^ccqr4!ng  to  thefe  jtift  rules  or  ttidms,  at] 
thebenhnir^of  this  bpok.  ' 

5«  'As  to  the  chufing  fit  tefms  qr  quantities  to 
begin  tile  cakutatioo  with  1  it  fometinoes  happen^ 
that  there  is  iiich  >i  relation  of  two  terms  w  the 
queftion,  when  compared  with  the  teft,  that  in 
making  ufe  of  cither  of  them,  they  will  bring  09t 
equadors  exaflly  alike  \  or  that  both,  if  they  are 
niade  liie  pf  together,  Iball  bring  od^L  the  (ame  fiMf 
equation,  as  to  fwm*  Then  it  will  be  the  beft  way 
to  make  ufe  of  4)citber  of.  ti>e(e  terms  1 '  but  inftead 
:      ;  .     "'V-  Y         '        •  ■  •  ^hereof, 


■ 

3ii*  .  .  n  V  t  t  ^  ya^ /Hvihg  .'  g. !. 
tioh  to  both.  As  fup{k>re  die  hklf  fulA  ortiAtf  (HH^- 

^ustntKy  reUtol  cd  %<j^  ldii^t«Atiy;  Mid  'withdue 
aliW.'  -  "    '"  ■ "     '-'■ "'  -'  '  .  ••  ! 

hitich  abridge  lh<  oftei-atidA.  As  tf  tWo  nattib«» 
ife  fodghi^'  '^hdfe  ftiifi  dr  dn^)ic«  («)  ii  ^VftA« 
it  will  0e  eonVMt«nC't6  take  iH+a^  iitd  *^fi—J», 

for  the!  tttsmlfcfs.  

Alfd  WlM3)  i«by«^il  notfttiierr  iM  fdu^'lA  Srhh- 
<heth»l  pfsgrefllbh;  tiv^ertf  th«  r^itinibA  dMfeteAce 
^i )  »  given )  yre  may  pi-operlypue  or^  a^  4+Jt 
ibt  th«  flutnbers,  «rhen  nhett  «f(  f hrfte :  ofd— 1^( 

4)-^/^  A-flii  <t+tt^   fefi- the  fitrmbeft,  wheA 

ibut-  ^te  fCbuiftd  t  ^iid  fo  «A. 

Ag&iA,  if  feveral  numbers  (U%  foVigbtlA'gWfM- 
yki\  pK^lSbh ;  i^utdtf,  ij;  ii,  ^t  thtic  humben ! 
MiAafia^tifii  ^,  for  foQr  iiuiftbeK :  ithd^VaV, 
4VV  d^S  V«,  for  6v«  AAlnb&rt ;  ihd  (6  OA.    Of  dft<- 

noR  them  by  iUetf  oth«r'  ftrki;  is  will  igivtf  them 
ill,  #it1»  iK«  feweft  letters,  •       • 

Jf.  ^Afftitfmai  pb6bl£Ai^  fiiRrUti Up lAtd tSff  hfglK 
tquatibn^;  \»her6  the  unknbwh  duanttdes'  icaliAOl: 
be  atpdng&d  \ltrithOut  g^sat  dii!i2:uity.  'thereflsfe, 
ih  fueh  i  taltkf  if  yoti  cahiabAkttfe  AifW  lettftK  fori^e 
fctftS,  oflljfckltiias,  or  powers,  ^^  Of  fottii  df  iJii 
ol^  <  i)uaAThi»  i  ahd"  fh6h  ijfpan^  all  thei^  old 
onett  atfd  get  a  proper  number  bfeqtiatiOtis  i  yOtt 
fiiay  of^ti  mid  the  Vsa^of  ^fenew  (juantities,  l}y  ' 
tefy  and  Ibv^  equattoiis  rffom  whence  the  old  (juon- 

tltits  maV  be  fnore  eifily  detei-mihed.  And  you  Waft 
find  Ui^te'hew  ^antittes  by  trials,  fuch,  that  when 
Ihey  Hre'fubftituted,  they  may  fender  the  equlti<^i 
iJiffcf;     Sit  Pt-ob.  yxi\r,  «cV.  B.  II.  ' 

Llkewlfe  In  any  opefatibn,  whi'n  you  ha^  a  mot- 
tilude  of  unknown  quantities,  for  the  coefficient  of 
iny  pOver  of  ^he  unkhown  qiiaAiity »  ptft  a  'fingte 

letter 
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-     $4  IngiBQiQecricf^  pwblemit  thtre  i»  often  mot^ 

.  ia  fiicie  you  muft  ikft  draw  a  figure,  ftcoordiig  to 
f4iat  die4|utfli(A  requuM  10  bt  ^oofiei    And  then  it 

'koAtn  QGcjuiAoc  10 pr^wi  rightlinets  or c^^mt 
itfies;pflrai)cl  #r.pef pcndiculfr  no  otiMr  iioes  i*  and  to . 

icffifain  poitmy  » tbrMghcertAlK  points  ^^  DO  make 
fimilar  criangJes^  Md  fucli  Kl^;  w  pMpmMi&rf  4oc 

*  #o  {(^ockm  of  (N  {«f4^  alM«)fft  oodeaiwiring 
-oai^ddvefhoipheiM  iato  flwilir  ttHtfi^^i  orfiglic- 

angled  ohes,  j>f  giirmo«ei^  Tfaei^ii^ineTuehAliot* 
Isff.  for  your  onkqiMfViiqiHUlttcfy  aa^foujud^eiw^ 

brifigoucthtfimpleft(qu4Ma*  ForyoR<mayl)^a 
ypur  coaiputation  wkbany  ^quani^jr^  koowi^  or  im^ 
:  l&nown :  which.  dooe,r  jwt  moft  fvift^d  ijoclMtical* , 

•  ]y  CO  find  diertft.  lo  general,  let 'iMewiiaAtiffe^  be 
•<lef)o(Bsd  by  lftM:9«  tliacJieMareft  th«tg&en^riaaf 
-^  liguf^  aftd  by  imana  of  wbidh-  <ltlifr  para  ad^ 
-joiaing  may  be  «a%  h^^  withooc  foMiSf  Jn  txiao* 

gies,  draw  a  perpendicular  from  tkt  end*  of '  a  g^cn 
fide,  aad  omMnfice  <to  a  gvrtD  angle.  Such  prepara>* 
-fieas  astfurfe  being  made,  joft  as^  yoM  find  neceflbry 
-Air  the  method  of  iolmionfou  ioreud  co-(ry  $  pur<- 
*fce.your compmc^kfion  acODrdiog  to  thi^  a^Kiir^'aod 
property  of  lines,  and  thee^di^iMis  g|v^  .iH  the 
4i)uiftiDfl,  proceeding  firom  f)be<)uaackice^uped» 
-w  other  ^oaotitiei,'  us  the  rcAation^  qf  tho^Jinet  di* 
-ie6t  r  tiU  you  get  mo  vajues  forone-  and  the  Amt 
ii)uantity,  or  find  one  quiodty.dciiotfdtifO  dtff^srent 
iways,  by  which  JM  wili  get  an  equatiom-  Thiftge* 
oeral  principles  for  carrying  on  the  oompot^tion-sM 
'Aich  nstbefti  theaddiiiofi  or  rubtmd;ii»aof  iMfs, 
tj  find  the  fum  pr  difference.  The  proportional^l^ 
Jmes  (lo^ifing  from  fimilar  criangkO»  tvhere  three 
terms  being:2tvea  to  find  a  fourth.  TheraddUjoifor 
-fiibtrtdion  offquBTes,  \fk  right-aogkd  tris^ifl^i  where 

Y  2  two 
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jtwq  §i^ii:.)?Q)n^gitttm  ^  third  «pay  be  found. 

Likcwxfe  the  <9n:rinc.of  prppaitioifi  ^will  be  ofin- 
;quqpi ,olfl». . 'Qefidcs . vrc Mo^^^       tifeof  iiich  pro- 

ppfiiions  in  gpooneccy  a$  are  M2i$aiblc.tQ  tbcLpivpoia; 

40*  B.  iyr;»t  »?^i^^  14^  i^,  t7^.«0,  17,  gi  ;  and 

.ipiDQ  ia  (h?  Allowing  b^okst^.a^j^cafioa  leqimci. 
By  hsj|p  c£  thqfe,  principles^.ahd  aciiain  of  right 
reafiyiing,  we  ftall  obtain  a$  maiiy  ccpiaiioDsas un* 
)u)0WA  ouanticicat  Jfthich  l>eiag  ha4v  ^  muft  change 
lour  jpietnod)  .aod  extmo^nate  thc^  Aipcrflucus  quaa- 
titici^.  and  find  the  root  of  the  fipal  fqu;itian*  : 
.  9^  If , this  .-method  vaii-gcuupon.4it.^.£^^  for  the 
fQlucioa.*or  the  prpbW»  prowU  b*4  baaly,  as 
i:upf^%  ioto  liigh  eguationa  andXurds,  /Vc..  rr.uft 
. draw  fi^ib  ftrhein^t  ^.Beg^n  ypw .computation 
4ne,Wt  i(i.U  jow.bayc.  Wt.on/a  itiet^,«  cl^ant  as 

jK){rit;)le»  ^prthe  principal  art*  of  re&jving  pro- 
.  bkins^  U  to .  fraoie  the .  pofuipns  mth  luch  jud^- 
ine;)ty...tKai:.thc  fidudon  xpayend  in  a3  fimpk  an  6- 
,cjiauQji'as.po0ib]e*  For  &mc methods  vill.pro- 
4uj::^W]:e  intricate  equackmsv  and  fpluuoi^  than 
<vh«y^9« ,.  Bmc  the  Ikill  of  finding  6ut  the  moit  fiiD- 
pl^  agdxftfy  ways  .of  rclolucion  is  not  to  be  pce<> 
jccib^d.by  any.  ruleat  bit  is  only  attained  by  cott>* 
i1;an(j>ri»(^ce,  .and  experience. 
,  ip.  If  y;qu  have  any  dopbt  what  quantity  to  take 
for  tHc.qMantity  rpughty  fo  as  to.  bhng  out  the  fun- 
f^d$.eq9aA(W*  .;Siippp&you  Ixaye  got  a  final  equa» 
-tiQixwitkx.;  ,tf^  io^e  other  quantity  ^«  which  you 
fuipc^maybe  aa  fimplct  (eek  an.  equation  between 
^.apdjr;.theQ.if  jr  be  of  as  high  apower  as  xi 
the  finaT  eqjj^ipon»  if  j^  were  uied^  would  be  as  high 
-ns  is  th/e  final  equation  with  x, 

Of't  .Having  ^ot  an  equation  between  Af  and  j^ 
fubftifute  fo^  K  its  value  in  terms  of  j«  in  the  fad 
final  equation  witK  x  &  aAd  youwill  find,  what  pow- 

.  •  '  cr 


a  Ample  equation  j  «'i»iH-  ofteh^fe  ^iivefl  to  lieM 
Ihipfofceg iffe#^'£3Fr/  '-  '  •  '"■"  •'°- /  ;  ^  '^ ^  , 
-'^Cfr,'  Jf  there-be  feVeral  qaantfc*^^^^^?^'^^!*)^  ' 
Rhbt^  VfltidriirilFbriHg  out-A'e'fiiripre^^eqoStriiftt^ 
Fat*  fcftcrs  fortlieh?'  aff,  ^B  giA'sU  hiaAy "ciuatfiffik: 
Thcirby  o^tfnrihg'ftfcH'  ^'•SfciH^'e^^ 
puhged  i  ybtrt*iH,Tor  iffic  moftf  paft/cK  tlie'fcM 
fflntrfecqiatldtt;-'*^'-^^  -  •  '  -  -^^'  *#'.':- -^J^b^:^; 

'■  'ii;-  Laftfy,  wWn%efin^eqaaaon'V8titl&'e^i 
«trift  it$  robt-KySeft. VlflfAnrfrjcW  hive'itfe 
tfafwcrin  nunAcrs:  -  *  —  '  ;  ;^  ';  \  -^  ";^''- 
•  •  iVi?;^  The  hanibers  giveij  In  a  cjiie Akin,  'c^not 
always  bie  taftch  af^lcalure,'  but'iftbflt  dfcierf  btf^ilb^^ 
3*1  totme  or  men?  ticftnnfearfdrts  W  rcffHt^ 
WW(*  ftr  the  nib* 'prfe^rr^ 
fern  fdrtiltiftg^ifr«^i«6hi^o-'o^^  • ; 

12.  When  you  hare  an  eqaadBH^cbiaaiftfrj^  thiif 

w4to  aiecona  unlcnowii  quamity^jKhkniyoawEn^ 
to  get  nd  of;  tne'^extermlnauon  of  wqich  rung  you 
to  a  very  high  power.  Now  if  it  happens  rii^  tHis 
fecond  unknown  quantity*  Is  but  in  a  ftw  'bf  the . 
term^»  which  are  but  finall  iii  rd^eft  of  the  rtft. 
Then  if  you  can  nearly  guefs  at  its  valued  you  may 
retain  it  in  the  eauation»  putting  that  value  for  it« 
which  will  make  little  difierence  m  the  equatiob*  a* 
mong  fo  many  quantities^  if  you  mifs  its  value  a 
little.  Then  the  root  of  the  equation  being  extrad^ 
ed  will  give  the  bther  unknown  quantity  very  l^ar. 
And  this  being  had,  the  fecond  unknown  quantity 
will  then  be  found  more  exadtty,'  and  may  be  ibbfti^ 
tuted  for  it  again,  and  the  operation  itp6ated/6fr. 

And  one  may  often  gueis  nearly  at  the  Value  of 
t^is  fecoi)d  f  uantity,  from  the  conditionsof  the  pro- 
bteni ;  efpecially  if  it  be  a  geometrical  onfe/frdm  t^h* 
.  conftru&on  of  the  figure.  ' 

y  3  Thcfc 


g%$        HtJLtS  f0r  filvmg^  tee.       9^h 

Thcfe  forts  of  eauttioni  majr  alfp  be  refolvr4 19 
iht  Rule  of  Falfe  ^ofuion^.M  dira^  w  Pr-^qif 
Rule  5  J  as  alfc>  Ijy  Pa*,  icjr.'  .  /    .,  . 

13.  When  you  want  to  compute  a  problplta  fin 
ibqie  pra^cal  irfe  i^  copunon  Ufe»  but  by  puriu- 
iog.U  in  its  mathcitiauca)  ^  ri^our^  yoo  wl  upon 
timt  irrefblv.able  equationa  Or  intrieate  furds  or  i#f 
ries.  Then  you  ibay  oftjm:rc&Arc  ic  on  very  fiir^ 
fk  principles,  by  negIe£iio||iuch  qu^r^titiea  or  fuck 
conaiuohE»  m  fcrVe  only  to  emjbarra^^  the  problcaii 
Uit  mAc  Hftjip  ori^i  difference  fiwr  ihc  purpofe;5rou 

cb  conditioost  as  are  ot  Iiccie  ipmnent^    fUM  in% 


fuch  conainonst  as  are  or  uctie  rpfjflieyi   f^  injt 
dead  of  fycik  q^atiae&as  ;lp^^Vo£!  c4^^      dif* 
&ult»,  ^Ks  9tKrs"nj;^lj;fayat  'tfjjnci^  wlvcb,«Mfi 
niake.  tht  ^racloa^linore  umplc, .  Qr^s.,G9ip}ejai^ 
^fli Wc^ ,  ,Oc,.ft)jnc  of )ihc  \^  jnaa^wt  »ay . ^  iKin 

tircly  left  0^,  ,M  tbwao^aj^W^PP 
Ip^tionbfthcjvookm*,        ^  ^ 

■■  •  Tliefe  it^i^tfite^elril  rtiles  of^oiidng  i  aft  w)udf 
wiS'bti'lfa^^^cai!;  by  the  examples  in  che'foUDw- 
ini' Book  n.  •■''••  •       ' 


I  ■  •  ir"--ri  f'  a    ■■  ;.        .T5  •  •  •  . . 


.S      '  '        .  • 


►         v^^ 


I, 


«i 


I'V 


•     1 


book; 


t 


B'O  o  K    li 


s. 


*    •">    ■     »-■ ..  n  » '• 

.     .    »  •      r 


«  H   I  '    »         ^       »  >  '  *     &  ,■*  ^'^  ••  »■■*■"  »    **"      "    ' 


THe  Solution  .of  FroDjepis»\,^^ 


I    !' 


Will  fulfil  the  conditions  of  the  <iiiel!l6ft^^  '")  ^  ' 

Of  probletiis  thcfe  are^  4iL^Ii'^t^  'h^J  ^^^^  * 
determinate  number  dfiinf^-Teti",  ^np^  <|i^/A'«(<fr/$ 
which  have  iniiunfterable' ahfWe^."  s"   !  *_  ^ 

Problems  are  of  feVtfrii '  kih<i^    is  !nlttt?{?ffc]9> 
geometricar,  trigonometric al^  'Jnnof<5p^ica^*'  mc-^     ^  ^ 
chanical,  &fr.  -  '     " '^    ^  •   V  "' ^.  ^ 

A  problem  of  6nt^  twOj  p^^^  Crff /  diinen^rtM^«*  >^ 
is  chat  which  han  objL'  Qi?p/^  fiirej^  (^^^   ^If^^I^ 
or  anfwers.    -         *  'a:-      \ 

We  havi  fcitherto  bet*n  laying  doWn  Tuch  rules, 
as  are  ntctS^J^  di^  icrvteftigauon  and  folution  of 
prot)lems.  Tht  reiser  mpft  take  particular  cac;, 
£  niakfe^ifflfel/  Well' *?^inted"^ith^  tjielfe  riVeJ, 
and  keep  them  in  mind^  fo  (hat  jhe  pi^  hayq 
them  ready  for  ufc^  Upon  all  ocd^ji^ ; :  for  with*' 
out  them  no  problem  tin  15e  foly^..  ^  ^ut^^  ^ie- 
cepts  are  but  of  little  ufe  .wit}voiit  e:|&nv>l^s^  ^nd 
geheril!y  reaeh  no  firther  than  -mcrd  fpf cai«tion  *•, 
I  ifaall  therefore^  jp  the  next  place,  apoljj  them  to 
pra&ice,  and  that  in  ttie  ^lutibn  of  b  great  variety 
of  problems,  in  the  moft  material  branches  of  the 
mathematics^    which   I  ffaall  now  begin  with  di- 
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there  are  twe  tampers  wbeffjum  'is  z^  a$U  tbe^frt* 
portim  if  one  to  the  oihit  M**»1  /*  3,  viUt 
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I 

2 

S 
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'*=¥=io,  thelefler. 
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Siippoie  I   ] 
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3  jranif.' 
♦-^  (5) 


Othirttnfi  littSf ' 
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* = V  =  V ;;:  >  5,  the  greater,  num- 
ber. 
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tiat  bad  3  rmamtng.     Mm ,mmpf  M-m.  Mt 
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Let         X 
^queft.    t 
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4  X       i  J 


4i=numt3er  of  pence  iM^  Iwd» 
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tmydofbt  UUd,  be' jbotM-Mkt  1^  d;^  ^^^r 
390  ifcjrv  mUb^jf:^&iM^.'¥  fjf^fr  'i«t^^ 
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Let 


3  -r  (20) 


i\ 


"  tben^.— <==  the  play  days. 
tfc^-^f-rssiflS,  the:  worlcthns. 


3 

4 


'^q* 


r 
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1 


PKaBt 


w 


HUm^M^iOnAiVt 


-B»  JIf 


P4l  aB.  4VV 

Jbmigti'  W  «^«^  ^iMit  was  ic  pMjr  ^Jh'llkis, 

:  M'.^i^jm4  1 1  now  if  AmbalSuim  /t^ 
MM  as  maids  J  and  maids  as,  me9t  f^'  V^^V^If^ 
would  have  (pm  to  ^  JbiUiHgskfs.  fVhat  is  tbt 
nusM  if  uttkt  ■'•'  ■     =  '  1 J    I 


Suppofe 
ftrqiieSt< 

«X(3) 
4—5 
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'♦•«^12) 


I 

2 

3 

4 

5 
6 


K. 


»   <#i< 


Sta+3^=*-^/    -  I  J.   1 


•«     #  »  *    \ 


t  >. 


Afctf/  it  was  ielwtek  ^ 
bands  weri 


bqt^  ffigethei^ 


J   rf» 


Let 


*  X 
3  tranf 


I)' 
2 


3 

4 


' 


fince  the  Cwo  hands  divide  the 
hour,  and  the  whole  circumft* 
rente  In  the  fame  proportion^ 
therefore  c\x  \i  d:  x^^ 

ex — JxzTLcb 

cb      q6      *•  *•'  -^i** 

*=i:::3=7r= «  43  3*^ 
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iilf 


P  k  <J  i:  Vfi 

:^'fl«M  f«i«  Wj^  Wfiir  *>>»»>  wiih»  'iitJ^ 
'  fence  ie  ^  am  4  a.  more : '  tf  ^Hre  fe^mut  %  tie 
remmng'ftnii  iriii  8d.  mote  (  fe  tbifk^Hybt 
remaining  pence  and  la  tfl'  ^e^'^aki  f»'\Hy  in- 
tre^g  4  d.  every  limit  Jill  atlafthe  badnotUi^ 
itft  \  and  tbitf'-aii  the  Beggars  "bad  ^ful  fitdrej^ 
^gery^  the  number  of  fence  Sn^ieiyB^^ 

1 


Soppofe 


4+  (8) 


«=5 

6X(36) 
^tranf. 

a, 
8,  9 


I 

2 


«=  pUKt  he  b«a  «t  ttr% 
•g-+4aB  p«»»\^Yei»  ,.t<k  -the  firft 
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/^rqueft 
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3X(4) 


I 
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4?et5) 

»0  X  (3) 


5 
6 
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9 

10 
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tf,  if  y  ht  the  nuipbers. 
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^-» 


•  ■ 


j^     + 


4 


,  '  rr  :i   1 1 


i  ^ 


12 


II 4- 1 2     13 

7tranf.  {»|[:^3*^.2^ia 

5  tnwip. 


16 

'7 


2tf— 3*=:id 
«4-«^5^us40  rj 
8«-^T2e:3;40  '  <•♦ 
450tf=35O  ^ 


—  I 


<V      ' 


I  • 
I. 

{  r 


•I 


•  t 


-» .< 


==,4  . 


•  » 


...     »     y  *. 


•      j« 


HasMg  $he9'  tU  /km  vf  tw^  num^i  9^  dfid  ibe 
differ cnce  of  their  fyuares^  16  ^  ie  find  the  nunh 
iff*  '     .:  •.•.•:"..» 

Let       I  bl  rr=rleflef!  aomberi  «=:6,  ^;=i6-. 


J«r-: 


^Oilll    2  j  «r-:«^|prc«stDtttnbc|^. 


1^2 


,?^4ri.      £  a  4>  3^1;^  u  fit  '$. 


5cranf* 


yxzziquire  of  tfafc  lefle^.  '^  -  '*  l 
4.|  .i4r^MBH'*^^dbfqusireof  the  greater 


I 


7 


'<»^2«.=A>^«:, 


.^241. 


V.  .- 


«  • »  «• 


►  * » 


4^x=5,  the  ^ta^r.  .  ^  «' .  "^l 

PR;    0,Br-^'jX»v        •••♦■    '--.tX 


r 

coHdaniibird  t%.    n^faretbeiiumers? 


•  4 


Let 


««rqu^ 


3—* 
^  tranf. 

5. 
6. 


.^SMO,.rSi3t  JfVXT 


2 

3 

4 

5 
6 

7 
8 


10 
In 


=1 


•*,  ♦  ^ 
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Mko-t 


•'  c 


Afd 


jrSM— ^I^O'- 


<r 


»      * 


FRO  B:^X. 


>  * 


',,  r>  ' 


7t90  travellers  A  49d  B^  ^  mkf  difian<e^  JH  oM 
At  the  fame  time.  A  /ftfv^i^  10  w/^j  an  boari 
B  8»    fiTewfiir  does  each  trawl  iJjfhri^ii^'mee  t 


Suppolc 

>y{>f©por 
i  X 


A  travels  x  miles,    then  B^  tra- 
vels 360— «f. 
3tfO-a-i 


•«^  \ » 


8jrtt|6co^to* 


■  >  • 


3  tran£ 


3  tranf^ 


NfiOMBKJCAL 


■M.JSi 


6    3601  w-jitoafjjbitaty. 

*  A  O  a.  ^. 
y  i*r«  <f«»»  ft;:  B*  C,  emfnJiia  lit  efiSt  *, 
iy  ty  in  tin  tims  f,  /,  ;,  reffeBivih.     In  «Ail 
timevU  lic].lA}iimlfyntim  'tt  tpB  it 

» ; : » : :  4  f  ^,  A'»  «ffca  ja  the 

ihrie.x. 
/lie.;:ki  -TxB's eSeft in daiMr. 

/:»::t  — nCs  elfeft  i«  llaB  «. 

*=- r— —  —time  required. 

p  R  o  B.  m 

JwrntmcoM  htf  apfies  at  lO  apmrf*  and  pears 
at  25  /or  a  pemtiiffit.  l^  out  ^  pence  for 
,100  ^i>*/i'  «»/  >>*drj  together .     Hevo  mai^  of 
"■     ihkmyf-Jbeiavet 

tf =applc»,.  then  loo— i*=:pea«. 
I  (f. : :  4 :  — ,    price  of  the 
byiMo-^,  apples. 

■ ' .      -  1      ;  200— 4«' 

price  of  the  pears. 


1 


Vm 
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-... 

2 

bjm6- 

portion 

3 

. 
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«.  3.  4. 

S 

5  reduced 
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I. 

f*rqpie&. 

4  X  (sp)! 


'    t 


"rr 


j~.«. 


pn  o  fi7  i3an.  I 


•  \ 


N     '^■"-  ' 


MoMr^faf  66i  H  mah  a  top  ^W/jr ,/«.  ^r 


Let 


*ij 


portion  ( 


fer 
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4.6 

7tr. 
«  -J. 

(6» 


of  6peany(  ^ziioj  r=6,  «*=: 
.wx),/=7.  ; 

14 1 :  :'^  (^Ai;  vidtfe (^f, «  qiiam. 
I ':  c  :  e  :  m^  value  of =f;  quarts.-. 


a 
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Afa&or  exchanged  6  Frenth^^fuu 
for  45  flnlUngs  %    and  a  Prcncli 
diUarsfor  76  J^iiliHfs/ fflmt  f$ 
Ft9nck,  crcion  and  a  dollar? 

Suppoie    j    t  J  ar::::  FhMft 

f  >a6»  tea,  i-=  j,  #±i  j,Vafc|5J 

/=7«» 
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«  tr. 

» 

>i=^-s=Si''-%^  ^ 
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to 
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_i_  1    •_._  ^.:.^ .-     f.  *(._*  it. 

ti  JMJt  a  mmhr  ^,  tuts  fnr  ptrti  t  ji-  iJbat  tbt- 
fajt  Mlg  burMJid  with  dt  tbtftecnd  iimim/bed 
1}  d,  liiflUrd  mMpStd  ij  d,  ad  Ihffnrlh  di^ 
vidtd  fy  di  mrf  ^tll*f^^  i     . 


"f  '>  *tyf  betfaefiKUpttrts. 
*+d:^ 


a+d 
u=td+dd 

U--d'~^dd-^: 


Let 
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3+^ 

6 

■•    ♦-W- 
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P  R  O  B.  ^  XVL 


J  *• 


:  V 


\\  f 


.1 


/f  mercbani  hmti^t  (a)-  "MUs  of  wb^ 

if  barlsf^.jm  (0  h^M^'(Sf^itjf^  \\ 
jlfterwards  be  bougbt  {d)  bnfii^U'rf  wbefi^  \e)  bufb^ 

els  of  barUj^  and    (f)  bufiicU,  ofoifks\for  (») 

pounds. 
And  after  tbat^  (g)  bujbels  of  wbe^tj  (b)  bufhels  of 

barley^    and  (k)   hufiels  of  oats  for  (p)  pounds^ 

eacbfort  at  one  price.    fVbat  was  each' per  bujhel  ? 


Let 


2yfk 
3Xci 
4X4/ 


6—7 
fubftic.  8, 

10  reduc. 

1 1  reduc 

I4X 
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41 
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'4 


^9  yi  z,  be  the  prices  of  the  wiidit; 
barley^  and  oacs.  *   *^    * 

ax+by^€^izzil^  .  .      > 

dx+ey+fzzin 
gx-i^by+kzzzp. 
afix+bfl^'{rcfkz:z:fkm 
ckdx+ckey+cfkzzzcku  * 

^fgx+^fl^y+^^^^^fP     .      ;    : 
afkx—<kdx+bfkyr-ckey  ::zfkmr^kn. 

ckdx — cfgx+ekey — cfby  -zUkn-^cfp. 

C — Ax        .         •     ,    .     *'^     * 


\    v 


H-^F;^ 


15    GC— GAx'=:feH--BF* 

Z 


15  tn 


S3» 

.15  tr. 


by  refti-  C 
tution    < 

10,  II.  c 

cfk 


16 

»7 


18 


BF»-^iU:;=3H— GC 

i4kkM-\-ei:/kef>+cffkhm 
—  cffb$k—cfkkevi^-<tfkbn 


^9 


•  hcfkkd+ccfkge^acffkb 

_Jbkn — ^^ + cep — kern  +fbm^Ubn 
^  ~  kkd-^g  -^ceg — 4»k  +^i& — ^ 

X  being  had,  y  may  be  found  by  fltp  i2tk ;  and 
then  z,  by  reducing  the  equation  in  f(ep  2d. 

P  R  6  B.    XVIL 

J/  ibe  nunibir  qf  oxen  a,  $at  up  the  p^ure  h^  m  tht 
time  c ;  and  the  oxen  d  eat  up  as  good  a  pafiure  e^ 
in  the  time  f\  and  the  grafs  grows  \iniformly.  To 
find,  haw  many,  oxen  v)Ul  eaJt  up  the  like  pafiure  g% 
in  the  time  b. 


State  it  thus : 
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Oxen^    Weeks.    Acres, 
a  c  k 

y        ^        s, 

yzz  nvmberof  oxen  ibught. 
x^z,  gFa&  upen-an  acre  ai  firft. 
zr:  gpafs  growing  upon  an  tcre^  in 

a  week  afterwards. 
I  =  grafe  which  an  ox  eats  in  a 

week. 
^^9  ^^>  gx  zz  grafs  on  the  paftures 

cbzj  fez^  hgz  zz  grafi  grown  af- 
wards  on  the  paftures;^,  ^,^,  in 
the  times  f,  /,  b. 

^c^Jff  by  =  grafs  eaten  by  the 
oxen,  a^  d^y^  in  the  times  Cyfyb. 

per 
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PROBLEMS. 

J/:s:ex+fez 

acefzzefbx+efcbz 
chdf=zchx+che/z 

acef-^bdf=iefbx-^bM, 
acef^~ch^ 

eybzzegti^ebi^ 

ebg-^fg 
At 

b  efb-^-ecb    ^    ebg — efg* 

p^^ty  rzzb—^i  r+p=if-^c, 
ff^—cbdf:       ttfb-<gif 

.     .     pe         "*"        reg       "' 
acpregzzacejrg^-^bdfrg  +  peeybb^ 

pcdfgb 
pjhb  =:  lipreg  -^^aefrg  +  bdftg  4. 

pdfg^'  ..  

pebfy^arq  xp—/  +  M^r+p, 
pbiy::z^8f'^e+bdfg  x  r+p. 
pafy^aceg^.^+bd/g  xt^ 
acegxf—b  +  bdfgx  b—c 
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To  divide  ten  tboufandinto  itvo  fucb  partf^  that  when 
each  of  them  is  divided  ly  the  other ^  the  fum  of  the 
quotient Sy  way  he  5. 

a,  e  be  the  parts,  ^=10000,  ^=15. 
a+e:iih 


Let 


per  qu. 


I 

2 


4  (^  2 
3Xae 

7± 
.8  -^ 

9  reduc* 
4> 


4 

5 
6 

7 
8 


10 
11 


a  e 

e    ^     a 

e:=:h — a» 

eezibb — iha +aa 

caezzaa+ee  • 

cab — caa  rr  2  aa^'^i  ba + bb 

2  +c,aa — 2b+bcMZz — bb. 

■        -bb 

aa — bazz 


2+c 


=Jr 


^=1726,732. 


P  R  O  B.    XVill. 

A  general  would  range  his  army  in  afquare  bat  tie  ^  but 
finds  be  has  2i^  fiUiers  tp  ffare\  but  if  he  in- 
creafes  the  fide  of  the  ffuare  with  one  man^  be 
wants  25  to  fill  up  the  f quote.  How  many  fol- 
diers  bad  be? 


azz  fide  of  the  fqoare. 
iztf + 2  84  nnumbcr  of  men 

a+i  —25  rrnumbcr  of  men 

aa+2S4.zzaa+2d+i'^25 

2^=308 

^='54 

^+284=24000,  the  number  of 

men. 

PR  OB. 


Let 

I 

f 

2 

^perqx}.  ^ 

3 

2=3 

4  tran. 

5-f-2 

4 
5 

6 
7 

Se£l.I. 


PROBLEMS. 


3+» 


P  R  O  B.    XIX. 

Several  perfons  dining  at  an  inn^  thi  reckoning  came 
tcf  y  ^  JhilUngs  \  but  two  of  them  Jlinking  away  ^  the 
reft  bad  i  o  Jhillings  a-piece  more  to  fay.  ^upt^. 
the  number,  of  perfons  ? 


Sluery^ 


Put 


pert{M. 


4  tranu 
6  refolved 


I 

2 


4 

5 
6 

7 
8 


azz  number  of  perfons  at  firft. 

175 

-^  zz  each  man's  (hot. 


*75 


a— 2   X 

lySa+ioaa — 350—20^:::  i  y^a 

loaa — 20^—350 

aa—2a=35 

a=y 

175 

2 — =25,  the  club. 


P  R  O  B.    XX. 

There  is  a  number^  confifting  of  three  digits^  whofe 
produa  is  315,  and  the  fum  of  the  firft  and  laft  is 
double  the  fecond\  and  that  number  with  396 
added  makes  a  number  confifting  of  the  fame  digits 
but  inverted. 


Suppofe 

I 

«,  *,  y  the  digits.^       ^    /    « 

r 

2 

tt+y=z2e 

perqvL.  ^ 

3 
4 

ioo<2+io«+ jr  +396=ioq)'-f-io« 

4  + 

5 

99^r^  39^=99/ 

5^  i99) 

6 

a+4=y 

2 — a 

7 

2e — azzy 

6=7 

8 

a+^—ze — a 

« 

Z  3                                8» 

34*     . 

8, 

Si  9»  »o 
1 1  refolv. 

9».iO 


NUMERICAL 


B.  II. 


9 
to 

II 

12 

'3 


<»=<— 2 


■4«=3i5 


P  R  O  B.    XXI. 
To  find  ibe  value  of  a^  wbtn  y/a^ — y/Mzz^^^Sia^ 


Put 
fer  queft. 

2, 

aflume 

I 

2 

3 

4 

^=4,962 
a'^  zzba 

x^zza^  then 

4. 

5 

iT—  x9^  and  «'  ^;r* 

3.4,5 
,6-i-x 

7  tranf. 

8  refolv. 

4f 

6 

7 
8 

9 

10 

X9^n^zzix^ 

y* — bxxiz,! 

;ifr:i. 74256 
tf =27.998  • 

G'x;^9 


{ 


2-r 


«-5p#»  4 


3>  4 


I 

2 


P  R  O  B.     XXII. 

tfj^i  4.tf*^j  zr  234000  ni, 
^+^^*+tf^'  =  1 860  ;zr, 

c 

1  + 


^^2 


'     I  7+^Ip?l  i+ee+e^ 


I 
^ 


gXP' 
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PROBLEMS. 

Ci  cct 


34? 


.^..fci 


e-^6'\-et 


T  + 


1 '      '  • — .  1 


1+^  +  ^^ 


ZLh 


P  R  O  fi.    XXIII- 

^bere  is  a  €ajk  of  rum^  out  of  which  was  taken  41 
gallons^  and  filled  up  with  waigr^  and  the  fame  re- 
peated three  times  more.  At  laft  there  was  found 
by  the  proofs  to  remain  25.293$  gallons' of  rum  irt 
iL     WhjLt  was  the  co^ttnt  of  the  cafft  I 


Lec 


per,  queft. 

4  cr. 
5  refoL 


1  ^1=41,  ^=25.2935,  tfrrcafk's  eon- 
I      tent,  then  a — ^*=:firft  remainder, 

2  And  fince  the  quantiry  of  liquor  is 
as  the  fpace  it  poflcffes ;  therefore 
a  :  a — a  \i  rem.)  :  :  «— ^  • 


a 


-  (2  rem.)  : : 


^ — i     a-^b 


aa 


(3  rem.)  :  : 


ir/ 


aA 


d—b 
a^ 


4 


(4  rem.) 


a^ 


nf. 


4 
5 


a^ — j^a^  -j-  6bba^^-^^^a  =1— ■^♦. 
ii=:  124.84  gallons.  • 


Z4 


PROBL 
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B.II. 


Given 
i» 

Put     { 

4,  8 


da 

6 

lO  X 


1 

2 

3 

4 

5 
6 

7 

8 


lO 


5^  - 

II     -T-       12 


P  R  O  B.    XXIV. 

x^+xy'  +j^x'  ^y^—bbxxyj. 
x^+y*  X:^+y  =dxy 

^*  +J^  X  ^*  +>*  "^-bbx^ 

xy—a 

9c+y=e  ^ 

da 
€6'— la  zz  —  znxx'^-yy 

ddaa 

~ 2aazzx*+y^ 

ddaa  da         — — — 

—p—iaax-r    =  ^♦+J*    X 


8,    12 

13  X 


>3 

'4 


y*  -fjF*  zzbbxs^zzbbaa^ 
dd-^  lee  x  ^tf  =1^^^' 

^  ^d^—idii 

2bh^    s_      db*e^ 

a^^2dee  ~  d* — 2 dee 
d^e^ — zde^ — 2bbe^z=,dbjbe^ 


I A  d^-^zdee-^ibbezzdbb 
bb       dd^bh 


ie+je= 


a    quadratic 

which  gives  e^  and  then  a  by 
ftcp  12,  and  X  and  y  may  be 
found  fromftep  5  and  6« 


PR  OB. 


SeA.1. 


PROBLEMS. 


345 


GiveH 


that 


latis,  ^ 

1,2     "J 

Put   \ 

4.  5.^ 
7X8 

glw  3 
7-7-  lo, 


8  -r  lo 


I 

I 

2 

4 

5 
6 

7 
8 

9 


6,  -♦- 
15  red. 


3 
4 

5 
6 


PH  0  B.    XXV.    . 

a^gg  — i  zhd^e+tbdda^  +  ba*e^  — 
2^^*^ » +bkd+bid^i  =b^d\ 


aa+be  X  <J^ — bd  =i^. 


^4 


ai-^bd   X  aa+be:=:b^d^. 

aa+bezzx 

ae-^dzzy 

it^yizd^ 

y^xzzb^dd.    ' 

xy—bddybad 



tf4 


_yY+2bdy+bbdd , 


;vtf^ — be^zzyy+ibdf+bbddj  a  cubic 
equation  which  gives  Cj  whence 
a  is  known  by  ftep  14. 

P  R  O  B.    XXVI. 

To  find  four  numbers  Xy  jr,  2,  v,  having  the  pro4u8 

of  every  three  given. 


Suppofe 


I 

2 

3 

4 


xyz'Tzb 
yzvzic 
zvxzzd 
vrfzzf 


1x2x3X4 


34^ 
JX2X3X4 

64-3 

-i-4 

6^1 


5 
6 


8 


NUMEltlCAL 

xzz^hcdf 
e 

l^bcdf 


B.It 


10 


z=:' 


/ 


P  R  p  B/   XXVil. 

^ojini  3  numhetSy  x,  j',  2,  ^w/»f  r*^  frodua  cf 
each  and  the  fum  of  the  other  /wp,  given. 

yxx+z:z:c 

zxx+y-^d 
2xy+2xz+2yzzzb+e+d 

5  xy+xz+yz  zt — - — ^  =/,  by  fubft. 

6  yzzzS'^ 

7  xz:=:s — c 

8  ^— / — d ^^ 

9  xxyyzz=s — ixs — ^^X  /^ 

^v/j— r  X  ^— <^ 

II     ^- JIIJ 

V  * — ■*  X  *— « 

lal  J'=  ^ 


4-^(2) 

5—1 

5—2 

5—3 

6x7x8 

gtw  2 
10 -i- 6 


10  -A.  7 


10 -f-  8 


»3 


z=: 


\/^-^X 


PR  OB. 


SbQ.A, 


PROBLEMS. 


P  R  6  B.    XXVIII. 

To  find  any  polygonal  ^  figurate  number. 

A  figdrate  or  polrgonal  number  is  the  fum 
of  a  feries  of  numbers  in  arithmetical  pro- 
creffiofi  from  i .  And  thefe  are  fo  called, 
becauie  they  denote  the  number  of  points, 
which  fill  a  regular  poligon,  placed  at  equal 
diilances,  on  lines  drawn  parallel  and  equidi- 
fliant,  to  the  fides  of  the  figure.  The  fol- 
lowing table  fhews  the  arithmetic  prc^ortip- 
nals9  ^d  the  poHgonal  numbers  formed  from 
them«  The  numbers  of  the  arithmetical  fe* 
ries  fhew  what  number  of  points  are  placed 
on  the  fereral  parallel  lines  of  the  poligon ; 
and  the  poKgonal  numberst  (hew  the  whole 
number  of  the  points  contained  in  the  Bgure. 


Fig. 


21. 


Arithin.  propor- 
tional!. 


I,  1,^1,  I,  I 
23456 

3»  5.  7»  9>«« 

6,11,16,21,26 
7»i3»i9»^S33i 


i>  2,  3,  4,  5,  6  laterals. 

I9  3f  6,10,15,21  trianguh 

I,  4,  9*16,25,36  quadrang. 

I,  5,12,22,35,51  pentang^ 

I,  6,15,28,45,66  hexang. 

i»  7»'*'>34>55»8r  heptang. 

i>  8,2i,40,6$,96]Q&aitg. 


Let 


arith.prop 
Pr.  6. 

ib.  Pn  7. 


J»  3V 


r=  any  rank,  xzs:  poligonal  num- 
ber fought. 

»= place  of  X ;  then  r — i  zz  com- 
mon diflf.  of  the  arithm.  feries 

tzz  the  »*  term  in 


the  arithmetic  prbgreflion. 


2+n — I  x^ — I 


X»=«'*  term  in 


the  poligonal  numbers. 


XZZ' 


2+n— I  X  r — I 


Xn. 


\ 


34» 


B.  n. 


SECT.    II. 

« 

Of  Intere/l  and  ulnnuities. 


P  R  O  B.    XXIX. 

S^e  principal^  iime^  and  rati  pf  interejl  being  given  \ 
to  find  the  amount^  er  money  due  at  the  et^  of  that 
time  I  atfimpU  interefi. 


Let 


by  pro- 
portion 


If  4 


3 

4 
5 


p=:principal»  /iztime,  r;=rate  of 
intereft  of  i  A  for  a  certain 
time,  as  a  year,  &r.  s  =  fum 
of  all  the  arrears. 

I  :  r  :  :  p  i  rp^  the  intereit  of  p 
for  a  year. 

I  :  rp  :  :  t :  prty  the  intereft  for 
the  time  /. 

p+prt  zz  whole  arrear  at  the  end 
of  the  time  /. 

p+prtzzSf  the  arrear  fought. 


Cor.  I .  Hence  p  =  -•  .•  -,     wien  s,  r,   /,  are 


gruen. 


Cor.  2.  t=~^ 


,  when  J,  ^,  r»  are  given. 


Cor.  J.  r=:  — ~,  te;/^«i  i,/,  /,  are  given. 


PROB. 
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Put 


P  R  O  B.    XXX. 

Tb^  anBMity9  time^  and  rate  of  intereft  being  given  \ 
So  find  the  arreoTy  at  the  end  of  that  time^  ai 
Jimple  intereft. 

azz  annuity  or  yearly   rent  \    /= 
time  of  forbearance  ;    rzi  intc- 
xe&  of  I  /•  for  a  pear,  tSc.  szz 
whole  arrear. 
ozrintereft  due  at  i  yearns  end. 
rtf  ninterefk  at  2  year's  end.  , 
2rtf  nintercft  at  3  year's  end.     , 
grtfirintereft  for  4  years. 
fZZi  ,  rtf =intereft  for  /  years* 
/tf  =:rents  dqc  at  the  end  of  /years. 
0+1+2+3..  .to   / — I    X  into 
rtf+/tf=j.  

tyf—i 
0+1+2+3  .  ../—I  =— ; — • 


by  pro- 
portion 


7 
arith.prop. 

Prop.  7. 

10. 


2 

3 
4 
5 
6 

7 
8 


10 


II 


tyit- 


ra+ta^^s. 


t — i.r+2 


"ta  zzs. 


Cor.  I.  an 


2S 


t—i.r+2  xt 


Cor.  a.  t=  jirr^)i 

ar  ^     2r   I 


Cor.  3.  rz: 


2— r 
2r  * 


PR  OB. 


$SO 


INTEREST    #i  B. 


XXXI. 


givfa  time,  atagivn  rate  if  JnfU  imiteft. 


Let 

Prob.  30. 
2=5 


I 

2 


pziprcfcnt  worth,  ijrrannuity,  /= 
,    tifiK,  r=rintc«ft  of  I /. 

/-^  i.r+2 

^   '■    '  tszzs 


t — i.r  +  2 

•/—I 

51  y="'  :j;  , :. — /«= — ^ 


Cor.  u  a  = 


/—I 


ar/-i-2 


— ^  V   JL- 


r/+i 


/tf. 


r  +  I 


Cor.  2.  //+-^— -^^ixr-^,  whence  tmofii 


found. 


ra 


Cor.  3.  r  =  ?^M= 


2^ — ^/ — i.axt 


PROB.    XXXII. 

The  principal^  timCy  and  rate  of  inierefi  being  given  i 
to  find  tbf  amount  at  the  end  .of  that  time,  at 
compound  interejt. 


Let 


I 


/>=principal,  /zrtimc,  rzr  intc- 
rcft  of  1/.  Rni  +r  the  amount 
of  iL  and  its  intcreft.  j=:fum 
of  money  due  at  the  end  of  that 
time*  per 


k  t 


pif  queft.  I  2 


ANNUITIES.  3st 

i+r  QT  H;:;money  du«  4t  i  year's 

end. 
I  :  R  :  :  R  :  RR  zz  moaey  due  at 

2  ye>rs  end. 
I  :  R  :  :  RR  :  R'=;  money  due  at 

3  years  end. 
R'  =:mQney  due  at  /  year's  end. 
I  :K^ :  ip  :pR^  =  the  amount  of 
/  p  for  the  time  /• 

pR'zis. 


Cor.  I.  ^  = 


R' 


Cor.  2.  R' =  -,  gr /=-i^;^. 


Cor.  3.  R 


:R-tei:i2£f£.^ 


PROS.    XXXIIL 

7*i&^  annmty^  tim^^  oni  raU  of  infiref^  ieitig  given  ; 
to  find  the  arrears  due  at  the  end  of  that  lime^  ai 
compound  inierefi* 


Let 


byProb. 
3^-      • 


3 
4 
5 

6 


a  :;:  annuity,  or  yearly  rent,  /= 
time  of  forbearance,  r=:ihtereft 
of  1  /.  for  ayear,  (sfr.  Rz=i4-r, 
i=fum  of  att  the  arroars. 

flzzmotity  due  at  i  year's  end. 

2^i4-rtfi=tf+Rtfsai|reapat  2  years 
end.  "^      , 

tf4-i2R-+^^R=:;arrear  19  3  years. 

4+tfR+^R*+^'  ^  arrear  for  4 

years, 
ii  +  4R  +  4R*  +  tf R)  . . .  .   to 

^R'^'z^theanear  for /years. 

geom. 


352-    ' 

geom. 
ptopor. 
prop.  2  6 

^»7 


1,8, 


INTEREST    eiut 


RII. 


I  71  I  +R  +  R*  +  R«...  to  R' 


RxR 


(-*>! 


R'—i 


R'. 


K— I 


& 


a  =:  money  due  at  the  end 


of  /  years. 
R— I 


Cor.  I.  a  =: 


rs 


R*-i 


rs 


Cor.  2.  R'r: — ^i,  or  /= 

a 


T 

Cor.  3.  4^— R'= 
founds  and  then  r. 


,     rs 
%~  +1 


nobetue  R   Mtiy   ^ 


P  R  O  B.    XXXIV. 

^ofind  the  pre/ent  worth  tf  an  atmuitf,  to  coHtinue.a 
given  timet  at  a  given  rate  of  compound  inter  eft. 


Let 


Prob.32. 
Prob.  33. 

2=3 


I  ^=:prefent  worth,  0=:the  annuity, 
/=:the  time,  rz=intereft  of  1/. 
R=i+r. 

I  pR'=/. 

R'— I 

a-=.s, 

r 


2 
3 


4H-R'    I  5 


,R'=^-^ 


R'- 


^r: 


a. 


Cor. 
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Cor.  1,  a  zz 


I 

R* 


CorV  2.  R'=-r^ .  or  ,=te=feifZ^. 


Cor.  3.  R'  +  jR*  — R'+»   -1    w^,«  r 
4ud  r  mil  he  found. 


P  R  O  B.    XXXV. 

to  jind  the  value  «/  an  annuity  to  continue  for  every 
at  a  given  rate  of  etmpound^' inierefi. 

p  =.  preicnt  worth,    a  =  annuity, 
mintereft  of  it.  Rrri+r. 

R'— I 


Let 


Pr.  34.  J 
ftcp  5.  t 

Prob.  73. 
cor.  7. 


2 

3 


«»3! 


/^= 


rR' 


tf. 


but  fxnce  /  is  inHnite,.  R'  is  io6- 
nitcly  greater  than  i,  whence 
R'—i  =:R/. 

K 
rR 


Cor.  I.  tfnpr* 

Cor.  i.*r  =  — . 

P 

PROB.    XXXVL 

At  what  rate  of  intereji  will  loo  1.  amount^  to  iqo  L 
in  pi  year s^  at  comptmni  intereji. 


Let 
Brbb;  32^!    2 


rrrratc  of  1 1.  Rni+r,  /sroi/ 

lOoR*  =:  200.  ^^  queft. 

A  a  2^ 


35+ 

ft  -f- 

3©*  4 

4  ko  39 

6x  iKJO 


INTEREST    Mi  B.U. 

5    K  =  ^i6si-o737bylogjuithins 
I  7)  p^jzzT^^toiiMcn&ffrsint. 


p  R  o  B^  xxxvn. 

If  a  principal  x  be  put  out  at  tompouni  mtereft^  for 
X  yearly  at  x  per  cent,  to  find  the  time  x»  in 
which  it  mlTgain  x. 


Prob.  32, 
per  quell. 


I 
2 


ty  2        3 


3  -5-* 

nature  of 
logs.   ' 

P  rob.  84. 
cor.  I. 


fR!zzs^ 


SZZ2X* 


100 


=  IX. 


6, 


5 
6 


100 
mi  +~  X  M  =  .3010306 


XX  : 


xw 


x» 


lOQ       10000    *    3000000 


.3OIOJ 


XOO 


y* 


20000 
byreverf.  I  8*  x=:8,49824  years. 


3000000 


&Ca 


PRO& 


SeA^lL       ANNUJTtBS. 


3SS 


Let 


P  R  O  B.    XXXVlIL  ' 

Civni  tie  rate  ^  ctnt.  frr  a  ytar  (5I.),  taJinJ 
what  the  smfiwtt  af  aay/m  (ioo|.),  will  te  at 
tbeyti^s  endy  aSctmpcund intereft i  ft^Jit^ it  f 
arifefrom  th«  principal  and  iiUer0  due  every  dt^fBtc, 

rrrintcreft  of  il  for  a  year. 
»=365  the  pans  of  a  year. 

■jj-  =  mtcrcft  tot  1  day. 

r 
^  +~  =:moncy  due  at  i  day*$  end. 

end. 


{ 


I 

2 


Prob.  3  a. 


by  logs, 
or  5 


7 
8 


:money  due  at  the  yearns 


n  Khi:  1  +*—  =  log:  amount 

for  a  year  z=.o2 15694. 
1.0509  rzamount  for  a  year. 
105.09  =  amount  of  looA 


10 


n.n* 


'rr  + 

« 

•-r*  &c.  the  amount 


for  a  year. 
If  rhe  intereft  is  fuppofed  to  gain 
intereft  every  moment,  by  be- 
coming part  of  the  principal  i 
then  n  is  jnfini|e»  and 


r*      r«       r* 


« •  •  •  3  ■  2.3  '  1.3.4 
&c.  the  amount  at  the  year's 
end.  But  this  feries  is  the  ixum^ 
ber  belonging  to  the  hyperbolic 
logarithm  r,  wiience 

A  a  2  The 


356  INTEREST    tf»i         B.  IL 

10,  II  The  number  belonging  to  the  lo- 
garithm .43429448  r=  amount 
of  I  /•  for  a  year  =1.0513.; 
and  for  100^=105.139  to  gain 
intereft  continually. 

SchL  If  the  intereft  for  a  day  be^required^  fo 
that  it  may  amount  to  i  +r  at  the  year's  end,  at 
compound  intereft ;  then  the  amount  at  i   day's 

»  _- 
end)  will  be  ^i+r\  which  is  fomething  lels  than 

r 


•    P  R  O  B.    XXXIX. 

• 

^  man  puts  out  a /urn  of  money  at  6  per  cent,  to 
continue  40  years ;  and  then  both  principal  and  in- 
iereft  iy  to  Jink,  What  is  that  per  cent,  to  conti- 
nue for  ever? 

The  queftion  amounts  to  this  ;  if  100  /.  be 
paid  for  an  annuity  of  6  /.  a  year  for  40  years, 
what  is  that  per  cent? 


Put 

Prob.  34, 
cor.  2. 

ax 


Suppofc 


Suppofc 


azz6y  pzzioOj  /ZZ40,  r=ratc  of 
1/.  R  =  i+r. 

log:a — logca-^r 

Iog:R  '  

Log:  R  r:  ''^  "'  ^  ^  ^"^  ^  ^"^^ 


1.  f'S — /;  0—  I  cor 


40 


5 


R=i.05j  then  riz.Of,  and 
L:R=:.oi9454;  whence  R=: 
1,046  which  is  too  little.. 

R=:i.o53,  then  f=.053,  and 
L;Rir. 023324,  andR=:i.o55, 


tocJ  big. 


Then 
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Then  l^  rule  5,  Prob,  xcii.  B.  I.  you  wUl  find 
R:=:iv052,  an^  t)i^  rate ^=5^2 /^r  ^i/j/.  which  may 
be  f-epeated  for  more  exaAnrfs^ 

•  i>  k  O  B..  XL. 

'  ft 

Xf  200 1,  be  due  ^  years  hence ;    and  80  1.  5  j^^jrj 
-    henci  \  in  wbaftim  muft  ddtbbe  fdtf^ieg^mry  at 
5  per  cent. 


Let 

Prob.  3ft. 

cor.  I. 

»     • 

ib. 

Prob.  32. 
cor;  n 


■  *    «a 


A       .   , 


1 1  /  =:  the  time 

»^-^"s  zz  ijz.ySytht  prefeot  worth 
1.05  /    /  >       r 

of  200/. 

1}o  ^    '  •      ' 

^=7=1  r:  62.08.  the  prcfent  worth 
t.65  '        '^ 

of  8a/.    :       -;   ' 

235'44.  th«  who^ic  prcfent  worth.. 

years, 


4 

5 


.»       1 


t      / 


P  R  Q  B.    XUi, 


I 


^^tf/  «!£/?  I  pay  for  an  annuity  of  70  1.  -So  htgiu  6 
years  hence,  and  then  toct^intufpr  it  yean,  at 
5  per  cent  ?  ' 


Let 


• 

Prob.  34. 


^rob.  32. 
cor.  I. 


azzyOy  /zr2i,  R=m.o5,  xzz6. 

I"  ••....      '.         ^  .• 

R 

V— ,:i=:prcfcht  Worth  of  the  to- 

r  .     *     • 

nuity  7  years  hence  zzs.  \ 

1    ..     . 

•  ^      ^~   R'     L^     Xr  u 

—    ir  a  tr  prefcnt  worth 

of  i,  7  years  henctf,  =1669. 704/* 
the  prefent  worth  of  the  annuity 
in  reverfion. 

A  a  3  SECT. 


35« 


B.ir« 


SECt.    III. 

Arithmetical  and  geometric^  ProgreJJion. 


mi^im 


P  R  O  B.    XLII. 


per  qucft. 

arith;pro- 
gcdfion. 

percj^.  < 

3=5 

6  reduced  * 
yrtctr. 


jl  traveller  fets  cut  and  goei  9  miles  adaj\  3  dwft 
after^  amther  follows  him^  who  travels  tbefrfi  d(iy 
4  mles^  tbefecond  5^  the  third  6,  andfo  o$h  Im 
what  time  will  be  overtake  the  firfi  f 

yzrdays  the  laft  travelled. 
X— >i+4=his  fed  day's  travel. 

x^^i  -4*4  ' 

."—r X*  =Ws  whole  journey; 

»+3  =  days  the  firft  travelled. 
X +3  X  9  —firft  man's  journey, 

y^— i5x-:54. 
P  R  O  B.    XLIII. 


1 

2 

3 

4 
5 

6 

7 


I  8 


It  here  are  three  numbers  in  aritbmetie  progrejfien^  the 
Square  of  the  firft  together  mth  tbeproduil  of  the 

'■  stber  two  is  161  and  the  fquare  of  the  mean  to- 
gether with  the  produS  of  the  extreams  is  17. 
ff^hat  are.  the  numbers  f 


Put 


ftr 


qu.  ^ 


2 
3 


\  a^  a+e  for  the  numben^ 

zaa^-'^+eizzb  % 

zaa       ^'^ezzc 


Sea:  m. 

2+3 

4tran. 
3  tran. 

7=« 
9  redac. 
loexc 

5-r-  tf 
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4 

5 
6 

7 

9 

10 
II 


4aa-'ae:^i+czz:t  by  fubft. 


12 

13 


ezz 


=  1. 


and  the  numbers  are  2,  3,  4. 
PR  OB.    XLIV. 


fbere  art  four  numbers  in  arithmetical  progrfffion^ 
tvbofe  commmon  difference  is  2,  andproduff  $^65. 

Let 


per  queft. 
ax 
3  «tr. 


2 

4 
5 


2*=:2,  or  *=x,  ^3:34^5  V  -^— 3*» 
a—^bjO^h  tf+i^>|  the  num* 
bers  (bilght>  f 

M-^^bb  xaa-^b^  rzp  \ 

41^=164,  «r;8.  ^    i 

the  pombcrs  ar«  5,  7t  {^,,  i  k 

P  R  O  B.   XLV. 

To  find  Jive  numbers  in  griihmetie  p-ogriJIum^  wbife 

jumt  Mtd  frodu&  aregiven, 


>•  4 


Put 


per  qa, 


3 


_  ,  J— f,  tf«  «+*,  «+w  for 
the  ntJmbcrs,  b  =  fonv  =  25, 
p=:produa  .=22520. 

«=—=!»  by  fubft. 

A  a  4  3*  4» 


300 

5X 

6  •»■  « 

7  extr. 


iGEOMETRlCA£ 


6.  II. 


5 
6 

7 
8 
9 


M  X  *»« — 4^*  X  «« — *<  r:^. 

P 


m 


and  the  numbers  are  3,  4^  5, 5,  7. 


PROBLEM    XLVI. 

Te  find  three  numhers  in  geonutripal  progreffiottt  where 
tbefum  is  so,  aiid  the  fum  of  their  fquares  140. 


'Let 


ferqu 


9-^ 
6 — If 

5  +  13 


5—13 


ir^9^»  ^  b^  tl^c  numbers,    ^ 
^=140. 

2  xzzzyy 

3  x+j^+zr:^ 

4  ;fx+jjy+22=::f 

5  x+zzzt-^y 

6  xx+ixz+zzzzbt'^ity+yy 

7  AW+2«;+2jrjrz:i* — 2^+jry 

8  xX'^zz+jiy:=:,blH^2ly 

9  blh^2hy:z.c. 

bh—c     - 

4x2— 4)!y 

yx — zxz  ^zzzzbb-^^iby — jjjjr 

X— ;5  zzy/bif^^2by — jyy 
i-^y+s/bk'-^iby — jyy  , 

^= 5 '— 


=20, 


II 
12 

13 


15 


2n' 


■^1-^ 


MtaMM 


»       ^^ 


'3r— V»3» 


PROB 


Sea  III.     -  P  R  O  G  R  E  S  &  I O  J^. 


361 


■-\- 


j>R0  5:-,^yu. 

To  fttd/uff"  iatmimriM'g£metrii*l  prop'^oM,  whtfe 
Jum  is  iSt'and  the  Jim  of  their /quarts  85., 


Let 
pirqa.  C 

2^2 


2 

3 

4 


3*  4 
by  proper. 

Put 

«.  7 

5.7.8 

But 


5 

7, 
81 

9 
10 


^9  ^>  ^»  2  be  (I^e  numbers,  ^=i5» 
^=85. 


'2  X  x-ry  X  'y+s^  =  xx+2xy  + 

yy'^W+ZfkfZ '+  2»-  H-  ?.X  *-h7 

X  ^+2=*^ 


.d..^ 


vzzzxy, 
azzx+yj  ezzxy^zvz  by  proportion. 
y+z:ni^^a*^^  "     '? 


\      I 


•  •   « 


2,  10 

7.  U 

70*3 
13  tran. 

14 -5-,  7 

i6x^ 
17  tran. 


I.I 
12 
'3 

16 

»7 
18 


PCX        '  yf  *  ...    .  ■ 

vzz—y  z  zz — 9  by  the  nature  of 

y  X 

proportton.  *  •         ' 

XX  ^  yy    J 

-  +x+y  +^  zzb 
a+* —h 


^; — 2ae:iih 


t8 


9*  "9 

20  reduc. 

21  extr. 
'9 


24  X 
25  reduc 

10;  24 


GEOMETRICAL 
a* 


B.  Jl. 


19 


20 


21 

22 
23 

24 

«5 
26 

27 

1 28 


•— *-h2« 

e  e 

1^=2. 

;f=:4»  ©=1,  x=8. 
P  R  O  B.    XLVIII. 


JV  fi$dfiur  numbers  in  guntflrUal  pregrejjiont  fucb 
tb€t  the  difference  of  the  means  is  iooy>  and  the 
differencji  of  the  etttreams  620. 


Let 

per  queft. 
But 

3.4 
4  ^ 

4>  S 

6x 
7  tran. 

8  red. 


2 
3 

4 

5 


*• 


9<xtr. 
«t5 


7 

8 


10 


a  J  e^  u^y  be  the  numbers,  bzzioo^ 

iiiizr^^  tfyr:^«,  by  the  nature  of 
progrelllon. 

air 


c^^ 


r-3 


zzei'-^t^ 


f — ^*^ 
^=125 
^=625,  j=:5,  «=:25. 


PR  OB. 


Sea.  in.       PROGRESSIOiff. 


3^1 


P  It  O  ».    XLIX. 

STnfim  cf  fiur  jiumHlUs  in  gfymetrictd  frvgr^ot 
ittffg  gtven^  am  ibt  fum  ^  the  fqnarts  Mf  the 
weans-,  (»  fi$d  tie  quatuities. 


Ut 


Put 

5  ©•  * 

3>4,5 
8  red. 


3 
4 


«',  «'/.  «f»,  «'  .l)p  the  quaptiaes, 

^=:fuin  of  all,   tzzfym  of  the 

fquares  of  the  i;n94ast  ^      -     1 

*^+a*e+ae*-he^x^i.    • 
a*e*+a*e*±ze. 


\^    « 


5> 


to-r-  a 


II,  12 


5 
6 

7 
8 

lO 
12 

»3 
H 


•    ^  0 


<       ' 


y^zza^* + 2tf  »^«  -{-4*^. 

2 


^f 


^V=-^, 


y       y 


;'« 


M  — -^  +</=o,  .whence  4^.4.  and 
all  f;he' numbers  a^e- known.    - 


PR  0  8. 


w 


d^OMET'R>IC'AL       B.II. 


(^),  of  *  four  quantities  in  geometrical  progrejhn  ; 
and  t^efumeftie  meam  (r)  >  tpfind  the  quantities. 


'   Xfft 

1 

ferqu.  < 

2 

I 

s 

a+3 

4 

/  . 

5 

6 

Put 

7 

4—7 

8 

3»  6,  7.  8 

9 

3.7 

10 

lO  tw  2 

II 

3»  4.  7.  . 

12 

12  (w  2 

13 

11  +  13 

14 

AS  <t*;,  AffS  «>  be  th^  quantittes } 


■ 


f'.+f*.  X  a^+e*  =  M  +^^ 


y=af+a^ee  j 

yX-d^yzzcc^  •'['  ' 
a^+iaiee-^aae^zzy-i^c 

a^+aeezzy/y+c  zzp , 
a^ee + tm  *^*  +^^=ir4rJ~j 

4»  +aV+4^*  4-^'  =?+?•    Whence 
the  numbers  will  be  found  as  in 
-the  lad  problem.  -    . 

Or  tbtist 


Let 


^^qu. 


2>0!7fOf 
4*5 


3 

4 
5 

6 


•"»  *f  J»  -^  be  the  quantities, 

—    +  ^-  ZZff  ^• 

yy     >xx 
x^y—c^ 
yzzc^x 
x^^^zzbxxyy 

;if^+f — 1»  =:  bxx  x  ^ — ^ 


Sea.  III. 

6 
r^iaced 


PROGRESSION. 


3^5 


+bx^ 


p R OB.  Lt ; 

Civett  the  fum  of  the  txlreams  {b\  of  five  quantities 
in  geomefrieal  prpgrejjiony  and  the  Jim  of  tie  three 
means  (^),  to  find  tbt  quantities. 


Let 


p^qu.  < 


Put 

2,45  5 
6  reduced 

2  +  5 
8k;2    4 


1 1  tf ♦,  /TV,  tf *^»,  tf^%  «*  be  the  qaan- 
*       tittes. 


a 

3 

4 

5 
6 

7 
8 

9 

lO 


■  ■■■—% 
j-riaaee. 


a^±2aaee +^ =3 +^2y    , 

tftf+^gr=\/^H"2jr 

aa-^ee-izy/b — 2y.  Whence  4i,  ^ 
and  all  the  quantities  are  eafiljr 
found. 


PROB. 


S66 


GEOMERICAL 


B.II. 


FRO  B.    LII. 

Of  Jiv$  quantiii^s  in  geimetrkd  p^ogt^ffm^    thin  is 
given  ibefum  of  $he  exlreams  (i),    and  tbifum  of 
the  fjnares  ^  ibe  ibree  meani^  {c)  \    io  find  tbe 
froportumals. 


Lee 


■{ 


ferqp 


Put 
2>  3*  4*  5 

2»5 


S 


^\{ 


2 

3 

4 

5 
6 

7 
8 

9 

10 


I 


aS  a'^s  tfV%  ai^^  e^^  be  the  quan< 
titles. 

yzziaaei 

whence  all  die  reft  are  found. 


< 


P  R  d  R    LIIL 

^bere  are  four  quantifies  in  geometrical  proportion 
difcreity  wbpfe  fum  is  i,  fum  of  tbe  fquares  c^ 
and  fum  of  their  cubes  d^  to  find  tbe  numbers. 


1 


i^ 


ferqvt 


Put    I 

£0^2  &C. 
2f  5i  6, 


I 
2 

3 
4 

5 
6 

7 
8 


^«  ^^f  J^9  /y»  1^^  ^^  numbers. 
x+en+y+eyzzi 

x»  4-tf^*'  -f J'  +e^y^  zzd 
i+ezzsy  i+ee=ty  i+e^z:u 


xy  = 

svzzh 


•f  *'+J'=.- 


-  V 


3f5t^ 


Seftm. 

4*6,7 
8*9 

10,  II 

reduced 
-   6»  13* 


PROGR£S3iaN<        j«; 


9 

lO 

II 

IZ 

«4 


tzzzc 


2 


VU^J. 


2St  2S* 

and  reftoring  the  values  ofs^t^nj 
then  sic  x  i+^'  X  i+^  — 

*'  Xt^e^  X  r+S?  =  2i/xi+^ 
X  1  +^^  a  5th  power. 
And  i  being  known  all  the  reft 
are  eafily  foand. 


A   ^  JL   JL  A 


SECT. 


3^*; 


«M  >  U«  Jt"^    Ci  r  K^'l  a^ 


'B.a 


S  BrS^  (To  £% 

;^^,tl5*V,»«  ,tt    «J*    ,01   jO     5    .;• 


A(KE»  »^  cU  guifiiki^^t.  2fJ  %  .£d.  dndflftoles  at 
lys.  w///^;ictol4  md'  iommdi^  wftys  can 
it  be  iov^}        '    ':{..  f    *t  v-   . 

I  I     tf=:gi^iieas,fr;piftoles;  2iJ  6^.=r 
43  iix-pences^  i  jrr  li  ;j4  fix-pcnccs, 
and  lOo/.  =4060  fix-pences. 
a    43«+34^=40op^ 

3  34^=4000— 434J,' 

4  ^  «3  I  i^J-^ 


Let 


per  queft. 
2— 


5  abridg. 
43 


43 
9X(4) 


8 


7 — ifi 

"X(43) 


5 
6 

7 
8 


^4ooo--24f^^ 


ii=: 


43 


•34^ 


43 

43 
45^-=h^ 


43 


=«».• 


10 
II 

12 
13 


" ziwh. 

43 
8^+20 


43 


zite^^ 


—  r:c»i».  rr:j^ 


43 

rzz43/>+ig;r:i9,  62,  105,  thcpi- 

ftolcs. 
4r:  78,  44^  TO,  the  gui- 

neas ;     being  three  anfwers  in 
whole  numbers. 

PR  OB. 


Sea.I^.       UftiMirso  PioftiJuii 


3%l 


PftOI.    LV. 


''  I 


4»  59  ^  7f  S>  9*  lo,  ii»  i2»  iharitmrmam 
I ;  iitf  iiroMW Jgp  13,  /Am  o  willrmdB. 

It  if  plaio  5X7X8XQXti»   c? 

27720  is   diyifible  by  any  o{ 

thele  liumbers. 
Mzz  bme  whole  number. 
1 3^=  (he  number  foughu 
277204+1  =  13^ 

27720414-1       • 
-^        13       ~  •^ 


Put 
f«rqueft 

4  •*- 


{ 


5abrid. 
«  X  (3) 

(«)— 7 

8X 

5* 
«o  X(i3) 


2 

3 

4 

5 
6 

7 

8 

9 
10 

ii 


»3 

'ag+3       . 

4=13^+3=13,  16,  &c. 

4=6397. 

i3/=83i6i  the  number  wug^ 

P  R  O  B.    LVL 


^  mat$  hougU  3o  ^rir  ySr  %ofenc«  >  x<i^  «/  4  d. 
jiM^j '  at  balffenmeSy  and  tarh  at  fartbii^t.  Hruo 
Muuy  did  it  get  rf  eaei  f 


Let 

2  tr. 

3.4 
5  red. 


I    4=  geele,  «=  quallsa  7=  Urks. 

3  4«  +  ;*^-^=r20. 

4  >  =  20— 4— * 

5  4a+rf+5—  -     =20 

6  i5«+*:='6o. 

B  b 


6, 


2  cran« 

•*    12 

3»  " 

'  I4X(2) 

13—15 

»3. 


r    >      *       /I 


8    *:?»*-^*tHL>  51*1 


BaSu. 


rt6l 

f'i 

IS 

16 

*7 


I 


«:5;3. 

«f=;i5.     .  .    ,    . ' .- , 


*        «  • 


.,  4      ' 


<     « 


*        ♦* 


PR  OB.    LVTI.    I- 

A)  B,  C,  and  their  wiM»  P,  t^.  R^  ^ini  i^  fit 
marka  to  itty  bcgh  Each  nMi  W  fvon^n  bought 
as  many  bogs  as  they  ^ant  -^Ungs  for  eailf  bo^. 
A  bought  23  bogs  more  than  Q  %  and  B  bought 
I  i  more  than  P.  ^0  each  Udn  'lai4  out  -^  gui* 
neas  more  tkan  bis  wife.  fVbicb  2  ferfons  were 
man  and  w^e.^ 


Let 


5  -^ 

6— y 
But 


y  r^  hogs   ftmc   ttian  bougW  V 

;? — ^ziwife*s  hogs, 
tho -money- 'lor thenWn's  zzxx^ 
XX — 2xy+^zz  wife's /npncy.. 
4.\  xx^izxx — 2Ay-fJI7+63. 

63~jy 

^— VIZ  'T  Z!!' 

In  this  cafe  j^  muft  be  an  odd 
number,  =1,  3,  5,  7,  ^f.  but 
it  cannot  be  5* 


2 

3 
4 
5 

6 

7 
8 


f 


Jba:iv 

.      .§4  .r 


M^. 


m 


'  »* 


.  i  • 


<  . 


qucfllH^ 


•  \a 


It 


A  has  yz  hogs,';and  Q  9^ 
Alfo  B  has  2  2,  and  ]^  1. 


I 
2 


.    ,,         PRpB.    LVm.!     ;       ,_ 

\find  it  y  in  wl^le  jmfmi^rs  f^  ^4^  ySM^^-h^ii 
=184.  •  ,-.  ,'f  .  \ 

Td-doprefrtfhc  cqtiati(jir,put/i:r:^+f . 

therefore  ^    muflr.  bc|  aa    even 

-    immbctv  *  Thcrcfpre  ; 

-  *;  i84— i::c  '    , 

4    rather  make  trza ■■^^T^'l'    n teriJ, 


2  n- 


2  -f- 

4) 


.    racncr  maicg  trza ■■*  *  ^^    r:teri».^  , 
Can/'thdn  2^":=:  -♦i  *  +  11  +  ^ 


6.7 


/H   I 


f^  • 


6 

7 
8 


7,  8  '. . 

5.9 
"^  (2) 


9 

JO 

II 

12 

13 


It+X 

_"  *       J     •         •  •• 

[  6r^ 


K        '.      r     • 


I      .    *»     ? 


^wij. .  Therefore  take  ^=: any 
i-diwifiwr  of  -^ar^lha^  is  /J='i;  "S* 

^3- v.-      ^      *  '•»    I     ?— i- 

•^  =  .j|3;ii|...i»*'^7.'   3j:-4  - 

«'     c=  .'^  ^*>  40, "24»!  >Oj  ^5r*ft 

*         =      42,  <J0,J2,  ioj  2,^-7T:iO. 

y       r:     32,  12,    8,  '8,  12,    32 
B  b  2  And 


372  UNLLMLTED  B.rL 

And  any  pair  (SFtheie  wid  folre  the  profa|leni|  sthich 
art  s&Uthie  p0fi|bl6  artftireHl  in  whole 'nuihbers. 

Jvininer  bat  wine  ar^4:i:  22  L  *W  i8d.  per 
g<^iionj  of  ^J^cb  be  would  mix  ^6  g^llons^  to  be 
fold  af'iod.  Jicw  much  m0  be  t$k6  of  eaeb  ? 


Let 

per  qu.  < 


•% 


6^(2) 

7> 

5—3 

9+2^ 
10, 

8,  10, 

'    9» 
7» 


:  I  {  4,'  ^^rpe:  b«^  the  4)aantitie$  of  each. 

a4a4*a2#4!Cff[^ci:^oo« 

,22|i+22r+22;'=66p. 
6|^  ^f-|-6jrzri2a 

y  -3  20/ 

— 2tf+4y:r66  .  ij  zzaj^^— 30. 

4y=:6o-|h2^- 

;r  =  16,  17,  18,  19. 
.41  =  2,  4«  6s  8, 
^  =  12,    9»  .6,    3.     ; 


2 

3 

-4 
'  5 


7 
8 


9 
10 

11 

12 

13 


P  R  O  B.    LX. 

•  •     . 

^ofind  tbe  value  of  e^  y^  «,  x^  z  in  wbole  numberSp 
intbt  pmo  given  equations  following* 

3^+4?-h5«+7^+9«=440. 
4JP+4y+4«+4* +42^2.40 
T  9^+37+9«^+9*+9«==i40 
—s      +tf +3*4- 52=200.  tfC-P. 
'6^+5t+4ir+2Af      =100.  ^-3Hr 


Given 


{ 


»X(4) 

Soppofe' 
1' 


I 
2 

4 
5 

6 

7 
8 


■■        I 


^+i/4-«f+zr:6o — ^r:50 


2— 3# 


Sea;  IV, 

i — ^e 

8X(5) 

8X(9) 
9 — lo 
II 


373 


J 


PROS  L  E.  MS. 


Suppofc 

8— :y 

i-sxcs) 

'5  X  (7) 
16—17 

16—18 


Suppofe 

15—2 

i6-;— 92 

23—24 

2  2 — ^Jf 


II 
12 

•3 


»4 

•5 
16 

:i 

'9 

20 

22 

23 
24 

25 
26 


9r-h9«+9*+92=450. 

-/      ■    •f2X+4XS=l^« 

57+4«-h2«r         =  40.jfj6f. 


«^i» 


«+  «■+  2!=  50--)»=r46. 

5«f-f7»+9«=4«  o— ;4r=394t 
5«+5»+5«s=230. 

7tf-f7*+7«=j2a 

2»+423:i64  .  »  -3  40|. 
— 2»     +2ZS  7a  .  «=  ore  37. 


»«■*««* 


2i=40. 

«+xs:46— 2rr6. 

5«+7*=394— 9«=34; 
5«+5x=:3o 

2X=  4 .  x=,2 
K=:6— *=4. 


And  one  anfwer  is  gof*  viz.  e—io,-  >b4,  «l'=4» 
x=2,  2;=40.  foi  10^*4+4*^2 •f4cyr:^.   • 
and  3Xio+4X4+5X4+7X»+9X40=440- 


P  R  O  a    LXI. 

Tcfndfipcrfea  numher^  dr  one  which  iir  ejual  to  ibi 

fum  of  all  its  aliquot  jparts. 


Suppofe 


I 

^  2 


f^rqu^ft.J  ^ 


. 


•  1 


jK .  y  1=  a  perfect  nufiibeK   f  ^^  y : 
then    1  +j+jr*  ; ;  i  rpf^_y^  .  (^r+ 

A7^x)p»  ,  ..,  .B>.  jrjr^T*  zr  mm  of 
a)i  the  aliquot  parts. 


B.b3 


Cor: 


Cof.  3/ 
Pr.  26. 
ptop^r. 


6xtr. 


B.U; 


•4 


-;.  s 


%* 


7  -^ 


9  tr. 

10    -r 

II  tr. 
81  «3 


8 


IQ 

ri 

12 

■<  • 


»5 


T- 


«+i 


;^  ^ 


I*  1   ■ 


•«» 


Burchsrr;j?  nfay  be  a  whole  num- 


^bci^ 


n 


y^l.y    ^y     _(.,  -,^ 

J' — i=;i. 

^=2.  :  ,     i 

2    x=:  a  peeled  oumber. 


«■ 


2X2 


r  =  peried  number^ 


t+i 


*  'yrberc'  2      *— 1  muftbe  aprime, 

as  appears  by  ftep  2. 
If  ;!i  is  an  odd  number  greater  than 

-—1  will  be  acom-« 


:i,  theB{i2 
poGte  nvmbei*. 


M.    'I.'. 


SECT, 


*      4 


fI 


•3W 


-Sl£  C  T.     V. 

Rational  SquareSy  Cuies^  txfi. 


4- 


Put 


2   O*  2 
2   O*   2 

3—4 
'»  5 


5 
6 


8 


P  R  b  B.    LXU. 

>rf  mmierst  vohofe  £ffereme  is  given* 

Let  XX  and  yy  be  the  numbers^ 
tfz:differente. . 

"T —  =  ^% ==t 

'  nxjf 

4 

— -— -— =Jf 


If  tf=:20. 


Take  v  at  plcafare,  then  «=:  — 

^whence  it  andy  are  known. 
If  a  is  'a  whole  number,  and  x  and 
^  y  are  dcfired  in  whole  numbers  ; 
take  any  two  fadors  that  produce 
tf,  fo  they  be  both  even  or  both 
odd  numbers »  if  pOflible,  And 
therefore  a  muft  be  either  an 
odd  number  greater  than  i,  or  a 
number  diviuble  hif  4^  to  have 
X  and  y  in  whol^  itumbera. 

Take  t;=i,  2=27,  «r  «43.  2=9* 
v=2, 2=10.  ! 


Bb  4 


PROB. 


3?6 


R  AaT/IONAL 


B.  IL 


Let 


aflume  < 

3  ©.   2 

4+5 
per  queft. 

7  tr. 

«>  9    - 
^.  9 


2 

3 
+ 
5 
6 

I  7 
S 


J I  tfj,*  ff =the  fquares  required^  bb 
the  gjiveo  fcjuare* 

i:z^ro — b.     * 

aazzssw 

eezzrrvv — 2rbv4-ib 

aa  +eezzrr+4J.W''--2rbv+bb 


10 


II 


rr^ss.vyi^^irbv+ib  zzbb 
■    7tb 


irbs 


nzz 


rr+ss 
J   ^= 7^b 


P  R  O  B.    JLXIV. 


To  fnd  a  fquMre  nuniber  (aa),  which  Multiplied  by  a 
giviji  kumber  (w),  and  a  given  ffuari ,  {bb)  added 
io  it\  thefun/nhof  beafquare. 


4  tr. 


ij  naa-^-bbzzyy.  ,  . 
2    va  en  b  r:jr    ..      ■ 

w-'^n.azzzbv 

2bv   '     ,      _  .  , . . 

»  where  v  may  be  taken 


at  pleafure. 


r»       <-> 


PROB. 


Sea<y,        .5^iU«A*ltrEf^r*€5*<* 


377 


70  find  ma  /qaarekui^ers  (A»»  *i}i  Adft^f^^^ 

dua  added  to  a  given  number  {d)^  mqy  he  a  f mart. 

*  ■       '      . 

aaee+d'Zijf  !      i 

iff— V^Jf  M:  J 

aaee'^iaev'-^vvz^jy  \ 
aaee+dz^ioaee-^iaev^vif 

laevzZ'W*^ 

ezz-r »    where  a  and  *  ouj 

be  laken  atpkafure.  i 


Let 

I 

aflume 

• 

"2 

2   O'   2 

3 

1=3 

4 

4  tr.  ^ 

5 

,6 

PROS.    LXVI. 

To  find  three  fucb  numbers  x,  y,  Z',  filhat  yy^^xti 
and  x+jt  and  z+y^  wtty  he  tvitfqiuires. 


Aflume  <^ 


3X4 
5X 

6  XX. 


3,8 
4>   8 


il  x+y^aa 
2}  «+/=« 

3 

4 


7 
8 


•s 


10 


\» 


z  :^ee'^         

a*i*=aa+ee.y 

yzz — i — ^t  where  a^  f^  nilf  be 

taken  at  pleftfiire 

•  ''ime&  *_; 


,j 


zzzee — 


aa+ee 
^aee- 

aa  -i-ee 


a' 
aa4^  ; 

•^4» :  I 


=  — h-' 

aairee 


«  •  < 


! 


P  R  O  B. 


37* 


R  SrT  I  O  N  A'l, 


B.II. 


p-"R^O  B.    LXVII. 


^         «    •        •  « 


ST^  find  a  nimhr^  from  wbUb  two  pven  numiers 
(4,  -h)  being  JeWTally  Juhtra&ed  j  the  remainders 
fiaU  be  two  fquares. 

xzi  the  number  (ought. 


Lee 

I 

^qu.  1 

2 

f 

5 

a+«» 

4 

■anbiAe 

5 
6 

6  O*  2 

•r 

5=7 

8 

-  8  tr. 

9 

lO 

4.  »o 

• 

II 

tf+jy — bzzTsz 

V — y=z' 


2V 


J^  ;:;:<*+  • 


wHh^^^ 


.4W 


P  R  O  B.    tXVIIL 

To '£nd  three  numbers  (y,  7,  z\  whofejum  Jball  be  0 
jquarey  and  alfo  ibefiim  ofa^y  tvfo  to  be  a/jnaro. 


tr. 


1 
2 

3 

4 


7 
S 


10 

* 


X'i-y+zzzw 

2W=2*+2^  +  2^ 

2x+2y+2zzzrr-^ss+ti 
2vvzzrr'^ss+tt 
s=p--Vy  tzzq — V 
2vv;;zrr+pp — ipv+w 
+qq^^2qv+VV 

2pv + zqv  zzrr  +/if + JJ 


r 


4—3 


se«ft.x     s:Q^tr  ^ A  E  s^  ye. 


■4- 
4- 
4- 


•i 

2 

I 


II 


37$ 
an 


taken  ^t  pleafurt;  whencei  and  I 
Arc  kfid^il  (iftep  $>•  ?      •     ' 


zzzvv — rr 


P  R  OB.    LXDL 

^ofind  three  fquares  in  arithmetic  prbp&rtion. 


Suppofe  < 
aflume  5 

7  ^*** 

8  ^ 

&  9 
5,  9 


I 
2 

3 

+ 
5 
6 

7 
8 


2=/ — X 


10 


II 


2j+2/.xr:j^+// 

vz:j — X'=z .        '. 

2J+2I 
2J[/+  //— iJ 

2J  +  2/ 


ZZZt-"^  = 


K 


P  R  b  B.    LXX. 

To  find  two  numbers  (x,  jr)  yi  /Aj^  ^-h^,  ^»rf 


ferqu 


l^^ 


■{\\ 


xy+x=w. 
xy+yzz  afquarc 
w 


3~J 


37« 


R  AT  I  O  N  Al. 


B.  II. 


t^^OB.    LXVII. 


4     •  .   ■» 


T0  fiM  a  numher^  from  which  ftvo  pven  numSers 
(4,  -h)  being  JeWTatly  fubira&ed  %  the  remainders 
finUl  be  two  fquares. 


Let      I  I 

5=7 

•  8  tr. 


$  -riV 


4,   10 


3 

4 

5 
6 

•r 

8 


9 

10 

/ 

II 


ATz:  the  number  (ought. 


V — y:izz 

w-^xvy+yy=*z 

-     OTr4-*- 


tv 


X  z^a+  - 


P  R  O  B.    tXVIIL 

To  ind  three  numbers  (y,  7,  z\  wbofefum  Jhatt  be  m 
Jquare^  and  alfo  ihefum  ofa^y  tvfo  t9  be  aftjuaret. 


tr. 


1 
2 

3 

4 


^ 


7 
8 

9 
10 


x+y^rr 

y+zz^it 
x-^y-^^ziwi 
2Wzr2*+2y+2af 
2y+2y+22::rrr+jj+/# 

szzp'-Vy  trzq — v  . 

+qq'^^2qv+vv 

2pv + 252.'  :^rr  +/!? + J  J 


4—3 


Sba.:v.       SQ^lTiCtt  Efii  <^f. 


4*-3 

4—2 

4—1 


37$ 


II 


»4 


taken  ^t  pleafuit}  whqncej  and  t 
are  known  (ftep  $>.  '      ■   =' 


zzzw — rr 


PROB.    LXIX. 

7 0  find  three  fquares  in  arUhmetic  p-'optrtion. 


*      1 


Suppofe^  2 

C  3 

>+3  4 

alTume  5  | 

4.  5»  6  7 


7  "•• 

8  -f- 

5.  9 
5,  9 


8 
9 

10 
II 


2xxzn^uv+Z7i 
2=/ — X 

2j+2/.xr:jir+// 


;c=r 


*i^"W"W 


2J-f2/V 


VZZS — XZZ 


ZZZt"'^  zz 


Jl^+  zst-^tt 


i«k. 


2J+2I 
2Ji/+  // — SS 


2i  +  2/ 


1*4- 


PROB.    LXX. 

To  find  ^po  ttttmbers  (x,  yyfi  that  «^-hX|  W 

*y+y*  ^^  befyiares. 


f«"qu 


•{M 


l«r* 


*y-tO'=  a  fquarc 


3— f 


3^0 


3—1 

V  4 
5* 


6  red. 
Let 

7,  « 
9  red. 

4»^  »o 


$4 
6 


7 
8 

9 

10 

II 


RATION  A  L 


y=; 


B.  IT. 


toeffefttNs,  lee  je+i  be  the  fide. 


w=x9r + axslqture. 
rr    ' 

7=i+^jT^»  where  r  may  beta 
ken  at  pleafure. 


•  ^ 


P  R  O  B.    LXXI. 


t      I 


To  find  two  numbers^  wbofe  Jum  md  ^iffcrefice^^Jhall 


Let 

portfi.  ^ 


3*4 
Put 

7  «r- 
8  -7-2r 


a 

4 

51 
6 

7 

8 

9 

10 


a,  ir,..be  (henqmjber^ 

a+ezzyy     ,.  .  -.. 

i?7^<::?:  aiqufire. 
a=yy-^€  .,     ... 

r — y=:root  of  ic 
iryzzrr+ie 


t    1 


f .' 


'^    \ 


:ji 


,>».,*  ' 


•>  = 


where  r,k  may  Be  ta- 


ken t  at  pleafure  ^  tben 


^ 


PR  OB. 


Sca^  V.        6  0:11  -A.-R-  E  S,  -  Gfr. 


3«t 


X    - 


P  R  O  B.  -^  UCXII. 


«    ^  .k    . 


Tofiid  three  Makers  («,  y,  jr);  that  -tie /urn  if  their 
...    ,  .J^^fm(rftea/ittare: 


per  queft. 
aflume 
2  0>  2 

'=3 
4  -^ 


.1 

2 

3 

4 


j^: — ^  ■■  >  where  «,  *,  andi 
are  taken  at  pkafure. 


P  R  O  B.    LXXIIL 


Tff  divide  4  nimher  into  M»  parfs,  fo  that  tbefam  •/ 

thefjuares  ma;  he.  a/iuare,     * 


Let 
perqM.  {     ^ 

2  0»   2 

4  — 

3»  ^.  5 

afliime 

7.8 


6»  lo 


5 
6 


i=i  the  number  i  a,  e^  the  parts. 
3 1  M-t-arrrtnr. 

aa 


7 
8 

9 
II 


") 


r      -  *      * 


t. 


41= 


Ate 


r — 2 


•• 


PROR 


^tz 


. '      ...    y>     -  • 


%Ui 


fajmdtwojmmkers  in  thrcUa  nf  b  U  t^  fithm 
eitber  of  thm  oMii'  io  tbi  fqwre  0f  Sbe  otber^ 
JbaU  make  tw4 /quarts.    '  /" 

bu^  eai  be  the  niimbers« 
tiaa^a^  a  ftjuare. 
cat»-{rb4i:rz  a  fqaard 

itad^M^iz  ba — v  tzbbaa^^  tbvs 

w 


Let 

I 

ixrqu.   1 

2 

•3 

.     Put 

* 

4 

1 

4tr. 

5 

5  -5- 

6 

i 

«»^ 

7 

7» 

8 

• 

8~D 
Put 

9 

lO 

5.  »o 

11 

II  teduc. 

12 

'^tv+ft 


.r* 


ceaa'+ha  —  ccw+i^iv  +  he  X 


ccmi 


vzz 


rf'-^bi. 


..!» 


PR  OIR    LXXVl^   : 

f>  j&ii  tf  number^  to  ^^BkB  aditng  a  mh\  MifThSk* 
ber^  tbi  /urn  Jhall  be  a  cube  \  andjkbtr\aing  ano^ 
tber  cube  number^  ibe^emainder.JbaU  he  a  ciibe^  ^ 


Let 


p^rqu.  < 


X  be  the  number ;  b^  ^'  the  twor 

cubes. 
x+b^=  a  cifbc 


2  I  ^— -c*  rr  a  cube 


aiTume 


aflume 


,^yQJJ  A'Hj  r^.  Cj«f. 


at^ 


4.      4 

aflume 

5=7 


8  -5- 


9  reduced 


7 
8 


-I'Jit^* 


1-^ 


Jtf*^  + 


•      •     A 


I 


P  ;R  O  B.    U^tL 


citbes. 


•  .\ 


^*  * 


r  •     •   - 

.V.       .    .. 


'«•  -*    )  ■    •  « 


•J 


Let 


^ume 


> 

4        • 


»     C 


the  givjqaxttjbcs.  '     '   ^     V  -  '    • 


*  I 


2    ©*   3 

i  ^  3 


'J 


^.:  i'+>'=^,tii^iv'+  ^+V . 


<»    4    t 


»      k 


6  tr. 


fi4 


6  or. 


RATIONAL,  «r. 


ii.n. 


71 
8 


8  ^ 


l» 


FRO&    LXXVU.     r 

♦ 

5r#/«^  ihraJkA  mii  mmkrs^  •  wh^fifim  may  ht^^th 

mffmrt  md-M  tubi  mmber. 

Let 


ftrqueft. 


aflbme 


4  O*  3 
5©*  3 

«.  7.  8, 

•     ^ 


a 
3 


5 
6 

7 
B 

9 
II 


Suppole 


o^fufpofe 


^  ^9  jr  l^lieir  roocs }  ;ic^  the  fum 
of  A^cubes*. 


tf  ^  =a  cube 


*+3;^*ty 


4*  tf» 


•tn;+3:if»v*— v'=o. 


4?  and  «oiay  be  taken  at  pleafure ; 
then  V  beii^  known*  i  and  y  am 
known  tiy&p  4f  snd  5. 
jrrriy  4ixZf  tn^n  t;::^.    whence 
tfzi^jr=:|»  and  the  ttumben  are 

=«»  tfm,  thcnirrsil,  and  ^2e  W» 
jr=:W>    and   the   Aombers 

^  274t»»5  «746*5^  „ 

S  £  C  T. 


'^     :.•  -:■:  I ".  p'  •••  V   3** 


>  •       -  t        - 


HAVING  hithcrb^^  kr ill^Votcgcdng fccvFig.^ 

by  regiftehng  tiie  fercialfteps  at  length  Wi  the  mar- 
oini  py  that  the  reader. nuv  fee  at.  once  how  ^fa 
ftep  in  derived  froin  the  t(&\  and  'by  \h\%  meatiV. 
become  acquainted  with  the  i|iani>er  orpro(:epding^^ 
in  any  operarion.    It  may  be  prefumed^  that  by  this 
time*  1b  wifl  be  able  co  fte  this  '<:onfie6Koli  of  If^e 
leireral  parts  <^(he  pr<Keffi^ia  any  iblutjon,  whhoui: , 
foch  a  formal  explanation.  Therefore,  for  brevity ^s 
(ake,  in  what  follows,  I  (hall  not  tie  myfelf  to  this 
method,;  but  generally  write  d*wn  the  proccfs  after 
a  &orter  way,  without  notifying'  all  thc^fe .  particu- 
lars ;  and  doncent 'myfelf  with  meAtioniii^  only  fuch ' 
dedudkMis  as  are  *  " 


P  RO  B..  Lxxvm.      " 

In  tie  triangle  CAD;   ther^.are  given'  AQ^  AD;    aj< 
and  the  fyfcj  CE,  Dft,  'dr^awn^ic^iie  gitm  points 

Put  AB=r,  C^^:?w,;M 
DBr:^  I  and  the  line  foughTcFiiij;    I>r«r  EI' 
'  H   to  DB.  ^^^  ^    i  n^  :     i 

By  the  ""fimlTar  tijaogks  .CftfVj  CIE  (Geom.IL 

"C  c  + 


«     «     « % 


3S6  G  E  O  M  E  T  R  I  C  A  L  B.  11. 

ig.    ^  3tZ2Ifr:r,   and  multiplying  by  <&,  pra-^ 

dmf 


azz 


dr-k-dm-^^fr  ' 


P  R  O  B.    LXXIX. 

^4^    70  divide  a  triangle  ABC  /»  a  gfven'ralia^  by  a  km  ' 

drawn  ibrougb  a  given  poihs  P. 

Through  P  draw  ED  parallel  to  BA,  and  put 

AB=*,  AC=d,  BC=/;  BE=^,  EP=/,BF=^, 

and  the  ratio  a$  m  to  ;f,  and  m+nzz^^ 

px 
By  fimifar  triangles,  g+ic :  p  ::  x  :-^  =  BI ; 

then(Gcom.  II.  19.)  BIxBF :  BAxBC :  i  m :  m+n^ 
chat  is, 

im/x+hmfg:  by  which  equation  x  is  found. 

P  R  O  B.    LXXX. 

25.   ?V  <fit»<2f  d  triangle  into  two  equal  partSt  by  a  line  of 

a  given  length. 

Let  BD  be  perpendicular  to  AC,  KH  the  given 
line,  and  HL  parallel  to  BD.  Put  AC=«,  BC=*, 
HK=f,  CD=</;  CK=*;  then  (Geom.  II.  i^.) 
ACxBC  =  aKCxHC  ^   or    a^rriPfxCH,     and 

CH  t=  -^  and  by  fiimilar  triangles  (Geom.  II.  13) 

i:d:;^^:  ^=CL ;    itnd  KL=KC— CL=;» . 

0^4    .'    tfixx'i-r aid .   _      -^  -      ,,  •   '  . 

'"uik^  :  '.'ai^' '  :  But,(GeottuU.  21.  cor.  5.) 

HK»— 
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HK*  ~  KLV=  CH»  — .  CL*  ^    or  Fig,' 

or  j^hbx^  — 4hbccx^  ' 

. — -4^^^    zr  — tf*M,    whence  a;  will  be 
found. 


•  *  <»  >  >  ^  * 


P  R  O  B.    LXXXI. 

To  find  the  inacci^ie  £Jiance  AB,    ^y  A^/;)  ^/^itf    2<5. 
triangli  ACD 1  CAB  /»<i;i^  one  right  line. 

'  Through  B  driw  BEF,  and  draw  EG  parallel  to 
CD.  Put  AC=:4,  AD=^.CD=:r,  AE=ii/,  CFzr/; 
and  AB = A? •     Then,  by  fimilar  triangles,  AP  {}) : 

CD  (c)  : :  AE  (^  :  EG=:^ ,  and  AD  {Jb)  \  CA  (a) 

:  :  AE  (J) :  AG  =  -T-, 

Then  GB  =:  --7 — .  And  by  the  iimilar  tri* 
angles  BGE,  BCF  •,  CF  (f)  :  CB  {a+x)  :  :  EG 
C^)  :  GB  (^),    Therefore  ^^  = 

,       t  ^/a: — cdx-zicda^da^  and  yrr.^     ^ ^«    ' ' 

*  •  « 

.      P  R  Q  B.    X-XXXII. 

If  the, Urn  EFB  ^^  dramt  from  the  etngU  E,  per-    27. 
pendiculat  to  the  diagonal  AD  0/  a  right-angled 
paralklogram^  and  BF,  F'D  ^r^  given.    To  find 
^  tkejidcs  pf./bef^alUlogram.. 

Let  AFny,  EF=y,  BFrr*,  DF=f.  ,The  tri- 
angles AFB,  A  FE,  and' DFE  arc  fimilar.    There- 
•  C  c  2  fore 


^t  GEONfETRlCAL  B.n. 


\.     '    •      >, 


^I^  forth :x'. -.K :-r  =FE=:j,  tnAt::di  lycit^  :  c 


Whence  -r::zb£^J^xi^  »^::=M(9  and  jc  —  %/ik, 
Then  AEc3v>'5«^lmd  J£P=v/:^45r. 


Pit  OB.  uixxra. 

rf.       ?o  <fe/(T/^«  ^9  /fiwr^.  <>  thiiv^  tria^U  ATE. 


Dn(#  'TC'pfeit**a^cQl«fto'At;  and 
be  the  Iquarc.  ?ut  AE=^,  AC*=r»CE=;it  TC=*k 
BF  or  BD=*,  AB=:>:    Then  ' 

The  trian^s  ABF,  ACT  are  fimilar,  »nd 
yxit'.'.cipy  whfltiw  C9c-=ipj.r  Alfo.  the  triangle^ 
mX},£CT  arerimilar,  and  ED=^>.«^-^  whcac« 
t^x-^ iiciiiti pr  w»d  ^zqslt-i^i^^^ibi. 

/>f-r».  Whence  ^=^+7:5:^  =  f+^' 


• 


29.  &>:  eqftaf  (xrc^^  of  z  incifs  diameter  ^  fyj^ihed  Ar 
an  equilateral  triahgle^  Inching  one  another  and  the 
Mes  ef  ilf4  triansU^    To  fi^4  tht/tdt  of  tHi  ifiandt. 

—  w  ^       ' 

Draw  '>AF  perpei\dkular  to  BC,  and  from  the 
centers. O,  "S.^li^w  PD,  SF ^er^dicalar  to  AB» 
and  letIX)r:fj  AfTrfAf.  •  ;      . 

The  tK^g^  ABT,  A^X>,  ESB  ace  fimilar,  and 
C096ni.llr  '3^.-^r.j  ,  A&2&AB</J.    Then  BF 

.     (;*)  :  0^  (V^  : ;.  DO  (r) :  AD^^=2ry<| 
nEB,   and  DE=:4r,    whence  AB.-or  ^r:4f+4r 


«*»»rf. 


Koa 


;      ^ 
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P  R  O  B.    LXXX  V. 


There  i&e-n»d'  chcUs'BUA  and  BFC  touibing  iH  B,    30. 
Mul  if  l}&-^  perptndientar  ti^k  <M  the  center  £  •, 
that  there  u  given  AC  and  DF  -,  t»  find  Ae  dia- 
meters, ........ 

LetradwsBE=<i,J5F=:^CA=</;    then  FE 

=«— *,  EC=«— «/,  then  FE*=fiExEC  (Qeom. 

IV.  17),  f,hat  i$,  f0-T,zak'¥bh^z4»-^dt  and  xba — 

'    '  bh 
da-=ibb,  and  4=?^^  '-,  whence  BC=:2<i—</. 


P  R  O  B.    LXXXVI. 

/»ri&*  <nV;{gifc  AbC,  X-6^*  o^v  given  the  three  fer-    31, 
pehditularsyjrom  the  angles  upon  the  off ojite fides  } 
te  find  the  Jidef, 

Let  A0=<»,  CP=*,  BR;=f,  mm|  AB=r* 

Then   twice  the  area  =:^=ACx*=:CB  X<'» 

whence  A<5  =  2   and  CB=^.      And  (Geom. 

IT.  21,)  -^-^^=AP»i  and  (Geclm.  11.  23.  cor.) 

iiyy  bkn  ■ 

2fr  JV^Tw*  2«   ^^TJ'        2i»tf     -~ 

ybbyy  -----  • 
— -_^^,     That  is,    iitfii^y  +  aaccy-^hc^  =: 

2^af  y/^j^y-J^^ifO  put  aakh'\'aacc^h^'z:d^lhitti 
4!t=^7,aa€y^bbyj—ibtc  i    and    fajr   TbdBSJlion  ," 
—  aabcc 

C  c  3  P  R  O  B. 


-      »- 
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^^*  PR  0  B.    LXXXVIL 

3  Z,  In  the  friangk  ABC,  there  is  given  ibe  reSangle  cj 
the  fides  \  ibe  re&angle  of  ibefegments  of  the  hafe^ 
made  by  a  pp^fendicular  i  and  the  area:  to  find  the 

rtfi^ 

Let  the  area  i:*,  ADxDC=r,  ABx  BC=j; 
and  BD=2, 2yr:diffcrcnce  of  tbefegments  AD,DC. 

oh  h  h 

Then  •  ■-=AC,    and   --  4-^=DC,  --—J- 

y"^^ ■        '     * 
h 


y 


22       tv         ^  '2 


;?*+ y^d  5  and  fquaring  all  the  quantities^ 

bh  %hh 

and  putting c  ioxyy^  and  v  for  22:  +~ — ^t 

and  then  t^-H  —  x  ^^^"rr   =  iii  =  w  — 
— ^:;;  (reftoring  the  values  of  v  and  ^)  2*+  -^ 

afzz  -4-4^^  M-  ft  sg<jtf!      Whpncc  2  is  known,   and 

y  ^  J  ~— r,  and  then  AD,  DC,  and  AB,  BC 
will  be  found. 

P  R  O  B.    LXXXVIH; 

33,  /n  the  rigltf^angled  triangle  ABD,  /A/r^  is  given  the 
perpendicHiar^  en  the  hypotbenufe  \  and  the  radius 
of  the  infcribed  cihle :  to  find  tj^e  fides. 

Put  the  perpendicular  BQzzf^   radius  CRsrr, 
AD=;:(t^  AB=f>  BDjp^.     Then  (Gcom.  II.  21  ] 

aazz 


*  \ 


1  :i  •)  /'I  7 


••■>■(■ 


4 


A   ■ 


r 


y    -^ 


^-.r 


\   . 


.  * 


•i  *.. 


1    . 


1     T 


,    V 


I 
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aazzee+yr-  And  (II.  20.  cor.  2.)  pa^zty.  But  Fig» 
AD  or  AF+FD=AR+DI,  and  AD+2CR=  33. 
AB+BD,  that  is,  a+2r—e+y  j  whenoj  aa+ipa 

therefore  2/>/i — ^4r4=:4fr,  and  azz- -.       Alfo 


\ 


na^tpazzec — 2ey+yy  zz  e^^  ,      and 

v/^^;=^    Whence  e^^^'^^  y/^aa-^pa^^ 

,           a + ir^-^y/aa — ipa " 
and  y  =  • ^, 


P  R  O  B.    LXXXIX, 

There  is  an  ifoceks  triangle^  in  which  two  circles  are    34^ 
infcribed^  touching  one  another  and  the  fides  of  the 
triangle  \   their  diameters  are  8  and  12:  t9  find 
the  fides  of  the  triangle. 

From  the  centers  D,  F,  draw  DG,  FH  4-  to 
BC,  and  FO  0  to  CB  . .  draw  CFDA. 

Put  DG=r,  FH=:£j_pO=r— j=r,  FD=r+ 
s=h.    Then  FO=v/^^— «=</,  and  CB=<t. 

The  triangles  DFE  and  BCA  arc  fimilar,  whence 

b'.d'.-.tti  -J— AC,  and  c : 3 :  :  r  :  —  =  CD , 
then   r  +  7=AC  =  -j,  whence  «  =:  ~  + 

ir  360 

7  =  ;;^-.    . 


C  c  4,  PROB 


r**-** 


P  H  O  B.    XC 


i 


35.  7J»:«  «  £«?«/aJ>,  ««tT^Q  tbe  radius  of  the  [mi- 
.      '«fe#  fe<9 VZyi*^ tW^i's  Sfh' drite  inferibed 

cular  ^  ,AJk  i  .tbrougj|t  O,  draw  ■ApF  btfedinB 
thfiogleDA^,  and  putradius DE=:r,  AD=tf, 

-  Then-  (Georrt.  H;  25O   AD:  AE^-^DFi  EF* 
,  #1)4  AD+AE  :  AE  i;  DE  -  EF  j  «li»t  b.  </+*  r 

^   '    ''"    ir-        ■  -   •  ■  • 

*  ; ;  r  :  ;^t:j.=:  EF,    DO  ~  «+r,    and    DI  = 

y/06*-^  01»  =  vV+  2ra,  and  Al:^<^v''rr-har<,' 
Aiid  ^y'  the  fimilar  triangles  AEP   and    AOIi, 

hr      . 

p  R  o  B.  xa. 

36.  ^^^^fkftii'iififtpfint  B,  ,<«'  ^/r^nf  tbe  right  UaeVDCf 

[j^tM^  1^  $^t  DC  eompfthended  betveen  the  twti 
Um'ACt  AH»  e^hiijant  from  B,  way  ^<^  */  « 

.  Produce  C^  tolE,  and  cotnplot  the  rhombus 
EABHi  make  the'  angle  CDF=CAF,    and  let 
a):;MV,^  itr.AHs*,  BA=:^  AC=^i  AFc=y. 
Tbe  toanglcai^AD;  CEB- arcL^ilar,  therefor* 

CAtfc)xi:^(«>:r7«tEtn:  DB  =  V.  -~  5b,c» 

^I'DC  =FAC,    therefore    their  ibppletnenta' 

F"DB=; 


siavVi.        p  Rj  o  :B^i,_  E  M  5. .  3f a 

FDB=:CAB,  and  ib  the.triangla  BAG  tnd  BDF  Fio. 
aie  Cmilar,    whenoe  BA  f<^  i^^C  (»)  :  :  DB   3S. 

.1  —  I :  DF  =  -T"  ^  , , 

But  tbe  tri^ngle^  FAp  and  FD^.are  fimilar; 
for  ^BDF=:FAD,  (for  BAJ)=:BAE=FAC, 
add  DAC,  then  CABsfAD,  that  is,  FDB  = 
FAD  i)  and  Lf  irconvuwi  \  tl^te&jrc-yVF  {yj : 

D  F  (:j)  : :  DF':  ^sFfti^iH-/.  ;Vi>cW  wJo. 

ccd  is  ddyy-^d^yTztabb;  whence  jr  wiU.be  h.i^.  .  • 
-  Again,"  the  triangles  DAF  and  fiAC  are  alf9& 

milar,  and  CB=<»+  ^,  then  DF  {^\ :  AJF  (y; 

: :  CB  :  CA  (x)-,  whence  — r    =  •/  +-^-«- 
duced  ahxX'<r-adyH=:^iyf  whence.^  i&had.  Tho^ 

CE(*-Mi);,EflrC^):rAC(ifJ:AD-=:j^V.   .  ,.  " 

FR  OB.    XCih         '      •- 

Ji&rflfifji  a  given  point  B,  /^  draw  tbe  ri^bfSMVDC^  J^ 
/{?  that  the  part  DC,  included  ifetwun  she  mtcs  AC^ 
AH,  »wy  i^e  given. 


f  J 


Through  B,  draw  BH,  BE  parallel  to  EAC  vA 

AH,  and  put,CD;=tf,  AE:::^,  AHzi^,  A^^^ 
PH=/,    BP   being   pei-pcndJedar'to'A^i 'awl 

The  triangles  CAD  and  CEB  are  (ira3»r,    atti 
CE  ixJhh-i  EB  (fi) :  :i'CA.(*)j  ^JDscu^;^4 

Md  DHsr/^-^rr;  =  iit-    And  ^SGtom/ It 

2a.>  BD=;7M+^^^;j4f^  ^^|^.«»* 


59i.  G  E  0  m;e  rpRa  c  /kl      -  -b.  in 

Fig.  '  7  •   -  :     VaW    :    <     :  '=rf)^    • 


^     "S  V   . .     


^    ^  "f-^ia 


p  R  6  B.  xcni 


-     » 


37.   7bi  difference  of  she  height  of ^im  bills  being  given^ 
mJk  ^kf¥.  dijiance  i  to  ^fifd  ibeir  beigbu. 

Let  BA»  ED  be  th«  hillsi  pvit  radius  rizCRzz 

Th€»4G3:5:^+^,  CEzzr-i-^bA-a,  Then  (Gcotn* 
H.   gi.)     B  R  =    v/2r/g  +  tftf ,     RE     = 

v/an7  +4a  +  \/^bb  -j- 2^r +2ra+ xhd  +aazzC9  and 
v^^^+ 2^r + zra^zba+i^azzc-^-^x/  ^rti^+aa^  and  by 
fauarinc,  bb-^2br+2ra'^2ba+aazza+ira+aa-^ 

•  •  2fV2rtf4-tf«»  and  2fv  2r^+/?tf=:cr-»— ^^ — 2r^  — 
'jkbet-ndd^ba  If  by  fubftitutlon) ;  and  when  fquarcd 
%ccra*\'^caazzd''—Addba^^beta^   ju>d    when   xt^ 

,  P  R  O  B.    XCIV. 

Ag     irir/^  Zf«^j  drawn  from  the  three  angies  tf  d  triangle 
.So  the  middle  of  she  oppofiie  ftdes^  being  given  \  ra 
fm£thefsde^. 

Put    AD=i*=i8,     Eir=24,    BF=:i=30» 

C5=*;  XB=y/AC=Jt.  -   - - 

Theiv  .([Qcom;  IfraS.)  j7+2z=ai^i4-l*^.  J?+ 

«(^=a<i/+t^22>  2»+»f=:if<^-HX?i     M  adding 

thefe 


thefe  three  i<^d6h8, '  2>;c4-2;^+222^;233-K2ff  Figjp 

+— r^:+— ^,    frotft  tfeis  fubtraft  thie  firft 

tions,  then  ^jfzi—tftf-^— --.»+—  rr — -j^y,  or  9«r 

= 8^f + idd—^K$yj  zz  Sbh+Sdd^^cc^  gzz = Sib + 
8rf — ^44^^,  whenoq  ^1^34,^ 76  i  jrz:;28,844 ;  zzzio* 

■  *  ■ 

^       PRO  B.    XCV- 

ABC  /f  an:  equilat&al  iriangk^  O  4  /)Af^^  Mr  ifr  eqm- 
4^ant  from  A,  B,  C.  ^  tbtfides^  and  the  line 
BO  he  all  traduced  till  tbej  cui  the  tine  VOin  D, 
E,  Ri  P ;  then  ibert  is  given  DEi  E;R,  M^j"/^ 
/»^^  /i'f^/^  ^  tbe  triangle  ABC,  tfni  ihe  airea. 

Draw£]^,  ]£G  parallel  to  BP»  BR  t  ainl  ppc 
DE=:tf=r3a4i  ER=^=i2i.6  5  RP;;;;^=i59,6. 
and  DR=;^  DP=i,  CL  or  ALrrx,  CG  or  FS-^: 
Then  (Geo., II.  39.  cor.)  BLrrAfv^g,  EGrrjii/j"; 

.  The  triangles  DEF  and  DPA  arc  fimilar^  wKcncft 

ai%yzis:  ^zzA?9  and  PB=:2*  +  -j* 

Since  ^PBR=  /-KBR,  therefore  (Geo.  II.  ^5) 
i*+'^  :  2jif+y  :  ;  r  :  f,  and  zbx+^-^zz:  2cx+ 

%cj^  whence  cx—hiz-f—cy^    and  7=  ^z:^^ 
•^ — ^1  by  fubftiiuwon.  -  ,    . .     , 

o 

Again  DE  {a) :  EG  Cri/j) : :  DR  (4>'i'^x/i 
^RL=:^y/3:  and  ^h=:x^3^^:^3,    id 

FB=:2x+--^,  »nd  BE;=2*^.i^V2*-:h-^^  . 

But 


S9<  G  SO  M^£  T  It  t CTAt.  B. 

Fig.     .Bm-^BctnL  il.  ti«)  Mt*  4^g!ilxB(E  *:PBxEB« 

Jr=40,  and  thnarAa  ABC=:io646.i6. 
'  ■''       "        P  RO  B.    3^CVI.       - 

.'  -  ' 

4ftt    iW  th€  triafigU  ABC,  /A^#  at  gifom  the  hafe^  49d  Af* 
fcnnaof  tbtfidis  andthciorea:  $q  find  the  triangU. 

,  Let  the  area  =:/=: 796  ;  difference  of  the  fides 
C^  <G&  xzl^sz  io  i  faafe  ABs:!i  2: 51)  */  perpendicu- 
lar   CD  :r  ^=:/>;=3I.84t    and  AOitf.     Then 


d 


.1    • 


ACr^iV'^+M  a^  CB=v/</-*-^  4-^r  therc-» 

fore  -\^Y    jbe    qwftion     v  0  «  >^  pf    +-^3 

^M^uta^aa^pp^  which  fqoattd  iii  tf^^^^4-^ 

4.2^\/tftf+/!P=^^^*<^+^^+/!^  and  %h/M  +/;^ 

zzdd-^b^iday  and  fquaring  both  fides  4^^^^+ 

4A^:3rf*rh^--2/iaiJ^--4i/'i»+4^Wtf+44/4&^,\V'hich 

'    ■       ■  ,         tipp  dd—bb 

L  ndoced  IS  o^ — ^farr^T"^  — :      '  '  ■■ ,     whcnca 

•=16.739,  AC=:36,  BC=46f  BD=33,a6i, 


#• 


PR  OB.    XCVII. 


iifjarihed  fpuo-e  \  to  find' the  area. 

Let  ABfeBb=:«/=4i,  CO=CE=:/=3,  HCzzn, 

Then  PPf^^t-*.  Md  AC=i+^,  •     .. 

4 


Sea.  VI.      '  PtR^  » t  «*m:*  .^  3)j 

The  tri«ng|ir^;  ACE  v4  CDO '  ft  w  GeSkti  ^  Ft^; 

•      -   »  -     • 

Whence  x^  v^«5S±V^^^  =  y ,.  and 

AC=5,  AE=4,  DO=24,  bq=5l,  area  =73!, 
Q^s:^.  ■--•  •<••:-■.  1'..  ••        -.  •    '.•  -      •  ^'"^      > 

P  R  O  B.    XCVlIt    '       . 

t  '  .  !      • 

/ 

/  ^iSf  1^  /tf /W  i(4^  diagonals^  mi  dw^eur  {ff  i^  fi/rfHf^ 


4-< 


Let  ABriii,  BC:=;,^^  ^0=;%  ^LDssWr  ]^E;j54Pit 
the  triangfes  ABE,  and  C ED  are  Ifimilair'^  wL 
iLAB£:rECB  (Gcoiji.  VJ^xa.,  cqr.^jtU  ^a^.  " 
apgles  at  £  are  veitiCaU    tHePC&^  AB  (4) : ' 

(jO  ; :  DC  (r> :  CE.~  V  aifp  tf\c  triangles  KSH 

and  BEC  arc  firaila^  and.!BC  (^^  J  C]fi  (-TJ   0- 

■       Hex     '      ' 
AD  (,i)  :  DE  '^■^.    And  BC  (A]h» >. BK^^  :  : 

AD  id)  :  AE  3.-^  .,:..,Th«^  .^  3?  4frK  -^^ 
and  AGi^M^  r->7-''|Kh«r't^t»:i¥:-^'0AC 
XBD=ABXCD+ADXBC,  4»r  -^.+..^^^-j 

:V4.\BD  are  known. 

Then 


399  GEOMBTllICAL        tB.II. 

Tig.     Then  fuf^fe  a  perpendicular  froqi  A,  upQA  BD» 
42#   dieo  (Geom.  IL  cor.  23.)  ttie ^diif ance  of  the  per- 

-    pexkEcnlar  ftofii  D  is  =       '  '  a6D  ^-^^ 

ikufl  $/AD*— 3^  =  the  perpendicular  =  ^  j   and 
(Geom.  IV.  aS.j  p :  AD  :  :  AB :  diameter  of  the 

r    u-^      •   f         ADxAB 
ctfcumfcnbing  circk  =  "      ■     • 


P  R  o  d.   XCIX. 


f*  ' 


'43*  9*^  three  femtetretes  HFG,  H£j.  W  GOJ  tMch 
one  Motbtr  in  H,  G,  am/  I }  to  draw  a  fourth 
-titcU  ¥GE>  U  mih  »U  the  rj^.. 


Ffom  dM  centdi  A,' Bi  C  cinhv  the  Untfs 
BD,  andCD}  and  DP  ^rpendtcuhtr  to  AC,-  and 
letAG=«,  BE  or  BI==i>,  CXjr;^;,  and  P£=:x. 
Then  ADs=«4-ip.  BDs:*-^,  CD.=r+*,  ACs 
<*+<•,  BGr:i— f. 

In  tBe'triingte    ADC   (Gcom.  \\.   22.  cor.) 


j_*  —  ' 


f.C:^  * r- ,  and  mthe  tnangle. 


•      •     ♦ 


BDC,PC="'^^^'^-*^. 

Whence;.  '   < 

p—  aa — 2ax — xx         -— ,  bb+ibx — xx 

■  '.■  I    ■  i       HI    ■         .S      —i"i— It'll     I.     I       II        IW. 

r  +  tf  i*— ^ 

That  kft .  ,    .    '    - 

And 


S«ft..VI.        .  JP.  JtiO.B  L  E  M;S.    ;  999. 

.  A^d  multiplying  aUccnttely,  ^   ./  45/ 

And 
j^aix + 4^c>f = 4^<^ + ^^ca — 4^f — 4rf <?, 


Whence  x  =  — tttt;: — s^ ♦ 


P  R  O  B.    C. 

'     .  •  .  

In  the  triangle  ACB,    there  is  givtff  the  Jides  AC^    44^ 
CB;  and  the  length  and  Jureadth  af  the  iufcriied 
reSangular  faraUelogr4im  DEHP  *  ^^  J^d  ike  rejt. 

Draw  CP  perpenditu^.tci  AB,  aad  letJCAtif,. 
CB=f,  DE  or  GP=A  DF=:tf,  CP=2»  AB=jr-, 


and  kt  pzzt+c^q^ — Cw 

The  triangles  CDF  and  GAB  are  fimilar,  and 
z:y  : :  Zr^p : a  \    whence  24=;^— >>f ,  and  :gf— . 

zazzpyi  cherefbrt  »'=  -— . ; . 


Again,  (Gcom.  TI,  24!)^  •  P  ^  •  j  •  ~  =2:   dHT. . 
fcgmentsof  the  bafe.  Tljwefore  APr:-^^+~.  U 
But  (Geo«i»  H»  21.  >    Wnaar +---f  4-^1    = 
^'z^-^jrr+'^PS  4-  ^.  Which  equation'redu- 
ced  is  y— 2«77*  +\May*+Saiiy^+pPj^* — lap^qy 

^adppqq-o.  PROB. 


# 
t 


40O  GEOMETfttCAl*  B.A 


P  R  O  B.    CL 

r^Utt  ihek^  midtlmt  it  gmm  tbt  inffe  AP, 
4ad ibt figimim*  YD,  AKi  ttfmdthtr^, 

»  .  .         .  * 

-  •  •  • 

LecAK^stoo,  AP5=f =400,  VO=/=a6o, 
•od'  DPrr*  1    then  (Geom.  II.  11.)  mikiid: 

-=VK,  and  VA=^ -4-  ~  =  ~xJTX  But 

41  41    .  • 

H »  • 

AT*— VP*=:AP%  oc  — x  «-t-i    —  M+d  =  <^f, 


or  /i^-nM  yt;-ar^d^aaett  .thttis* 

4H4-a4Ait  4>  <«««  --  aAMUb  s  MAT. 

And  «sei4ir7X7«.  9xA  4<M  or  yPr:4ot.7t7. 

P  &  O  B.    CIL 

4&  JS»  t^  figuri  CM^iXlA,  VB^  ^^  art  perpenS- 
adu  to  AF }  aititbe  jldu  of  tbt  trimgk  batig 
frodac»i:,1l>ert  is  givem  HA,  AC,  CB,  dirJBO, 
DF,  FT  i  to  find  tieji4es  of  tbt  triaagk  HBT. 


*  •  «  - 


LitHAs:*,  AC=:/,  CB=/,  BD=^  DF=f,. 

JTn*,   and  TH=:4i,  TP=:«,  PH=:«,  BP=:«, 
.  BT=y,  *=:HB. 
<■     The  triangles  TBP  «i^  TCA  are  fimilar,  and 

jr : » :  :/+;r :  ^,  and  fyzzfx-^yx^  or  fj~^:^f*^ 

vheaee  ^r:j-^„.    The  criangles  HBP  and  HDF 


oe  finular*   and  «  :  x : :  tf-H' :  '9    or  «(:=«)f+xi4 

J        '  4& 

•od  i'iiiii,iir,  'i\»^  whence  « =; — -.  likewUe  z  :  x : : 


Sedb/'VI.  >  V  R  OB  ll$  &. Ifil  3.  .  401 

tf+»  Eur* 

a+n  :  />,  and  /2=  a+».x  *,   an^  z=  — ».      ;^. 
Likewife  vix  ::  a-j-h  ;  c,  and  fv=: J+?x*>  and 

Buc  *+*=!«=:-—-*  4. ar,  whence  ^«r=:- 

pbx%  therefore >=   '/^^^^  ^., . 

Agaio^  TC=:/4-  i~  2-^,  ted  <Gcom.  U. 


pc^cx^px ==    ;)f ~jx  '    ^P"«"« 

rn*— » »     and   J=r+^  ) ;    and   by  fquaring^ 
ppff--p^^%p^x--ppxx    ypccm^2ppcnrk+rrppxx  : 
•^ — ipx-^-xx         *"       fpcc-^ipcsx-^-swx      • 
which  reduced  is  .  * 

;>prry  * + 2ppfnrx\  +ppctnnx*^2^eaimf+p^cctm =0- 
+/^^J  — ^p^rr     '^4f^cnr    +2p^cHr  +p^cc 

-^2/*ji       +p^rr       — icpi^    -rrcjf^f    . 
^^PJcs      ^P^J^       +i€fi]fs 

^—ppffsS       2CCp\ 

#     " 

PR o B,  cm. . 

Given  tbefdes  and  ana  of  a  trapeziunu  to  find  the   47. 
.  ►€    -    .      •  doigeHaL        •  — 

Draw  thoL  perpendiculars  BE,  Iff  upon  the  dia- 
gonal ACi^j»n4  ^uc  AR^=;tf=4^  BC;s=p*i^4i.cp. 

=^=7,  DA=/i=5,  and  f=i  the  area. 


5> 

D  d  Then 


462-  GEOMETRICAL  B.  Ill 

^|;     Then  (Gcom.  H.  13.  cor.)  CE  =^2±±Zi^, 

and  BE  =^  v/**-5±*^'  ri;- 

■  I  I  ■■  I  ■      » I  ,  J 

«  ■  ■  I  -  X. 

/  4^M — 3^r~^J!yi<  '^* — ^^  *-^  A^ — ^^ 


V  — ^^^   '        '     ^  ^ . .  HI  lik€  man- 


V 


^^W.  >^3y  — ^jjLJii  ^S2/Jjy— g=v/ 
and  2  ^f +.?//</ ;><^—ff-r-<^i=rrj5f^-^j=;KB.     - 

then   — jj:kBE  +  DF  =;/,  and  2jr ,  x  He  >PF  . 

•  *  » 

=34/,  tb^tis,  V'-p— y*4.v^2-»^«=4/,  and^y  Tqua- 
ing  i;+zi—2jr*+2V*z  Z2J'*+y=  »^/^  .  and 


ing,  i;2  __^  >=Hyf«-*E:64^-i%^Xv4<-«+-2— 
+  ■^--tN-z  >6*+/.  l^d  t;2=6^+  — 8/x 

+  • r^ +  64./4;pb  ;^  that  w,  64^*— 

3^?  jf  X '  M^  if  "^Smi*  4*  '•!  ^^/'♦'liro,  i  ifid  >feibr- 
i^  the  vaiuis^o?  V.  itn<i -%  we*  fti^l  liaVe^  - 


-  * 


+    64^ 


Sea.  VI.  PROBLEMS.  4PS 

.         ^  Fig. 

+  /-^  J       —33/"    +p-tr    y      +3a^X«+ff  >=0. 


«      '     .  » 


P  R  P  B.    CIV. 

la  tht   rigbt-ar^ki  trimgU  PCF*  -  there  U  given  ■*  ' 
DC +CF,  and  B  A  'fari^Uel  it  the  iafe^  and  p  A  ^ 
to  find  the  reft^ 


...x 


IJet  pC+CEss;,  BA=^  pA^d,   CFf=:4  ^ 
tken  CD=s;— tf,  DF=v^DC'— CF»  -v^jr^—aw. 
-  The  triangles  CaB  and  CFD  ve.  rimilar,,wlierice ' 

y/is^^fi  ia::i:  '>■         '' ~a  'CA  j  '   and 

\/DA»^DF«'=  v^/i^— «+2Jdfe=  AFT~wfienee 

'  ^  ■  +      s/dd-^ ss^^sa  =3 ^^w.  and  muld-- 

plying  by  Vii--gf<F|     and  traayofing»  /  . 

ia  I  jand  fquartng  , 

— 4ji«tf  +  '4s^a     +  ddss  ;  , 

—  2ddsa  —  f*  . 

tranfpofing  again^ 

^^bsio^ — %bha^  =  —  aw^ +5i/4tf-^4i'#  "4-  J*- 

4-**    '^2dds  "•""ddsi 
=i^ca^  ^fas  4^a     +by  by 
fubfticution,  and  by  fquaring^  ^v  >. 

'---'leg  ^2/g   +2/b 

+zgba+bb. 


D  d  2  PROS. 
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Fig. 

P  R  O  B.    CV. 

49.  There  are  given  the  three  Jides  of  the  triangle  ABC» 
and  the  angles  A,  and  B,  are  biJeSed  kf  the  lines 
AD,  BE  »  to  find  the  length  cf  one  M  AD,  and 
alfa  the  diftance  AF  to  the  point  of  interfeffion  F. 

Put  AB— <T,  BC=*,AC=:r,  and  AD=x,  AF=:jr. 
Then  (Geom.  II.  25.)  AB  :  AC  : :  BD:  DC  and 
AB+AC :  AB  : :  BD+DC  ;  BD  j   that  is,  s+c 

s.  :h:  jq^t=BD j  Ukcwifc  a+c :c::h:  ^^ 

s=CD.    But  (Geom.  II.  26.)  AD'+BDC=BAC 

abhi  .  H 

that  is,  XX  +  =r  =af«  and  xx=ac  — rzrr  X 


•     »     ♦ 


whence  *= ^^^  =AU. 

^Again,    AB-f  BD ;  AD  ;  ?  AB  ;  AF,    that  is, 

ah      v/^rXtf+^+^X<i+"^— * 
^  4L+C  •    a+c 

^v<^tfX^+7+?x^4-^— >      _ 

J^  ab 

a-^'CX^  + 


a+c 


^r>  ■■  - — : — ■  .    .■    ■    ■  ■,   that  iSj 


a+c+b 


PROB 


r     ^       -•■■      ^    . 


PlY/%t.^i^^ 


35)$  GEOMBTItlCAL        ^  ^AU 

Tig.     Then  fui»>ofe  a  perpendicular  frpqi  A  upon  BD^ 
42.   then  (Geom.  IL  cor.  23.)  thc^diftana  of  the  per- 

AD*  4- DB^*-^  AB* 
'    pdidicnlar  ftorh  D  is  =  "  a'fiD"     '"    "'  ^-^^ 

Aiif)  %/AD^—ff  =:  the  perpendicular  =  ^  ;   and 
(Geom.  IV.  %%.)  p :  AD  :  :  AB :  diameter  of  the 

r    u-.      •    1     _  ADxAB 
ctfcumfcnbuig  curck  =  "      ■      •    .    . 

T., '...  /^. 


P  R  O  B.    iCIX. 


« •     >  >  1 


'43*  ^he  three  femiciretes  HFG,  HE  J.  d»d  GOJ  /^Kfl* 
Mr  amtber  in  H,  G,  am/  I ;  to  draw  a  fourth 
-tircle  FOE  tf  (9tfih  sU  the  t;^. 

Frarfi  dM.  cent<i-»  A,' 0$  C  dnhr  iiie  Knfis  ADE, 
BD,  andCD;  and  DP  perpendicular  to  AC,-  and 
let  AG=«,  BE  or  Blrri,  CX5=itf,  and  PE=x. 
Then  ADi=«+i,  BD^h-^,  CD.=c4-«,  AC=, 

In  the 'triiuigte    ADC   (Gcom.  \t   22.  cor.) 


.J — 4 


PC:  is  ' rz — »  an«l  lathe  tnangle, 


^»*i<^ 


•  • 


2^— 2^ 

Whence;, 

^  i?^i — lax — XX         -—  bb+ibx — xx 

Thaci$> 
2rr+2r<i — 2rjc— 2^x      tce^-^ibc-i-icx+zhc 

And 


Seft..VI.        ».  JP.  RiO.B  L  JB  M:Sw    ^  3^. 

.Andmttl(^plylng  aUfltn»tely,\,,..'  ^" 

And 

Whence  X  ir — 'tttt: — »^- 

P  R  O  B.    C. 

In  the  triangle  ACB,    there  is  pvtn  the  Jtdes  kC^    44^ 
CB  ;  and  the  length  and  Mre^th  af  the  iufcriied 
re ff angular  faraUelogram  DEHF  *  jt^Jndihe  rejt:. 

Draw  CP  perpeiKiitutw.rt  AB,  and  letX A  i:f,. 
CB=f,  DE  or  G?zzp^  DF=:tf,  CP=2»  AB=yi 
and  let  pzzb^Cy  qzzi — c^ 

The  triangles  CDF  and  GAB  are  finailar,  and 
xiy  II  Zr^p  :  a  \    whence  zazzT^f^^^fy^  and  ^— . 

%a:=:py\  thcrefort  »'=-—.;. 

Again,  (Gcom.  II,  24!^^  ip  i:  q  :^  =   dfflf. 
fegmentsof  the  bafe.  Tljerefore  APr=-^j^+~.  ': 
But   (GeoA>  iU  zi.  )    W=:2;2?4-^t  4-^*     =: 

i—'-'^TJT+'^PZ^^^  Which  equation  reduv 
^y — a      T"      *;-  *^  ^J7 

ced  \%  y^^^iay^  +yuiy^+iabhy^^ppq(]y^ — lap^qy 
^adppqq—o,  P  ROB, 


i 


r.  A 


,>^— -v. 


/  \  ..^t    -  T 


'I  * 


-I 


I       . 


«*   .- 


,\  i"  v-f-liV>^  >    £•"  .-' 


.  i  .-  .» 


» » *  t  •♦• 


j.> 


r' 


Sea.  VI.  P  ft^OB  LE  M  S.  '40? 

•  rig. 

'PR  OB*,  cvr. 

The  diameters  -of  ihree  circles  leing  givep^  which  a^e    50. 
defcribea  from  the  angular  fcims  of  a  triangle,  as 
centers^  wbofe  three  Jides  ^re  given  \  to  find  the  ra* 
dius  of  a  jaurth  circk  to  touch  alf  the  floret. 


.h 


Lot  ABC  be  the  given  triangle,  D  the  center  «f 
the  circle  required  4  on  AB  let  fali  the  perpendi- 
culars DE,  CK,  and 'draw  DF-perpenfdicular  to 
AC.  And  put  ABc=*,  ACrzr,' €B=i»  and 
AO=r,  BR=/,  CT=/;  and  AKr;^,  KCn*; 
and  A£=:Ar,  AF=y,  'OD:::^.  In  the  criaagle 
ADB^  (Geom.  II.  23.)  ii4+2^j+jjn=/7a4-2iir-Kfr 
+i^-*-2*y.  .  Whence  ibxzzrr+bb — ss^-^ias+2arf 

and    *=:    ■  ■     ■    ■     1 — — — — .     And  in  the  til- 

_  ♦ 

angle  ADC*  aa+zat+tt=:aa+2ar+rr+cc^2Q^ 
and  zcyzzrr+cc — tt^^ztif+zra^    and 
rr+ec-^it — zta+zra  .   . 

y  = jT — ^* 

The  triangles  ACK,  AFG  are  nmilar,  and 
i:e::yi ?=Atri  then  *  — y  =GE.    AMb cb« 

triangles  DGE  (AGf,)  and  ACK  arefiffltlar; 

cy         -  - 

whence  big::  *-— 7  :  y/aa+zar^rr^-^^x  zz  DE. 

Whence  hy/aa+zar+rr — xx  zz  ^x— <7* 

Put  l=rr+H — JA  fzzzs — 2r%  nnnrr+ec^^tt^ 
nzzzs — ar,  pzzlg—bm\,    q—bn^g.      Then   x  zz 

I— fa        ^     ^  I  )w2f    k—fi^ 

— JJ-,   and    hsj  aa+zar+rr  —  ^^--j*  |  =A-r^ 


~a — qalUP'  Which  fquared  is  hbaa+zrhha 

D  d  3  ^rrhk 


4o6  GEOMETRICAL  B.  H. 

and  reduced 


4hhbbaa  +  %bhbbra  4-  ^bbbrr  zzQ. 
yb      -^  z^     ^^  pp 


:/* 


P  R  O  B.    CVIL 


51.  ^e  find  the  point  D,  /r^w  Wi&xf^  /^^«  lines  "DA,  DB, 
DC  i^<ne>«  /tf  the  three  given  points  A,  fi,  C  j 
jball  have  a  given  ratio. 

I 

I  - 

Draw  AC,  and  DFG,  BE  perpendicular  to  it. 
Draw  BG  B  to  EF;  and  put  AErz3<  AC=*, 
EB=r;  and  AFnry,  FD=)r.  Then  CF::=*— «i 
FE=yc-^    and  let  DA»  DB,  DC,  be  ^  %^   f 

and  s. 

Thcn'(Gcom.  II.  21.)    AD»=Jc;r+j!fi    BD*== 

^+jf  +x— /I  5=:rr+2r7+J'^+^^— iy^+^«  5    and 
CI>— /*-^Av+;<8r+;y. 

But  Ijy  the  qucftion  i  !  rr  :  :  DA*  t  DB»=rrr 
XDAS  and  f  :  j/: :  DA» :  DC»=JixDA»  j  that  b, 
^^-ha^r  -♦'JJi+Xflf— t/fn  +  ^4ii=  rrxAJ-^ftjjr,  ao<l 
bb—zbx+xx+jyinzzssxx+ssjiyy  and  putting  jw=^ 
rr— ij  p:zs:cc+aa9  /=r/j— ij  we  fliall  havt  thcfe 

.,    W     W       (0       v.. 

two  equations,  iwjry  — zcy  +  mxxz=:Q. 

^  iax 

and   /;7        •    +/xx 

— W 


# .  • 


Then 


S«ft.  VI.  P  R  O  B  L  E  M  S:  4#7 

Then  to  expunge  y   (by  Prob.  liv.  rule  2)  we  Fig. 
have  52. 

An— 2^/^  B=: — 2^jfx — /J^cx-^-zcbb.  ^ 

D  =:  ib/aw  -h  2  afic  —  pf 

Whence  AB+DD=:o,  that  is» 
4ccffxx  +iiic^x  — 4i*rf/' 

^^j^mhf  ^-^ji^mbk  -^^imbhpf     y  zzio: 
+4mmbb  +4Mbpf  +mmb^ 
+4mmb^ 

% 

m 

PROB.    CVIIL 

In  a  triangle^  there  is  given  a  plrpendicukr^  the  iif-    53^ 
.  fertna  of  ibe  Jides^  and  ibe  diffirtncf  of  the  fig^ 
ments  of  she  bafc  \  to  find  tbejdes. 

Let  the  perpendicular  CD  zitf,  CB — CA.ri/f  and 
BD— DA=^  Dh-x.  Then  tkzz^/^M+xx^ 
and  CB -ZLs/aa  +xx + r,  and  A3=2x+3.  Then 
(Geom.  II.  24.),  h^zx  ;  xvaa-^^x  +r  :  :  ^  :  ^  • 
whence  bb'\^zbx::i,1Uy/aa'^xx  ^ic  ,  and  s^at^- 
^^ — cc'ziis/aa^xx^  and  fquared  is.4^xx+4^  K 

reduced 


t  • 


©a  4  PR  on. 


4ft8  GEOMETRICAL  B.  II, 

Fig. 

P  R  O  B.    CIX. 

^  *tbere  is  given  the  perpenJiculur  in  a  triaf^ky  and  /be 
two  /itftreHces  between  the  Uafijidet  o^  f^'  other 
two\  to  find  the  fides, 

4 

Let  the  perpendicular  At)=tf,  BC — ^BA=^,  AC 
— AB =f ,  AB  zzx }  then  BC  zzh  +*,  AC^:::  ^  -fy.and 

BDzz\/xx — aa^  and  DCzzi+x  — v/.* — aa  % 
and  (Gcom,  IL  24.)  BC(*+x) :  AC+AB(r+2x) 
:  :  AC— AB (0  :  DC— DB  {j^+x—^is/^x^aa)  j 

whence  7+x  —  U^+^  x  \/^^ — ^^  ^cc  -^xcx  \ 
and  a^4-2Jip  x  y/.xx — aa  ;=  it+iix  +  xx 

Put  i* — cczzdf  ti-^zczzf  i  then 
mulcipHed  and  reduced  is 

—  2/  '  — '4<2^j     —  2^      —  ^ 

ff,  . 

—  2a 

P  R  O  B.    ex. 

^S.  Han)hig  nttihe/tdes'of.  d  rigbhanghd  iriangk  ACE ; 
S^jfind  eiiber  fogmeni  of  the  bafe  AD,,  the  ffrfendi-- 
culdrCTi^  Ibearea^  aHd  tberaditu  of  ibe  ifffcribed 
drcle%  &c^    ' 


-«  \ 


« **■ 


•  _        ■       ■  p 

ea  Uxeom.  -IL-oo.  cor.  -t.  ^  ^la  r=:  i^vAD^    and 


■<r»-  ■••  ••'-    -■- 


AD  =:  -r.  :.BuC  aa=:if-^c:£f+e  x  *^-<  j  there- 

fo«'A0>i::^±iffc£,lKatl8.    "     "T 

•  ^    <■  the 
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the  fcgment  AD  3  j  = -r .  '  ^^ 

?.  F^  the  perpendicular  CD. 


CD»=AC«-AD*=:-.^-^= -j_.   and 

CD  =  -jv/** — tftfzs-T-^^+tf  X  ^—5 ;    or 

CD  It  -r  v/^^  =  "!"•     Therefore  the  perpendicu- 

lar  CD  =  -7-  =~  T v^^^^^^=lVi+S^r 


3.  For  the  area. 


■^-rir  area  i  that  i$,  the  arca*^:^;  ~  zi 


^         -^  ^,^,.,  . ^  „.^  ».^»  _  _ 


-J r**^.    And  UncCi?;i+rri;!:W,^ada[  lac^ 


•        t 


then  aa+2ae+ce  or  a+e  zzhb+ide^   and  24f=: 


-+f-W.    and  ■?  or  the  area  =  ^±1^=: 

u.      — 2jtf+2rr;:;:2^*,tncreiore^4rf  -^^^ik 
Therefore  the  area   = 


—k""  ■■  '  ■■■-  s-  *-i«(  X  »^-r.  -Httjce'  the 


4IO  GEOMETRICAL  B.II. 

^c/  4.  Far  the  radius  of  the  infcribed  ckcU. 

The  area  r:  ■■  •=  radius  of  the  inlcribed 

circle  (Geom.  IV.  30.  cor.)  = — j —  xr,  ptudng 

r     .u       -*•         ^                  ^  area          tf+r— * 
r  tor  the  radius ;  then  r  =   ^  ,  /  .  :.  = 

% — b ;  or  the  radius  =      ,  ,  .   ,  that  is,  the  ra- 

dius  of  the  infcribed  circle  is  = —  =  =i 

22:  z 

5.  /Tpr  /^^  circumjcnhmg  circle. 

.  '  r 

The  radius  of  the  circutnfcribing  circle  =•—  ^ 

(Geom.  IV.  14.) 

6.  For  the  tangents. 

The  tangent,  or  the  diftance  from  A  to  the  point 

w  CO0U&  of  the  infcribed  circle  =  — - —    = 

2 

«>-^,  (Geam.  IV.  30). 

And  the    diftance  from  the  right   angle  C  is 

S^  the  radius. 

7.  For  the  diftance  of  the  center. 


The  dlftanoe  from  Azz  sfrr-f--*    ^ 

2 


(by  Art.  4.  and  6)  rr 


4 

(putting 
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fzaa^idd      /^+^ — c^  ^^ 
(putting  dzzh"^)  =  V      -  ^""  =^ V  — J— ^     55. 

=\/^X^ — f  1^  that  is, 

the  diftancc  of   A    from    the  center  of  the  in- 

fcrlbed  circle  is  n  v  *X^ — ^* 

P  R  O  B.    CXL 

Having  ibe^des  of  an  ohtiqu€  iriangk  ABC  ;  to  Jind    ffi. 
the  perpendicular  CD,  the  fegments  of  ibe  hafe^  and 
the  area. 

Let  AC=:j,  ABn*,  CBzrr,   -   ^        i=  z, 
a+czzs^  a — czzd. 

I 

1.  For  the  fegments, 
AB :  AC+CB  :  :  AC— CB  r  difl    fegmoitt 
(Geom.  IL  24.)  j    that  is,  i  :  i  :  :  ^:  y    =:  . 

AD— DB.    Then  ^    ■*"  5^  °^  "IF'  ~  ^^^^ 

er  fegment  AD,  and  *     ,■    =  BD  the  kflcr  kfjr 
ment. 

9.  F«r  the  Perpendieular. 


but2if=:j-f-^9  ^tid  4aa:=:s+dy  ^nd^bbaazz^l^s+od^ 
therefore 

.^  -  ..  ;xD= 


♦  * 


4ia  GEOMETRICAL  B.II. 


56.   ^^=    —Jb = 

jSfxfib—dd—biyki — dd           Jbh — diyist^h 
V^- -^ —   =  v/ J^J 

__V^J+3  X  b — d  X  s-^b  X  i^ 


■  ■I   * 


.                 — .      But    i+*=tf 
l^-^z^i+c — ay    therefore    


2^ 

Therefore 


X  2'Z\h        ^ 


-2: y'  ■   »  ttiat  IS,  the  perpendicular 


l»><«»«A«HHHV«a«M>^VHHll^ 


tf-t-^4- f  X  a-^b — e  x  <i-^*+f  X  b+c- 

CD^.^— ' jj : 


y/H-d  X  ^—d  X  i+^X  t^b         __ 


^■tfc.— iW^»»M*«i^— I^WpW^^— * 


2v/2  X  «— 4  X  2—*  X 


3,  For  the  area. 

Since  the  area  is  =  -^  AB  X  CI>  (Gcom.  11. 
10.  cor.  a.)*  tml  CD  was  found  by  the  laft  ar- 
tide,  let  CD=/  \    fyict  AD  =  — rr , 

therefor^ 


Sca.VI.  PROBLEM  S;  4,5 

^"~"  Fig. 


therefore  CD 


3  =  v/'4*-ef±^5)'    - 

,: »^ / 

^ : — ^^ ;    therefore 

we.  luire  the  ««aof  the  triangle  ACBr:  -^pi  = 


.   zaabh+iaacc+zHcc-i-a* — ^» — c*'    t= 

♦  ■      ^      

"X^^XJ^XJ^~         = 


%/2  XZ-^ax  »+^  X  z+c 

PRO  B.    CXII. 


Havh^  thefiies  of  an  oblique-  triangkx  to  jSnd  the  c% 
radtus  of  the  infcribed  circle,  &G.  "    "       • 

I.  In  thp  triangle  ABCbiiTca  the  4«oN|nglc8 
A,  B,  by  the  Kncs  AF,  BE  to  intcrleiTlr-O  the 
center  of  the  infcribed  drclc  Frem-O,  Gr-4et  fall 
the  perpendiculars  OD,  .CP»  upon.  the.t>il?  .Ag^ 
And  put  AB=3,  AC=j,  CB=ArAP^d^  PB==/; 
CP=^.  and  DOr:*,  BPayj  then  AD^sWrt)', 
Duzzf+y.  - -■•  - 

Then  (Gcom.  IL  25. )  CA  :  AP  : :  CS  ;  SP, 
and  CA+AP  :  AP  :,^;  CPi.SP,,  that  «.   a+J: 

^\':P''  ^fef^P'.  Likewife  .+/:/:  :^:X     ' 

=LF.    The  triangle  APS;  A0b  artffiiniiaC'iHd  •. 


triansi 


tiplying 


414       .        G  E  O M  E T R  I CaL  B.  If. 

Fig.  -plying,  apf+dpf+a^-^-d^-tfd+fpd—^cpy—fpyt^ 

57..  and  tranfpofing,    apy +df^ +fi>y +tfy':repd-^apf  r 

that  is,  bccaufe  </+/=*,  «27+%+^|7=«7^—^« 

td-raf      _„.  pd^-py        pd 

and  ;-=  7+J+7-   ^^'^"'^  '  =  7+7  =  ;+3 

ped—pat      '     pda+pdi-^pdf-^fiic-hpaf  __ 

P^^.-^P^^        ^  -4—^ .     And  fince  />  ro«y 

be  had  various  ways,  from  the  laW  problem ;  there- 
fore we  (hall  have  the  radius  of  the  infcnbedarde 
_      hp      _j_    /i»^^+3  X  ir-^-c-^  X  ^+c-r-ig 

—  a^bj^c—  2  ^     __       a+J±c 

_i     fb'^ny.b—ny.s-~h__    /z—a>(z—ixz-c 

"Where  «  =  ■  T       .  J=:a+r,  »=«— ^. 


2.  i^  /^  An^g^^ff/  AD. 


,  We  have  ADzz  4-y  =  </-  ■^^^,      = 

I  1 

^d+Bd+cd—cd-f-af    ad-^id+axi—d       ba+hd 

a+^+<r      ,    ■"       a+b+c  a+b-^rc 

iia-\-bb—cc 
But  (Gcom.  \\.  27.)  ^dz^ T- ,    therefore 

^» 


I     ■■ 


a+^+0<^+^:^  ^  ed±=f  .     that  is, 
2Xtf4-*+f  * 

the  tangent  AD. =:jq^ 


•3  = 
c 


3.  FflT 


Seia.  VI.  PROBLEMS.  4,^ 

,    3-  ^or  tbt  antral  Jijhiue,  JS* 

I 

■ 

M+2ad+dd+aa—dd, ,      2aa+iad,,         %aih 
X^+A    But  i  = j^ .  .therefore  AO»= 

■       ,       «    X  ^i.  =:  ii»x  _     ■    '  >*:!^ 

i±4±f  '^"     .      ^^fj+c- 

That  is,  the  diftahce  of  the  center  from  the  angle 

p'rob/  clxiu. 

« 

HaviHg  tbt/idts  ef  a  triangle  to  find  the  radius  nf  the   58. 

circumfaiimg  circle,  ■    .     . 

r-i^i:^^  ^  the  triangle,  draw  the  dfanicter 
^t  of  the  circomfcribing  .circle,  and  let  CP  bt 
perpendicular  to  AB.  Pot  AC  tis,  AB  =*,  Cfi=f , 
rp— * a-\rl>+c 

^IF=R. 
Then   (Gcom,  IV.  28),   p:a::e.%R,    aq^ 

^—  jr  • '  Now  fince  we  have  the  value  of  p  va- 
rious ways  by  problem  «ci.  we  ftall  have  the  va- 
lue of  R  fo  many  ways.    Hence  R  the  radius  of 

the  drcumfiuibing  circle  = 


ac 
2? 


4i6  GEOMETRICAL  B.II. 

Fig,       ^ aic 

^HB  V^ma^M^  «a^BMiaHH»  ^iiaMtoi^H^  sssiaKMi^ 

V^^+^  X  * — ^  X  i+*  X  >-*^ 


^        -Lli 


~  4  X  area* 

Con  Heiui  r  ibe  raiius  of  tb^  infcribed  cir$k  : 
to  R  the  radiU^ofibc  dreumfcribed  circk  : : 
Js  «— ^x  z-b  X  2— <  .• 

P  R  O  B,    CXIV. 

gg^   Given  the  bafe  of  a  triangky  and  ibe  diameters  of  the 
infcribed  and  circumfcribed  circles ;  to  find  the  fides: 

.Let  QRW  be  the  triangle,  QDWB  the  circom- 
£:ribing  circle,  *  DB  (perpendicular  to  QW)  its 
diameter.  Draw  BR ,  which  will  bifled  the  angle 
R.  Let  QS  biffeft  the  angle  Q,  then  S  is  the 
center  of  the  infcribed  circle.  Through  S  drav 
ASV  parallel  to  QW.  Then  AP  is  the  iiditis  of 
the  inscribed  circle.     Draw  BV,  BW. 

Let  BD=tf,  QW=*,  AP=rf,  BP=v,  BR=x> 

then  <«'— w  =  V>h  *ihI  «=  -= — .    Let 


BW=i=:v^t-v4-^^^  =  vav*    BA  =  v  +  *  =i, 

BV=/>=\/BA  Ki^D, 

The  triangles  BRD,   BPT  and  BAS  are  fimi- 

av 
lar,  whence  ^  laiiv  :  —  =  BT  ;  and  xi  a\i 

as  ■ 

*;— =BS.    But  (Geom.  IV.   17.  <50i:.)  aszzpp^ 

X 

and 
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ahd  «v=irf  J  therefore  BT  =  -,  and  BS  r:-^.  ^'?*/ 

Then  RS=«--^,  and  TS  -  ^~(         But 

(Geotti.  II.  25.)  TS :  SR  :  :  TQ  r  QR  i  and  the 
triangles  TQ|l  and  BWR  an  fimikr  (Geom.  IV. 
14.  cor.  2.),  and  TQ  :  QR : :  BW :  .BR »  wterice 

TS  :  Sk  :  :  BW  :  BR,  that  is,  ^^^:  ?2?=^  . 

id:  Xy  whence  fptc  _MtzzJxx--^^  and  iferx4- 
Mc^dpp+ffXt  or  </+*  X  <*f  =  rf+*  X/>p>   and 

dx=ifp,    whence  *=  ^,    Then  BR  («)  :  DR 

I        

VVAi — ^x)  :  :  BP  (v)  :  PTz: 5 

whence  QT,  TW  are  known.  ThenBW  (d)  : 
BR  (*)  :  :  QT  :  QR  :  :  and.  TW  :  WR,  the  two 
Udes  of  the  triangle. 


P  R  O  B.    CXV. 

S'iere  is  given  the  hafc  of  «  triangUt  the  line  that  hij-    60, 
feSs  the  vertical  angUy  and  the  diameter  of  the  cir* 
tumferibing  eirck  \  to  find  the  fides. 

Let  AB=:^,  EO  or  OF=:f,  CD=</,  HD=y, 
FD==;. 

Then  AD  =  4-*+*»    DB  =  —*— «f,  FH 
2  .  2 

And  (Geom.  IV.  20.  cor.  2.)  ADB=CDF,  or 
•—  hh—xx^if.  The  triangles  FDH,  FEC  are  fi- 

milar,  and  y :  >/yy — xx  ;  :  gr ;  y-^-d,  and  -fy-^-dyzz 

%r^jy—^x^sz%r^yjf-i-  dy — i/'X"  Which  fquarcd  is 

E  e  .     r  + 


» 


4x9  G  EO M E  T  R  I C  A  L,  G?f.        B.  11. 

Fig.  yi+2iift+  dim  =  417X3'  4  ^rrif  —  rrhh^  and  re- 
6o.  duced  y^-k-i^^^^y^/f^iti^ki^o*     Then 


.  AlKLfiF  =  i6rr-«.+i**A_.«nd_ the  triangle 
ADF,  CDB  are  fimilar«    afid  AI)  (iJ+x) :  AF 

or  BF  {y/yx-^^Jb  )  ;  ^CD  j^</;  :  CB  = 


Alfo  the  triangles  ADC,  BDF  aire  fimilar,  and 
BD  (!^— y)  ;  BF  [yyy^xx-if'Jfh)  :  j  CD  {i)  s 


V:-, 


»    •« 


^  E  C  T. 


» ♦    • 


1 


.f'/t  -  ■/••-!:.  -.  ,,  \,  +  ,,■     ,     Fig. 


Problem  in  Plain  I'rigmokettyi 


>  ROB.  cxvr.       -       ', 

ntbttriat^U  ABC,  th&t  is  givm  tie  at^&'St  Ue 
/de  hh\  and  tbefum  of  (bejidis  BC,  AC  }  t9 
find  tin  fides. 


•     ^ 


•     • 


LET   ABrri;     BC+AC:=^r    ^»  4.B;=:s, 
cof.  =:r,  AC:=x,  then  CB=^*-».    • 
By  plaio  Trigonoffiocry  rad.  (i)  :  AB  (dj 
S.PAB  or  cof.  B  (0  :  PB=:c</. 
Then  (Geo.  II.  la.)  i«=riii+W-.2&f+Jttr+2f^ 

f->«,   reduced   2itc+%(dfe::zii't-dd'^2M ,   tnd 
*  —    2i+2cd    • 


P  R  O  B.    CXVIL 

Jii  the  triable  ACB,  /£erv  m  ;n«s  /A;  iwofegments  6^' 
AD,  DB,  «M<2f  i^  tbep^ai^culart  and  the  angle 
ACB  i  to  find  the  rift. 

Make  DE=DB^  and ^  draw  CE,  then  pat 
BD=^,  tiD=dy  CB  tr  CEzzy,  S.ACB=/, 
S.ACE=x  i  then  AE=:rf— *,  AB=i/+*. 

By  Trigonometry,  (in  the  triangle  ACB)  AB 

(b+d)  :  S. ACB  (i)  : :  CB  (y)  :  j-^  =  S.CAB. 
Alfo  (in  the  triangle  ACE),   CE  O;  :  S.  CAE 

0+^)  •  •  A^  ^"^^^  •  S.ACE(A:)^*nd  «=^J-/. 

E  e  a  Thcfi 
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Tig,-.        ACE+ACB._.„             ACB— ACE 
^^  Then — —  =?  ACD,  awj    -: ^ 

=:BCD.    Then  S.ACD  :  AD  : :  rad:  AC    And 
S.BCD  ;  BD : :  rad  :  CB. 

m 
■ 

.P  R.O  B.    CXVIII. 

63.   In  the  triangle  ABC  there  «  given  AB,  ««/  /A*  «»f  & 
•     B,  andtbe  ratio  of  AC  t9 ;  BC»  /•  /»/  tbe^des. 

Let  fall  AD  on  BC  (  produced  )  j  and  put 
ABt=.ht  AC=tf,  the  ratio  of  AC  to.  CB  as  i  to 
r,  then  CB=rtf,  and  cof.  ACBrs:^.  Then  rad. 
(1)  i^  AC  (tf.)  w  :  S.DAC  (c)  :  w=T3C.  Then 
(•Geom.  II.  2a.)  iizzaa+rraa+teraot   whehcc 

iW n-^T- — r— — /.and  a  "^^    y-""=r^^**T^!^» 

-  '        *  .* 

^  P  R.O  B.    CXIX. 

e^    In  the  triangle  CAB,  theri  is  given  two  Jidet   and 
'  '  tbt  included  angle  j  to  find  the  area. 

.    .Let  CA,  AB  and  the-. angle  A  be  given  j  draw 

'    CF  perpendicular  to  AB,  and  let  AB=*»  AC— ^> 

S,  Z.A=J.    Then  in  thetrian^e  ACF,  rad.  (i) 

-      :  ^C  (d)  :  :  S.  A  (1) :  idzzCF,     Then    — j — 

=:area„  oc  ~  =area ;   that  is,  half  the  reftangle 

of  the  fides  maltiplied  by  the  fine  of  the  included 
angle, .  gives  the  area. 

P  R  O  B.    CXX. 

■  . 

^5-    Given  all  tbe/tdes'of  airapezium,  eMd4wo  opp<ifite 

angl^  i  to  find  the  are*. 

Let  the  angles  B,  D  be  gixren,  and  through  the 

.  other  two  angles  A,  C,  draw  the .  diagpnal  AC 

Let 


^■ll  II 


i<»« 


1 


ryrr 


/^^if 


t 


;   *  I 


:.'    ^r'\i 


.  ^^ 


V 


>     Jl 

i 
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Let  AB=*,  BC=c,  CD=</,  DA=:/,  S.LB=p,  Fig. 
.S.Dz:^.    Then  byihe  laft  problem,  the  area  of   65. 

the  triangle  CBA  =  - -,  and  the\  triangle  CD  A 
1=  ^^  I  therefore  the  trapezium  =  \  • 

P  R  O  B.    CXXI. 

A  Z*^  /rw/^/^  WNE,  there  is  pven  tbefegment  SE,    <56. 
/ifetf  /j»f/^  WNE,  <i»i  the  ratio  ef  NE  /a  NW  > 
to  find  the  fides. 

Let  WP  be  perpendicular  to  EN^,  and  fuppoie 
NE  to  WN  as  i  to  /,  S.  N=x,  cof.  N=r, 
SE=*,  NEz:*,  then  VfSzzpx.  In  the  triangle 
WNP,  rad.(i)  :  WN  r^*;  :  :  S.PWN.(0  : 
PNz=:pcx,  and  by  the  fimilar  triangles  ENS, 
EWPi    ES  :  EN.:  :  EP  :  EW,    or  A:xj  : 

x+pcM'."-^ —  =  EW.    But  (Gcom.  IL  2t.^ 

*c*-yA>cx*+ppcctc*  .  ,    ^^  i. 
j^ — - —  zz  XX  +  ppxx  +  ipcxx  ,    or 


I  +2pe'^ppec  X  *»  =  i^ X  i+fp+tpCi  and  xs2^ 

* 

•  Or  tbus^  .',.-.'- 1: 

Let  /=tang.  of  1^^1±5,    then  WN+NE 
(px+x)  :  WN--NE  (px-^xi  ;  1  /  s    ^-^  = 

rx7/  =  tang,  i  diff,  of  the  aqigH  W  and  E. 

Whence  the  angles  W,  E  are  known.    Then  as 
cof.  £ :  ^ ;  :  rad  :  x,  required. 

Ec3  PROB. 


4tt  PLAIK   TRIG.         '    B.It 


V  k 


''  P  R  O  B.    CXXU.       •'■ . 

fum  »/  AB .Mi2  BC,  /it;:  j^^  CDS;;    i^i(«av> 
Z. ACD  ±^DCE .  »e  gintH  \  l^Jltd .  CB» .  Cdc. 

Let  S.AC«±:^  S.'CABrrr,    CB=jr,   AB+BC 
=:^,   and  BAsri— ^.      Thta   stfM  i— « :  *^ 

and  sxzztb-'^at^  whence  x  r:  77—'  .    Then    CB, 

^ .    "^  •*• 

BA  at«  khowa.   Let »,  »  be  the  tangeau  of  BC£, 

BCD  i  then  i  :  «r : :  m  :  B£  : : » :  BD. 

.^,'    '•   •  '   ■      ■  .       ■  ^ 

P  R  O  B,    CXXIII. 

68.    Xh  tietriamlt  ADC,  tbtrtisgive»  AB,  BC^  ^W 
/<b«  «»X^;  ADB,  BDC  i  to  fold  AD,  DC. 

LctS.ADB=:j,  S.BDG=/,  S.ADCz=^,  cotang. 
AilC±:f»<AB=^,  BC=f.  AC=a;  AD-:z». 

'  sx 

By  plainTrigonometry,  ^  :  j : :  x  :  •rsiS.ABP  or 

•  •  •  ^r 

eSD.'  Aild  ^^.  ':  •  J  :  -^  sCPw   Tfcen   AD 

•  +CD  (*+^)/  AD— CD  ^x-^^)  :;t«ii. 
A+C  ,  :  '   /Iff — w  .  A — C    ^.       ... 

and  C  arefcnowii}    ^beiiP  p  i  i/  :  :  S.C  :  AD  ;  : 

"P  RO  B.    CXXIV. 

■ 

6^.  in  the  triangle  ABC,  /i&^^  li  given  AB,  ibe,4f^k  C» 
tfm/  CD,  tvi^  ij  i/mttw  /^  tbi  middle  of  AB  i  /a 
/»i  tbtfidu. 

Pcaw  AF  pcrpcndici4ar-to  CB,  and  put  AD  or 
DB=«,CD=i,  S.Z.C=ircof.C=^,AC=x,BC=r. 

Then 


S^flw VIL         P.  H ,0, B  L  E  Mr  ^  4^3 

Then  (Gconi.  II.  28-)  xx+yy^zil^Ti'idd.    By  Fig. 
Trigonometry  i  5  «^  :rrv :  s^  25  AFfr  •"d  i  :  a:  :  :'  6q* 
r  :  of=CF.      Then    BF=7*-^^,    and  ji>f*+ry— 
M)px4*Mex»4^»  jiAcfadk  4hiii^fi(;oli^.lM'£rfi 
tton,  thea  :ir4^ri^-4tfaizic+ A£;x-*i^^xtM^  that 

is    (  becafufe  ^x-f  octroi  )     agt^^^s  S^c^^^j^  4nd 

4-  2i»  +  '  ■'  y — •,      and    7  +   ^      = 


r/ 


t    >       ■■ 


2dd — Zffff 


AT  =  V 


2W  +  2^  —  '  =»•  Then 


P  R  O  B.    CXXV. 

smial  Mile  BCD,  ^lu/  //&;  Une  of  ftation  CD  }  to 
JImJ  the  6ei{bt  AQ.         ■  '    \ 

lAt  b  £:  oetang.  BCA=47  :  30 }  cssl  coMng. 
BDA=±40  :  I2  ;  rf=aS.BCb  =  87  5  j  CD=^ 
a»3.274fcrt;  ABsry,  ..  ^ 

Then'in  the  triangle  ABC,  i  :  m  :  :  ^  :  ^x=:BC^ 
4Qd.ia  tbe  triangle  /^O,  i  :  ir : :  f :  ^x:=BD  j  and 

in  the  triangle  BCD,  atxdx'.bxi  ~  .~  S.BDC 

=50  39;  whence  DBC=42  i$i  Ieti»:=5.D^; 
then  n:} ::  d:  BD  =  ry,     and  itcx:=:/dy    and 


;  ^ 


B«4  FRO a 
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Fig.  •'-  '. ':-     -  '^ 

7^-    Giv^ir  iii^/iM^  of  Og  fiies  of  it tnangU^  Md  all  tie 

affiles  feveralfy  ;  to  find  tbejides. 


LetS.A=:i,  S.B=»,  S.C— /,  AB^^w-,-^..— ^^ 
AC=Pfl?.      Ttich  by  Trigonometry  »    »  :  x  :  :  j  : 

—  ziCB,  and  n  :  X  :  :  /  :  —  =  AB.      And    x+. 
»  '  n 

jx         /x      ,       ,  n^ 

•^   +  T=:^>  whence  x= 


P  R  O  B.    CXXVII. 

7^*  A  /i&^  right-angled  triangU  VAB,  /ir^^  is  given  the 
perpetSicular  AB«  /^  ftg^^^  VC^  an^  ^ib^  o^ij^ik 
VAC  5  tofindCR. 

LetABrz;*,    VCrrr,   tang.  VAC  =/,   BC=a; 
Then  by  plain  trigonometry,   *  :  i  : :  «  2  -r-  2« 

tang*  BAC>  and  (trig,  viii.)  i—  -j- :  i  :  :  r+  t^ 

•  f^a  ^^  ^^^S-  BAV«    Whence  i :  ^ :  ;  r^fj 

f a+.^  =  ■ ,'     ■    ,     and    multiplying^    ia+tc--^ 

he 
tM — tcazzhbt+ha^  reduced  aa+cazz-j-^b^ 

* 
P  R  O  R    CXXVIII. 

73*  In  the  right  angled  triangle  ABC,  BE=EC,  ani 
AABDrzCBD ;  and  there  is  given  BD  and 
2L  C AE  ;    to  find  the  fides. 

DrawPF  parallel  toCB;  then  in  the  triangle 
DFB,  the  angles  at  B,  D  are  45''»  and  BD  being 

given, 
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given,  DF  and  FB  its  equal,  are  g?ven  %  and  finee  Fig. 
CE=EG, therefore DG=GF.  UcDGorGF=*,    73. 

S.DAG=f.  AF=y  j   then  AG=:\/t>i>+xx;  AD 

s3=v^4^4-MV'  ■  And  by  {rfainTfig;  AGv^^>4-«3r)  . 

:  rad.  (.)  : :  AF  (x)  :  -^^=5.G.,    Alfp 

(j)  :  DG  {b)  \  whence.  -  .  ^^j-^.-  =:  ^\/^b^9ex\ 
reduced  x^  +  ^bhxx  +  ^i*  =o.  *  ^  .  . 


P  R  O  B.    CXXIX. 

From  the  point  B,  to  draw  the  lines  BC,  BD,  BA,    74i 
fo  that  CD«    D A»  Mi  the  angks  CfiD»  DBA, 
iw<iy  be  give fi. 

Draw  CF  perpendicular  to  AB,  and  put  CD=*, 
PA=r,  CA;=/.  and  S.CBD=/,  S,DBA=i. 
S.CBAzxjw,  cof.  CBA=:«,  and  CB=^. 

Then  by  pkinTr4gononietry  t  ix  i  :  n:  ^zr.BF> 

^x  fx    cfx 

And  b\  fi  : X :  t  =S.D,  -jrnd d:  c  :  i-rr  i.^ry  = 

BA.    But  in  the  triangle  CBA,  (Geom.  IL  23.} 

ccffxx  ifx 

4s  =  XX  +  j"^  —  2nx  X  Tj>    which  reduoed 

""  v^bbdd+ccff—2l^d/nc'. 


N         \ 


PR  O  B. 
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Fig. 

,         -^^   .-  ?R,OB,    CXXX. 

yc.   h^m  i0f(tirUn^U'ther^e  is gfviny  theiafe^  and 
ferpendttulatyoid  angU  efpofiu  td  ike  baje\  ta 


1  J  L 


Draw 


Jn  the  jangle  ACDft  v\xi\s\$xzz  AD,  and 
1  :  y  : :  ^  :  fy=CpJ ,  The  triangles  ABD  and  CBF 
are  fimilar,  and  '3^  \h  i  t  p  :  sxzzAD^  whence 
1^z::iX3^ .  In  the  triangle  ARC  (G«om,  JL  a3.)» 

»ii*»f+J3K-2rflrj i  but  yjrn  ^,  indj^n^  5 
thcrdbre;J>i:?:fl^x+  -— ^:  which  rcduccdis 

s  . 

'    \\..  ,    QtBermfc, 

'    Let  AC^-CBscx,  AO-*CB=:jr,  theceftnbe^ 

^     •  — >_  pi 

Tfcim  ift  theiritDgle  ABC,  W=:  x  +/+  J*-^  — 
2c  X  »«-^;y  J  that  ,i«i   unf+^yy — 2rxK4>a<rxT2=M» 

•ad  ptttmig  xx-*^  fcr  jy,  wc  have  a*»+a*«f— 

2^^  2r^3        ,,  2ph 

^^^icxx+zdcx-^--^-  =:lWg  or  4xx —  -^^  -*• 
*  ^  / 

^  =:i3.. whence  *=^i**  +^V *  =  * . 

\bh  + i/)  =».   Then  AC=-r- 


BC  = 


Of* 
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Or  thus t  ^P* 

Let  /=  cofiftc  of  the  fum  of  the  angles  A,  B  j  ^^ 
vncoC  of.xhdr  diflfcrtncc;   the  reft  a$  IndTore. 
Tl|cn(Trig-U;iQ.)  v~/:j:,:.i>:iA^  ^niv-if^ 


^,  and  vzz^+f.  Then  the  armies  Aand  B  wifi 
be  knowD)  $M  coofequmUy  th<W  oppoGtc  fidei. 

PRO  B.    CXXXI. 

Civeu  all  tbt  fides  of  a  triMgk^  ttifini  tie  cint&  of  jS, 

the  circumfcribed  cirfiel 

On  the  middle  of  AB,  AC,'  ereft  the  perpendi- 
culars DO,.  pO,  the  point  of  intafoElk^  Offis-dys 
center  of  the  circumfcribing  circle.  From  O  draw 
01.  OG,  parallel  to  AC,  AB  ^  awl  po;,  AB^ 
AC=W,  S./-A=/,  cof.  Ar:^  AIr=y,  lO=y. 
The  /.CGO:;;:CAB=OIDt  #nd  b  the  iigiit4 
angled  triangles  OID,  OGF,  it  will  be  i  -;j^ ; : . 
^  :  gp  =  ID ,  and  t  :y::  s:sy  =0D*  At  " 
fo  I  :  X  :  I  f  :  cxzz  GF,  and  i  :  x  :  :  j  *  j^  z:* 
FO.     Then    x::zU*-^  ,    and  jy=ii— »  ,    and 

h — cd      -                 b-^cd       ,       d — rb 
©r  ssx  zz  — r— »  whence  xzz  i maftdy^^"— ^" 

Therefore  DOs=  ~jj-,  and  FO  o: -.tJSka, 


wife  AO   zz.- . 


P  R  O  B^    CXXXII. 

hubi  givetLtfUngk  A%Cy  the  armies  AQC,  COB,    77. 
\  BOA,  »itf«/  the  point  O,  i»r<  ?h>w  j  /»/«<f  /i&« 
4j^«w«  AO,  BO,  eo.  - 

Produce  CO  to  b,  and  BO  to  E.    And  Ice 
AB=*,   AC=<i;   CB=/,  S.A=j ,   cof.  JV=r, 

S.B=£. 
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Fig.  S.B=y,   cof.  B=:»,  S.AOE'=jr»   «>f-  AOE=», 
77.   S^AOD=A,  ISJD0B;=|»,  AO;=:;>f.         . 

Then  'bjrTrigonofnetrf,   AB  (^)^t  S.O  (g)  ;  r 

AO  (»)  :•  ^  =r  $:ABO,  a04  V  i-^^^f  =  cof. 
ABO =7  -,  and  (Trig.  I.  6,  cor.)  ~  +myz^coC 
OAB  J  jmd  (L  6.)  0  — ^  •=  S.OAB^  Alfo 
(Trig.  1. 6.)  ^  +J»)^-<Z3r  +^  —  S.CAO  j 
and  (I.  6.)  jy—  ^  =:S.CBO.    Aad  by  Trigono- 

rrtctrY,f:r''^-^^'f—i^=CO,  and 
»:4::S.CAp:C0=^t^-^+ 

•^  =7  —  ^^»  and  multiplying.  «2^^Af+ 

lfism;f-^bpdcgy+pdcmgx:r.hbfqy — gnfbM\  andtran- 
ipoflog>  '*lfbfqy+bpdcgy^kpdsmy-=zsggdx^pdcffijgx+ 

fticution,  that  is,  i^  i—^^zz-- ,  and  i —  -^^ 

T^XX-  -         ~ 

'=  —j-^  and  hbit—ggttxxzzblxx^    reduced 
bt 


xzz 


fSmSS^^S^^mm  ^ 


Or  /Aw,         '    ' 

78.  ■  MsAe  the  angle  BAF  t=  fappkment  of  BOQ 
and  Z.ABF  =  fup.  AOC  •,  through  A,  B,  F  de- 
fcribe  the  circle  AOBF,  to  intcrfeft  CF  in  O,  the 
poini  rcquir^ .  ,  . . 

Calculate fL 


Sea.  Vll.       .  P  fe  O  6  I^  E  M  S.  4*^ 

Qilculfl/ian,  In  the  triapglc  ABF,  all  the  angles  Pig- 
arc  given,  and  the  fide  AB^  to  find  ^F,     ' ;  ?*• 

Iri  the  triangle  CAF ;   ,CA;  AF^  aaj  ACAF 
are  given  i  to^nd  LACh\ 

In  the' triangle^  ACOi  them  is  given  AQ  and  all 
the  angles )  to  find  AO,  CO. 

P  R  O  B.    CXXXIII. 

In  the  r^-AMgkd  triangle  ABC,  tle^  is  giveii  UA,    79* 
and  angle  CBDi  affo  AT=TD,  and  Z.ABT= 
CBTj  tfiJiudAQ. 

Let  BA=:*=95.23,   tang.*  DBCn/izT.  15% 

AT  or  DTr^zOf  then  ADziia,    Bjr  trigonometryj^ 

y  a  7a      ^ 

^  :  tf  :  :  I  :  -rrr  tang.  TBA,  and^  i-ia  :  i  :  -t^= 

tang.  DBA.     Then  (Trig- 1.  2.  Schol.)  the  tang* 
'  aTBA  or  tang.  ABC  =  ^        ^.  Alfo(Trig.1. 8.) 
2f«    ,  'ia     it+ia 

ABfJ+bSC  =  tang.  ABC.  Whence  jjEf^  = 
■r  ,  reduced  la^^^btaazzbH^   and  <i=:65.i3, 

P  R  O  B.    CXXXIV. 

0?)^»  tf  bori%ontal  plane ^  there  ftand$  a  idli  fhu-trtt 
leaning  iofvards  the  foutb.  A  manftanding  on  the 
north  fide  of  it  cp  yardi  from  the  foot  ^  finds  the 
tree  to  fubtend  an  angle  of  39  deg.  Afterwards  go- 
ing  ^eOly  we/i  73  yards^  it  JuUtndsun  ungk  of 
460,  i  What  is  the  tree^sUngthf  -  -■ 

Let  AC  "be  the  tree;   E^  F,    the  two  ftations.    g^; 

Draw  AB,  perpendicular  to  the  horizon,   and  AD 

perpcn- 
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F«.  penendiculv  to  FC  produced }  draw  BD,  AC.The 
8b.  triangle*  ABD.  ABC,  ADC,  BDC.  CEF,  DAF, 
BAE,  are  all  right-angled.    Pttc  £F=i,C£s:J, 
CF=f,CD=jr,  ung.  AEB=:a  tang._AFC=:/.. 

By  Trgonometry^  i  :  /  ; ;  e-^y :  c-k-j  X  f  ~  AD, 
whence  AC  ^^^yy+trxc^'  The  triangles 
FCE,  BCD  are  fimilar,  and  4/ : < : :  jr :  ^=BC» 

$nd  d:yi:i:%  =  BD.      Then    AB    = 


Jxf-h  tt  X  e^y  '-^  =  y«  X  ^+jr*— 2  • 


^=>.".v.-r7-^. 


And  m  the  triangle  ABE,  d  + 


//  X  ^+J^  "^  "^  •  ^>  whence   ^^ — j*^ 


//X^+j-r-j^j  and  fquared  i^ij+2r^(jr + 
casjyzzdd  x  ucc+ziscy+i^ — i^,  and  reduced 

— <W//  — %tdiu  -^d^ss 

PROB.    CXXXV. 

Zu  Chen  /im  slitiudej  and  two  azintuibs  pf  a  chud  in 

motion  \  to  find  the  print  of  the  vmL 

Let  A  be  die  firil,  B  the  fecood  place  of  the 
dond,  O  the  place  of  obfenration»  ABC  die  phinc 
of  the  doud^s  oiotion  i  AB  its  line  of  dire&ion« 
Let  AD,  BE,  CO  be  perpendicular  to  the  hori- 
zon, then  D£0  is  equal  and  paralld  to  ABC, 
and  MDE  b  the  path  of  the  dood  on  the  earth. 
Let  OM  be  the  meridiap. 

Put  jp=  tang.  AOD,  f  r:  tang.  BOE»  /=:cotaog. 
IDQE,  OD=ur.  In  the  crian^  AOD,  i  :  ^ : : 
p  :  px  =: ADz:B£ ;   and   in  the  triaqgie   BOE» 


t 


«** 


|:  i^/j'M  .:-.•.'/.  .oij.-.  '-ii!.'!.  c-i, 

...        ,_!■<     'W^'^.VS^l^f  I')     •       - 

.1  r  •- 


; 


f;  M  •••: 


'       *        •   •  « 


C    ' 


.^430 


\  ' 


y  *-^. 


*     .— 
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qipxii:  ^zdOE.  In  the  trknglc  DOE,  (Trig.    ^; 


— ; »-,    and  the  fum  and  difference  of 

ODE,    OED  being  had;  ODE,  and OED  will 
be  known. 

In  the  triangle  ODM,  there  is  given  ODM  and 
DOM,  therefore  OMD  is  known,  which  is  the  way 
of  the  cloud  or  of  the  wind. 

F  R  O  B.    CXXXVI. 

On  a  €Utur  iaj^  the  mnifianSing  N.  N.  £.  lobfervei 
a  fmall  cloud  W.  ty  S.  whofo  aUttude  was  41  ''^  and 
Vfbilfi  tbijhadow  of  the  cloud  moved  over  1 2  ^o yards 
upon  a  horizontal  flane^  the  cloud  itfelf  moved 
through  an  angle  of  9^  :  ^f  as  I  obferved  it  with 
an  if^rumcnt.    ff^hat  was  the  cloud's  height  ? 

Let  E  be  the  place  of  obfervation,  CA  the  traft    '** 
of  the  cloud,  FG  its  projeAion  upon  the  horizon ; 
AF,  CG,  BE  being  perp.  to  the  horizon.  Let  BD  be 
perp.  to  ACD,  and  AK  to  ECK. 

Let  AC  orGF=rf=i230,  S.DCB='rrr5 points, 
cof.  DCB=»,  S.GEC=;^=4i%  cof.GECrrj,  tang. 
AEC=:/=29« :  37'i^CG=ap.  By  Trigonometry,  in 

the  triangle  CGE,  h:x::  1 2  -r-  =CE,  and  ^  :  Xi 

sx  sx 

: :  s  :  -jzi^CB,  and  in  the  triangle  BCD,  i  :-r- :  :  f 

:   -^=DB,  and  i  ^■^  : :  ^:-7-=CD.  Then DE 

yCCSSXX         X      ^—j X         -    "r  i_ 
xx+'-^zzjSrl^usszzz'jpy  by  fiib- 

ftifution. 

The 


J 
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Fig.     The  triangles  CED  and  CAK  are  fimilar,  and 

**•  |.(CE):^(DE)::(AC)J:l>4=AKiand~ 
(CE)  :  ^(CD)  : :  d  (AC)  :  j«teCK.  And  in  the 
criaogk  AKE,  md  +  j(EK):  i  (rad,):  :/>i(AK) 
:  /  (tang.  AEK),  whence  stidt  +  "J^M  «"« 
tpi-^snitht  and  x=  ^*^*   ^-  z=:-^—snii. 

p  R  O  B.    CX3CXVn. 

83."  i5»  /i&tf  /r&»f  &  ACB,  /Am  is  given  AC,  CB,  I*/ 
fegment  AD,  tfxJ  /it«  <i)^i!f  DCB ;  /«  jfiib/  /i6e 
re/t. 

Draw  AF  perpendicular  to  CB  j  and  put 
AC=tf,  DB=^,  CB=</,S.ACD=j,cof.ACD=:f, 
and  S.CDB=x. 

In  the  triangle  CDB,  d:x::h:  -jtzS.DCB,  and 

in  the  triangle  CAD,  x:a::s:~  =  AD,then  AB 

_      as      hc+as       «       ^«, .      »  .  \ 

=  3+  —  =  -— ^.       But  (Trig.  I.   5.  con   i.) 

7       ^^xx      J^x  «...-.«  •'^*/     w: 

*V  » dd^'d'  ~  *^**^*  ACB  =«— ^(putting 

Z=z^  !«— ^  )  J  and  in  the  triangjie  ACF,  i :  a 

y.ez-^^-j-.iza  —  -^'-  =CF.      But  (Gcom.  11. 


absx 


23.)  ^.^i^^zzaa+dd—idxeaz—^y    and 

multiplying 
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Multiplying  by  xx,    hbxx  +  zabsx+aasszz(uxx+  Fig. 
iiiixx—zdcaxxz+iahsx^y  and  tranfpofing  89, 

^Ma(z=:2aisx*+aaxX'—zaisx--aass.  and  reftorine 

z^  and  fubftituring    for   the   known  quantities, 

I — •jj'    =  px^   +J^*— r^— /»    and 
iquaring)   j^4daa^x^  —  /^hhccxfi    := 

^p^X^    +    2p^^  —   2/r**  ^—  2ftX^  —  2£/«^ 

+  ff        —  2£r    +  rr 
+  2r/x  +  /A 


F  f  SECT- 
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Fig. 


6.n^' 


84. 


SECT.  vm. 

Problems  injpberical  Trigmomefry; 


^mmt^^^^mmi^immmmmmmmmmm^ 


p  R  o  B.  cxxxvm* 

Given  the  htiikde  of  the  place  miihifuifs  ktigitud<i 
to  find  the  afcenfional  iifference. 


LET  bzzS.  gitateft  declination,    r=S.fon> 
longitude  AD,  x=r  S.  declination  BD,  tzz 
tang,  latitude  PCH* 
Then  in  the  r^  L  fpherical  triangle  ADB,  rad; 
\    (I)  :  S.AD  (0  : :  S.A  {b) :  be  =  S.BD,  and  (Trig. 

be 
L  I.  fchol.)  tang,  BD=r  ■  \  and  in  the  tri* 

.VI— ^^r^  / 

angle  CBD,  rad  (i)  :  cotang.  C  (/)  : :  tang.  BD 
^       be       \  bet 

P  R  O  B.    CXXXIX. 

8^   Given  the  fun* s  decUnatiotit  andtbefum  of  the  latitude 

and  amplitude ;  to  find  each  of  them. 

Let  tf  =:finc  of  half  the  fum  of  CD  and  PH,  *= 
the  cofine,  dzzS.  declination,  i=:S.  fum  of  CD  and 
PH,  flfnS.  half  their  difFercnce,  ^::=S.  whole  difie- 
rence.      Suppofe  PH  greater  than   CD.      Then 

(Trig.  I.  6.  fchol.)  b\/i — xx — ax:sicQi.?li  %  and 
Wi'—xx  — ix=S.CD.  But  in  the  triangle  CBD, 
cbf.  C  {hy/\^xx^ax) :  S,BD  (d)  :  :  Hid.  (i)  : 

S.CD 


S-CD  {it/x—xi'^x.    Whence  aby^v — xx    —    Fig* 
msxy/t — XX  — *^fl^  i^^^x+abxx^rrd  j  *4^ 

or  d^.— jcv^i — ^>?  =:i  (bccaufe  tf«+^^r:i% 


But  (Trig.  li  a.  fchol.)  2xv^i  — ixxzzy,    and  2tfir 
asi.    \7«fice  ^-j^sarf,  and  jzzs^zJi 


P  R  O  B*   cxl; 


dviutbifiafsdUtude  at^x^  and  alfo  wbm  weft  %  ta  gc- 

find  the  Mtude.  ^ 

R  is  the  fun's  place  when  weft,  and  O  at  fix 
m  dock.  Let  /rrS.RC  the  alticade  weftyv  ^z:S.OI 
the  altttade  ac  fix,  ^erzS.  latitude. 

In  the  triangle  CIO,  S.C  (x):  S.OI  (j)  :  :  rad. 

(i)  :  —  =::  S.CO  the  declinadon.    In  the  triangle 
DCR,  S.C  (x)  :  S.DR   (-)  :  :  rad.  (i) :  &CR 

X 

s  s  'S- 

(/),  and  /*=•-•»  Of  »f*=T»   and  x=  \/*r. . 


i.  PROB.    CXLI. 

!A!^C,  BCD  art  mo  triangks  right-angled  at  Band  26. 
D,  andftanding  on  the  great  circle  ECD ;    alfo 
ACnCB,  and  EC,  CD,  and  the  angle  ACB  are 
given  ;  to  find  the  angles  and  fides. 

^  JUtt  tfrrtang.DC,  ^rstang.  CE,  j±:S.  half  the 
iKlii  of  the  angle},  BCD,  ACE ;  f  rrcofine,  x=r 
line,  >=  cofine  of  half  the  differen(!e.  Then 
jx-f  ry  =cof*  Icfler  ACE,  and  ry-rixsicof.  greater 
BCD.     And  in  the  triangle  ACE,  cy^sx  i  li .  b 

a 
2  z-        zz  tang.  AC.    And  in  the  triangle  BCD, 

F  f  a  Cr— 
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g^^*  cj'-^sx  :  I :  : «  :  ^^^   —  tang.  CB.      Whence 

^—-jjir^jq:^,  and  acj^asx-bsy-isx,'  and  oix 

+ifsxzzbcy''^cy^  and  --  =  ^^-   ^^  =  tang,  half  the 

difference  of  the  angles  BCD,  ACE  i  whence  the 
angks  ciiemielves  are  had. 

P  R  O  B.    CXLII. 

87,   Civm  the  fun^  s  amplitude^  and  altitude  at  J!x  i  to  find 

the  latitude f  and  declination. ' 

Let  P  be  the  pole,  Z  the  zenhb,  CB  the  am- 
plitode,  AP  the  altitude  ac  fix. 

Let  S.CB=*,  ;>=:S.AP,  xzz.^.  lat.  POt  J=:S. 
twice  the  latitudfe.     In  the  triangle  CBD,  rad.  (i) 

:  S.C  (v/mx)  : :  S.CB  {b)  :  h/T^^zi  S.  BD 
or  AC.     And  in  the  triangle  CAP,    riad.  (i)  : 

S.AC    (*v^i^=xi)  : :  S.C  {x) :  S.AP  (p)  i  there- 
fore  bx^i — xx  rr^,  add  2x  v^i — xx     =  -r  $ 


b 


2p 


but  ^zr2Xv/i — XX  ;  whence  y^  y  ;  then  x  will 
be  known,  and  bx/i — xx^  the  declination. 

P  R  O  B.    CXLIII. 

88..  Given  two  altitudes  and  two  azimuths  of  the  fun ;  to 

•  /*^  fbe  latitude. 

Let  Z  be  the  zenith,  P  the  pole ;  S,  O  two 
places  of  the  fun.  Let  j,  /zzfine  and  coGne  of 
2S  r^^±:iine  and  cofiae  cf  ZO  '^mzzcoC  PZS, 
»:::;:coCPZO  ;  x,jF=::Gnc  and.cofine  of  PH.  Then 
(Trig,  II.  38.)   cof.  SP  r: {y«w  +  ^,    and    cof. 

OP= 
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OF  =fyn+qx.      Whence   ^m+fxzzpyn+qx^    and  Fig. 

-  *    t'      r  ^  f^ — ^^  88. 

fx — qxzzfyn — symy    therefore   ~   =:      r     ■      =r 
tang.  PH  the  latitude. 

P  R  O  B.    CXLIV. 

Given  the  latitude  of  the  place  ;  and  the  furfs  altitude 
is  equdl  io  bis  azimuth  from  tbefmtb^  and  equal  tf 
ibe  bourfrom  noon  \  iofind  any  of  tbem* 

Z  is  the  zenith,  P  the  pole,  ZP  is  given,   and    89. 
Z.ZPO=:AZQ=DO.  .  Ut  i=:S.ZP,  <^=:cpfZP, 

j=S.ZPOrrS.AZO.     Then  \/ i—yy   =   S.ZO, 

y  :  \^i—-yy  :  :y  :  \/iL-^jy— S.OP,    and  j>=coP 

OP.  "But  (Trig.  lUv  38.)  A/i--^jX\/T^-^+ 
ey=zyt    or  *— ^    +   tyrsjr,    awi:«}3«,'4^jr  i=i,   or 


l-'-C 


J)'+  -7- J'-* 


t. 


-I  "^ 


P  R  O  B.    CXLV. 

Tbere  are  two  places ^  wbofe  latitudes  are  the  comple* 
mmtx  of  each  other  to  ^o"",  and  ibt  fun*^  dichna^ 
tkn  -ieing^  given  ^  be  rifes  an  bourfoomr  in  one  place 
iban  Hn  other  \  to  find  the  latitudes. 

Let  /zitang.  dedinatton,    3=tang.  afccnfional    "7 

difference,  J^zitaflg.  one  latitude*    then— = tang, 

•  X       •      ■- 

the  other  latitude.  Ift  the  triangle  CDB^  Tad.  (i)  : 
cotanff.  DCB  {xy^  :  T.DB  {t)  :  :  /;^±:&DC  the 
afcenfional  difl^rence  in  the  6Ht1atitude,  and  i  > 

1     X         '     -t  ..         .       •  '•  ".       "     '•      '     • 

"rr*  2'  •  ^  •  T  =  the  afconfioRal  diflKrencc  in  toe 
Other  latitude.     Biit  ^(TrigJ  I.  jf  y'^i  '^  //  :  i  :  i 

F  f  3  /x— 
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Jg7/»— "J-:*,   and /x— -J- =:*+^//,  tiaf^tz:;ix -^ 

ittx,  «nd  XX  —  itx  —  u 

b 


PR  OB.    CXLVI, 

in>tJSU0fan  hmzwtal  Hal  ieing  tmfMUm^h  fiS 
upon  the  hnar  Imc^  %.\  p^^  fb$  UHtkd^  H  W4S 
made  for  f 

Let  /ntwg.  of  4  hours  or  €o\  ani^eniig  la 

X 

8  a  clocl^^  sf^S.  latitude i  ;thqti     .'^^^^-^^j^  =s:taDg. 

Istitade  fbt  kour  angle  of   8>    by  the  queftioa* 
^Whence   hy  the  known  pre^nion  of  .4UUing^ 


X  X 

I  :x:  :  i  :  ••y^iti,..% ,   and  tx  —  —,-—-„      or . 
^v^I^^x  c:i,  and  y/i^^fx  ;^:  -j-  s  Co£  i«t« 

w 

ft 

P  R  O  B»    CXLVII, 

V 

^ofind  in  what  latitude^  4m  ^e^  /Mk  deokning  Oaf 
m^  bemade^  fo  that  the  decUnatim  of  tht  pkm^ 
She  diftance  of  the  fidj/Hk  fipm  tit  mt44i§$3  #M  tH 
fiil^s  beigbtf  arc  ail  ijuai^ 

ho;       hit  ABC  be  the  rightrangled  %iherieal  triaraic^ 

.  in  which  are  ibuod  m  the  reqwinter }'  «fz.  AB2 

eo-jat.  Z.A?::90-^declln«Ao(ti    4LBs  plaAe's  dif« 

longitnde*  CBipftile**  ^gbtt  :ACsfubftiIe'a  di> 

ftanoe  irpflpk  the  picfMiaii. 

Let  x=rS.AB,  yzzS.BC,     Theo  (l^  the  pro* 
perties  (^^ghttriang^s)  j  !  tang;  BG  : :  ootaog.  A 

{SJ^C>  or  S.AC=3:capg.fi(^,;i^ootafig,  A.  .But 

by 
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by  the  queftion,  BC=AC=<to»p.  A.    Tbercforc  Fig. 
tang.  BC  or  cotang.  A  =  :^^^^       ^•«*  ^* 

t  f S.AC)  =     y'    -  X  -7-^^=  (»ng'  BC  >^ 
cotang.  A)  =  7^.  and  i-}7=y,  or xi+y=U 

vrhence  jr  =        J     • 

Again,  in  the  fame  triangle,     t  JCoi^AC: : 
coC  BC  :  cof.  AB,   whence  cof.  AB  =  col.  A<LJ< 
coC  BC  i  that  is,  \/i^_=  s^^-^Xf  ^  Vi-^      s 
5=!  J-ay.  therefore  \/^-riffc  ^y.     And  fince  AC 
=BC,  therefore  Z.B=:Z-A.    Hence  all  thcfc  five 
are  equal  j  i.  PJain»a  doelination.    2."  Diftance  of 
the  fubftile  fr6m  the  meridian.    3.  Stile  0  height. 
4.  Latitude  of  the  place.    5  Comp.  of  thcplane  s 
djff.  lonffltude  j   and  each  of  them   ==  twice  the 
fineof,»8»=:.5»ao34j   whence,  the  latitude  and. 
declination  c;  38" :  ic^'i.. 

•PR  OB.   CXLVm. 
eheu  tbejitn*s  itteridian  altitude,  ^mdal^tit  ««*«»* 

Let  Z  be  the  ?epith.   P  ^ej>olei  B,  O  two  91. 
places  of  the  fun.    Let  »♦  ^=fine  and  <»?««-<« 
^  (PO— PZ)  i  «,  jrsfine  apd  cqArc  of  Pp+ 
PZ.  ^;?:pof.  P.  insect  ZO,  .  Then  .  CTjigk  L  J 

=S,PZ;  iy4.«x;:;;caf.^  Ar&^  5921^ 
OPZJTjig.  UJ.  ^$i{,i  <or4r4|fX«r^^<W!;«^4jf*r«* 
'X  ^+«i=Ji  that  is,  eaayy--db)m-\-i>i:^—^t*ior=^ 
biit  J7=:i-«4fx,  thete&iB.  em  tiit/vfrnisilvifir^^ 
'-'U)cx^a<u(x:xdy  .box.  da^UnfU^i'fiSteatt  xaor-^ 
ixx+i^^xxsadt.ax^x»f-^>ot:sita^its^   and 

F  f.4  »= 
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fu'x  ~J'-ii±—^.    Whence PO  (or  Pfe),  and 
FZ  are  had. 


P  R  O  B.    CXLIX. 

9^*  In  tbefpherical  triangle  VAC,  there  is  given  the  per^ 
pendieular  AB,  the  angle  A,  and  the  bafi  VC  i  t9 
find  thefegments. 

Pat  3=S.AB,    /=tang.  VAC,   mtang,  VC, 
x=:ung.  BC.    In  the  triangle  BAC,  ^  :  i  ;  :  x  : 

•J-  =tang.  BAC,    and  (Trig,  I.  9.)    i+r^f :  i  : : 
r-x:  J+75^=tang.VB,  and  i+  ^  :  i    :   : 

/  —  -T-  :  'fT:j'^  =  t*ng-  VAB.    And  in  the  tri* 
angle  VAB,   i  :  *  : :  j:^  :  ^^.       Whence 

3f^  =  '?+ii*-    And  multiplying, 

ic-^x  ^tcic-txx^th* — hX'\'ib(tii''-<h)oct  and  re- 

duced,  t^^icJcx+Mct^^c.  x  =  bc^-^thb. 

,  .  P  R  O  B.    CL, 

Travillitfg  in  an  unknown  part  of  the  world,   I  found 

by  chance  an  old  horizontal  £at^  whofe  hour  lines 

.  werefo  dicayed  by  length  of  time^  that  I  could  only 

difcover  thofe.  rf  4  and  5  4  whofe  diflance  I  found 

jujt  2 1  degrees^  to  find  the  latitude  of  the  place. 

'    Let  ^=rtang.  6othehour\arch  of  4.  " 
if  r=tang.  75  the  hoar  arch  of  5* 
,  I zn  tang,  of  their  difference  2 1« 
x=:S.  latitude. 

Then 
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Then  by  the  known  proportion  of  dialling,  rad;  Fig. 
S.  lat.  : :  tang,  hour  arch :  tang,  hour  angle,  that  is* 

I  :  5^ :  :  *  :  *x=tang.  hour  L  of  4. 
'  l\9i\\d\  i&zrtang.  hour  /.  of  5. 

But  (Trig.  L  8.)  i-^htx  :  i :  :  /+*>f :  i^%  whence 

t-^hxzzdx — liixx^  zndbdtxx+b — d.x+izzo. 

In  numbers  2.48133X*— 2x  =  — .383864. 
and  X  =.49084  =  S.29  24  the  lat. 
or    X  =.31518  =  S.18  22  the  lat. 

P  R  O  B.    CLI. 

^ere  are  given  the  latitudes  of  three  places  lying  in  the 
-  arch  of  a  great  circle  •,   and  the  diff.  longitude  are 
tqual^  between  the  middle  one  and  each  of  the  ex^ 
tr earn  places  \  to  find  their  diftdnces^ 

Let  P  be  the  pole,  AE  the  cquiooAial ;  G,  V,    93* 
M,  the  three  places.    Put  ^=tang.MD,  f=tang. 
VB,   ^=tang-  CG,    x=S.AB,  jr=S.CB   or  BU. 

Then  (Trig.  I.  5.)  jry/i — yy  +yv/i — xy=S.AD| 

and  (Trig.  I.  6.)  x\/ i^-^^^s/ i^-xxzzS.hQ. 

Then  (Trig.  III.  27.  cor.  i.)  x\  c:i  x\/ i-^yy 

+JV^i — XX :  b\  and  x  i  c  i  i  xy/ 1  ^yy—yy/ 1  — xir 

:  d.    Whence  —  =:x^i—yy  +jrv/i~xx ,     and 

dx  

■-  =:xv/i— ^ — y/i — XX.     Then  adding  and 

bx    jr    UX 

fubtrafting  thefe  laft  equations  ;  — -^ —       =  • 

y  -- —         ,  bx — dx  ,    ■ 

^*v  I— ;:y,   and  — - —  =  ^yVl-^xx  \    by  the 

former  \/i-^  =  -—  =  cof.  CB  or  BD.  Hence 

y  is  known.  Therefore  in  the  triangles  GBV,  VPNf, 

two 
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IRg.  two  fides  and  the  indudad  ang^  are  g^vm,  to  find 
9J*  GVt  VM,  the  diftaoces  required. 

Or  thust 

(By  Trig.  III.  44.  cor.)   As  rad :  ;  tang.  PV  :  i 
tang.  GC  +  tang.  MD :  cqC  GPV  or  MPV. 


P  R  O  B.    CLII. 

4^  In  ib*  J^herital  ABC*  v>e  bavt  given  the  sugles  ADC* 
CDB,  BPA,  aboHt  the  pmt  D ;  mtdtbe  tria^U 
ABC  itf<lf\  tojind  the  iifimw  AO,  BO,  CO. 

Let  i,  <  be  the  fine  and  CQiioe  of  A }  f,  f=;iinfe 
and  cqC  B,  4==S.CDB,  /z;S,CB.  ii=:S.Cr>A,  ^S= 
S.AC,  ^=co4  AB*  •;=;cof.  ADB*  ««  tc=:fiiw  and 
cof.  DAB  }  jy  x=fine  and  cof.  DBA. 

Then  (Trig^I.  6.)  jv^-^cx  nS.CAD,  apd  /rs— 
l7s;S.CBD,  and  in  the  triangles  CAP,  BAPt  h\ 

^ : :  JTHW» :  — ^— — ==;  S.CD  i  aqd  « ;/; :  /•— 
,  g-  .  •(£ — /a?— 1^3  CD  ;    therefore   4im    odfX:zi 

In  the  triangle  ADB  (Cafe  lo.TrigQ  ^^rf— tfz^ife 
Bot  yzzs/V*-^^  zz=L\/ 1 — yy,  therefore 
adsy/i — XX — cdcx  n  bfpy/i—yy — bfqj^ 

From  thefe  two  equations,  the  roots  may  b& 
cafieft  found  by  problem  xc\r ;  otbefwife  ic  will 
afcend  to  a  high  equatiofi :  or  if  you  pleafe  you 
way  proceed  by  rule  $%  piob.  xciu 


PROB. 


^^If?-' 


PITIIlyM^^ 


r 
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Fis* 
F  R  O  B.     CLIH. 

Giaat  fb$:^^irtme  «/  the  mmuthi^  thf$  kfum 
Jimf  \  u  imd  tbtir  Mmtt, 

Let  Z  be  the  xemth  \  A,  B»  C,  the  ftars.   $Uh»  ^^l 
thdr  places  »re  given,  the  triangle  ABC  will  be  gi-i> 

v«.  Pur  A  <j3fiBe  «i4  cof,  iAIK^i  <»ipS»AB, 
^=S.BC,  ffszQQf,  AC,  9:^(s«f.  A^Q*  4^p$.A2B, 

^5sS.CZB  i  x,jis;nnc  and  cof.  V^^<>^^  xheft 
^+<*aS.CBZ=v,  and  or— rtfsS.AB^=a.  And 
in  th«  tri^Bgles  ABZ*  CBZ»  4  \(Hi9-''-7  5? 

$,AZi  and  *  ?  ^  M  V  ;-jcS,iCZ  v  apd  lo^etii^ 

angle  AZC  (Trig-  III.  38c)  ^^  -^^^T^ 
K  \/T^^  zzn  5    and   ttanfpofing,     y/i-^zz  X 


tro+wws=:ii» ^V  vs  +  *4ttj  «•«*  j   and 

qqaaee'^bbdd 

bbdd    '  '^*^>  ^^  «*+tr*522A!y*4»2frx^,  and 

'  inqaess  2nqaecc  eqaati^^  bbdd 

bot  jy—i— yy  ;  therefore  expunging  y^  andredu* 

FRO& 
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Fig. 

P  R  O  B.    CUV. 

Given  the  fun^s  Jeclinaiion^    the  iiff^erce  of   tw^ 
altitudes^  the  difference  of  azitmitks^  and  the  dif- 
ference of  times  \  to  find  the  Mtndes^  and  the  U^ 
titude. 

'  g6»    -Let  P  be  the  pole,  Z  the  zenith ;   A«  B,  the 

places  of  the  fun.    Put  ^=S.  fun*s  declinacion» 

^=S.  4APB,  r=zcof.  iAZB;  pj  ;=:fine  and  cofine 

BZ—AZ  ^  ^     ^  BZ+AZ 

? —  I  x^  jr=:fine  and  cou -— -^  j    then 

2        •  '^  -  2 

(Trig."L.  j5..fchqli  2.),  jx+/^=iS.ZB»  qx — fyzz, 
S.ZA^^— /*=tor.  ZB,  jy+/);^=:cof.  ZA.  Then 
10  the  trungle  Afl,  i  :  d:  :s:  ds  =zS^  half  AD, 
and  (Trig.  I.  2.  fchol.)   t^-iddsszicoC  AB ;  and 

in  the-triangle  AZB  (Trig,  IIL  38.)  qqxx—fpjy  x  c 
+qqXh^pp^?c  :z:i''''^ddss\  but  pp^qqzzi^  and 
#«if-f^35F=::i ;  therefore  .cqqxx — cpp  +  cppxx-^-qq--^ 
qqxx — ppxxzz^i^^idJss^  .or  cqqxx+cppxx-^qxx-^ 
fpxX'ZZi^-^iddsj+cpp — qq  ;  that  is^  cxx  —  xx^ 
i'^2ddss+  cpp —  I  +pp=^pp  +PP — iddss ,    whefice 

^  -JZl^ ffl;    Xh^n  the  fides  ZA,    ZB 

c — I  ' 


are  known.  In  the  triangle  PA  I,  find  the  Z.A  ; 
and  in  the  triangle  ZAB^  find  the  angle  A,,  and 
their  difference  ZAP ;  then  in  the  triangle  ZAP, 
there^s  given  two  fides  and  the  included  angle  A  ^ 
to  GviA  ZP,  the  co-latitude. 

P  ROB..  CLy. 

Given  two  altitudes  of  the  fun  or  a  ft  or ^  and  the  times 
of  obfervation  \  to  find  tte  declination f  and  latitude. 

^j^       Let  Z  be  the  zenith,   P  the  pole;  B,  A,  the 
^'*   places  of  the  fun  or  ftar.      Let    czi  cof.  BZ, 
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J=co{.  AZ,  b=co(.  ZPB,  i=rcof.ZPA,  ;r=cof.Fig* 

J8P— ZP,  ^cof.  BP+ZP,  97. 

Then  (Trig,  III.  42.  con  i.)  x-^  :  2  : :  x — c 

:  I — *,     and  ;^-^  12::  x— / :  1 — d  •,    therefoce 

X— ^  :  I — ^^  :  :  x-— /:  i — di     therefore    x — d» — c 

^fdzzx-^f^x+lf'f   and  ix-^xzzc^+tf—cdy  . 

bf—cd+c-^f       ^,^     . 

iwhence   Af=     ■  ^^' j .      Alio   1^— ^x  x- 


*=  2A^— 2r,    or  ^  '-^yzzrx  +  hX'—ic^ .  and  j^  n 

P  R  O  B.    CLVL 

Given  two  aUitudes  of  the  fun^  the  difference  of  times j 
and  difference  of  azimuths  i  to  find  the  latitude  and 
declination. 

Suppofe  P  the  pole,  Z  the  zenith ;  B,  A,  the  $91 
places  of  the  fun.    Poc  r=cof.  BZA,  Jz=cof.BPA, 
jr=S.BP  or  PA;  *,^=finc  and  cof.  ZB  i  f^p  zz 
fme  and  cof.  ZA. 

Then   (Trig.   III.  38.)   in  the  triangle  BZA, 
icf+dpzzCQf.BA  I     and  In  the    triangle    BPA, 

57  +  y/\—xf  X\^i— ^7  =  cof.  BA  ;  therefore 
sx)+t.—yy^hcf'\-dpy  and  j — i.jpf  =  hcf-^-dp^^i^ 

^nd  T=  V         — ^  =  S.BP  the  declination. 

iThen  in  the  triangle  BPA,  find  the  angle  *B,  and 
in  the  triangle  ZBA  find  the  angle  B,  and  then 
the  diiaferchce  ZBP.  Then  in  the  triangle  ZBP 
there  are  given  two  fides  ZB,  BP,  and  the  included 
angle  B  >.  to.  find  ZP,  the  co-]atitu<^.  / 


•  A  t 


j: 


•    * 

»     -fci 


«.  f 

.     m 

• 

PROB. 

1 
— J 

* 
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1%. 

P  R  O  B.    CLVIi. 

C39i»  ^tMt  diclitttitioHt  mo  abittuUi,  and  the  Hm 
tetmentbtmi  to  find  the  htitudi^ 

* 

PBi  i»=:coC  ZB,  mzzooL  ZAt  A  e^Rut  and  go- 

fine  IBPA}/^  «=llne  and  coC  ^P^HI-ZPfi 

ft 
v>  x=une  and  cof.  ZP. 

Then  (Trig.  I.  6*  ichol.)  ife^jry=:cof.  ZPA 
and  «f+4jf=:cof.  ZPB,  and  (Trig.  III.  38.)  aaeo 
'--asyv-^txizm,    and   'dc»i'^drfv-\'fic'=in  %    and 

««^'5'=  ~^»  *°d  «s+(jr=  --^,  andbj 

jff  ■    jCy.  «•— fee 

adding  and  iufatta£Ufig,  2»  =  -j^  4  !ZZU 

i»  ^^^ .       Whence    »    r: 

+Ath^x^^^x  ^M—Hm+dtx-^fic 

2€ado  »  ana  j=  zsadv        "• 

t>       ??+^  tnh'-dm  db^af  ^ 

=^  =:/.    Then  «:=: 
But  arisv^H-^,  and  1 


^  -  ,   mkd  1-^  an  ^^[j;^,  «d  craafpofing 


^=* — isr=' — ^ — •  Alb  xf 


i+tx 


I 
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»  '    Fig- 

i±5.     Whence   i— wf— ^^+2/r?^— rrx»f=jj+ gSr 
w 
aj/^+//xap  I  and  reduced 

tixx  +  2tqpc  +  4q  f=:0. 

+  rr     ^  2fr   +  tP 

Or  thu^ 

In  the  triangle  BPA,  a  fides  and  the  included 
angle  are  given,  to  find  Z.B,  and  BA.  In  the 
mangle  BZ  A,  all  the  fide^^  are  ^ven,  to  find  the 
angle  B,  and  from  thence  ZBP.  Then  in  the  tri- 
angle ZPB»  twojides  and  die  included  Z.B,  ara 
^ven  i  to  find  ZP  the  cotnp.  of  the  latitude. 

P  R  O  B.    CLVIII. 

Civin  three  altitudes  of  the  fun  in  mtdaj^  ani  the  times 
bsMetn  them  \  t^find  the  latitude^  &c. 

Let  5,  r=fine  and  cof.  APB;   /,  ^=fine  and   99^ 
cof.  ABC,    ^=:cof.  AZ,  /ncof.  BZ,  ^=coC  CZ. 
xrtiiS.ZPA,  y^d&,AS^  BP  or  CP ;  5s=S,ZP> 

Then  (Trig>  L  5.  cor,  1.)  rv^i~^x— ixr:  cod 
2PB,  and  ^\/i— yjc— /xrrcoC  ZPa_And^CTrig> 

IIL  380  zy>/i--^x  +  \/i— z2  Xy/i— ay  =  ^» 
rgyv^i— yjf-^jgyy  +  y^i-^zz  x  V^i— 3y=/f  and 

tranfpofition,  y/i — zz  xv^  J  — yy  —dr^  gJv^  t-^aflic* 
Then  c%jy/\ — xx  — jgyx+<^— gyv^i — xxr:/,  tand 
te;\/i — ^xx — /zj^x+i—zyv^  i — ^^xxz:!".  From  the 
Iwmer  of  thefe  iwo  laft  equations  we  get  ^^ 

"^= —  ^    and   from    the  latter  7y  = 


I — xx+sx 


Am    • 


and  making  thefe  laft  equa- 


tions 
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^'^'  tions  equal,  and  Mclucisgi  we  have 

•99  .       ...".,-     '^  1— *af 

^^jp-^""^/^  ±  tanff  ZRA.  Then 

;c  will  be  known,  and  alio  ay.  ^ 

But  \/i—zz  X  y/i-'yy  :^d—<9y/ i^-xx.    Put 

2y=r,  then  1— jy-Kr2+  Z3^i=.dd^-itb^ i—xx 

j^zzff — 2zy»y,   and  cranfpofing,  jry+az=3i — </i 

+2j>-\/i— xx+rrxx=zp    by   fubftitution ;    then 

jy+ay2i+22=j)+2r,    and  jy-^iyz-t-  zzzzp—ir, 

and    ^  +  K  =  <//>— y,  and  jy— g  =  y/f—zr^ 
whence  jr  —  ■■  •^"'   '  ■'  >    *pd  »  = 

P  R  O  B.    CLIX. 

Uafoing  At  one  injiant  the  oUHutks4>f  two  known ftars% 

to  find  the  latitude. 

100.  Let  Z  be  the  zenith,  P  the  pole ;  F,  A,  the 
ftafs.  In  the  triangle  APF,  there  is  given  the 
fides  AP,  FP  the  co-declinations,  and  angle  P,  the 
diff.  light  afcenfions,  to  find  AF,  and  Z.F.  Then 
in  the  triangle  ZFA,  all  the  fides  are  given,  to 
find  the  angle  F  ;  then  Z.ZFP  will  be  known. 
Let  f=cof.  ZFP  i  a,  *  =  fine  and  cof.  ZF  ;  </,  /= 
fine  and  cof.  FP ;  *=cof.  ZP.Thcn  (Trig.  III.  38-) 
A^+^=:x=S.latitude. 

P  R  O  B,    CLX. 

If  there  be  two  known  ftars  in  one  namutb^  andhamtig 
the  altitude  of  either  given  i  to  find  the  latitude  of 
the  place. 

Joi.  Let  Z  be  the  zenith,  P  the  polev  F,  A,  the 
two  ftars  in  the  azimuth  circle  ZFA,  and  ZF  is 

give 
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J  given.    In  the  triangle  APF,  two  fides  and  the  in*  Fig. 

eluded  ansle  P^  arepvcn;  to  find  the  angle  F.  loi. 
Pi3t  r=coL  LZJPPi  By,  ^zrfine  and  oofine  ot  ZF  ; 
d^  fssRoc  and  cofine  of  FP  ;  ap=co£  ZP.    Then 
in  the  triangle  ZFP  (Trig.  III.  38.)  adc^hfinx 
the  fine  of  the  latitude. 

If  Z A  is  given,  you  muft  find  the  angle  FAP, 
and  put  a^  tzzS.  and  cof.  ZA  ^  d^  /=S.  and  cof. 
AP,  (Sc. 

Otberwife  tbusj  . 

Let  the  altitudeof  A  be  given;  J,  r=:fine  and 
cof.  APF;  ^/=Gne  and  cof.  AJP;  si,  ffrsfine 
and  cof.  FP;  tf,  i — fine  and  cof.  ZA,  xzz  cof. 
ZP.    Then  (Trig,  cafe  7.  fpherical  triangles)  co« 

by  fubllitotion ;  and  (Trig.  I.  1.  ichol.)  cof.  A= 
-T^r-.    And  (Trig.  III.  38.)  -^ +  Ifzzx 

the  S.  latitude. 
This  is  a  oieful  problem. 


' 
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B.n. 


SECT.     IX^ 


Geometrrcai  Led,  and  Problems  rekiting  tbertto^ 


102.  T  F  tfic  right  line  AP  be  drawn  from  a  given 
J[  point  A,  and  any  number  of  right  lines  PM, 
PMi  t?^.  be  drawn  thereon^  parallel  to  one  ano- 
ther, or  malcing  any  given  angle  with  A  P.  And 
if  the  relation  of  the  indetermined  quantities  AP, 
PlVl  be  denoted  in  general  by  fome  equation  \  and 
if  the  lengths  oi*  PM  be  every  where,  fuch  as  that 
equation  gives;  then  the  curve  pacing  through 
all  the  points  M,  is  called  the  Lbcus  of  the  points 
M,  or  the  locus  of  that  equation.  And  that  equar 
tion  declares  the  nature  of  the  curve  MM.  / 

The  degrees  of.  the  Loci  are  denominated  from 
the  degrees  of  die  equations,  by  which  they  arc  de- 
noted. Thus  a  locus,  of  the  firft  degree  is  that 
where  the  indetermined  Quantities  rife  to  one  di- 
menfion  ;  of  the  fecond  degree,  when  they  arife  to 
two  dimenfions;  of  the  third  degree,  when  they 
rife  to  three  dimenfions,  i^c. 

Right  lines  are  faid  to  be  given  in  pofition,  when 
they  make  given  angles  with  one  another. 

PROB.    CLXL 

10 2*  If  the  pele  AC  or  BC  revolves  about  the  center  C, 
and  the  weight  D,  and  firing  BD  bangs  at  the  end 
ofit\  to  find  the  nature  of  the  curve  GD,  defer ibed 
bj  the  weight  D. 

Take  AG,  and  CF,  zzBD.  Then  fince  CF, 
BD  are  equal  and  parallel»  therefore  (Geom.  I*  5* 

cor« 
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cor.  3.)  CB,  FD,  are  equal,   or  FD=CBrrCA-  Fig. 
And  rinceFC=GJ>»  addCG,  and  then  FGzrCA;  103- 
whence  FD=:FG.  Therefore  GD  is  a  circle  whofc 
cenier  is  F,  die  fame  wiih  A%  but  in  a  lower  po-- 
ficioiu 

P  .R  O  B.    CLXII. 

Suppofe  ACD,  acdj  &c.  to  be  rigbt-avgled  triangles^  10^ 
one  of  whofe  angUs  falls  upon  we  fbced point  A,  the 
other  in  tbe  line  AE  ;  and  if  tbe  fe^tnents  BD,  bd^ 
he  given ;   to  fihd^tbo  nature  of  /I/  curve  pe^m^ 
tbrougb  all  the  right  angles  C,  c^  &'c. ' 

Let  ABrrx*,  BCrrjr,  VlD—a\  then  iii'the  right- 
angled  triangle  ACD  ;  AB  {x)  :  BC  (y) :  /EC 
(y)  :  BD  {a)\  whence  axnzyj^  for  the  nature  of 
the  curve.  Therefore  the  curve  Cr  is  a  parabola, 
whofe  latus  re£tuin  1s  ED  or  M  ^nd  A  the 
vcrttx. ' 

p  R  €>  B.  clxih:  ' 

* 

A  is  a  fixed  pointy  AB  ^  given  line^  ABD  a  given  105. 
4^/^ ;  :tbtA  fUppofe  theXufite  AMB -/^  bfienndted 
after fucb  a  metnner  that  drawing  any  line  AC,  //' 
may  be,  as^BC  io'B?:-:  as  f' :  ifiiv  K'finJt  t1/^ 
nature  of  tbe  curve,  or  tbe  locus  of  all  tbe  points  M. 


I 


Draw  MP,  wp  parallel  to  D8,  and  let  APrri*, 
Vh/Lzzy^  ABzzfi.    T.^  By  .^milar  iriM^gle^  'Al^ 

{») :  PM  (y)  : :  AB  {it)  :  BC  =  ^     AncJ   bjr 

»  -  • » - 

the  problem,    r  :  j  :  :  BC   (— /   ;'  BP    (  a^x  ). 

say  r      ..—.—.-» 

Therefore  —  zzra — rpc^   and  y  =:  — -  v  ^-^  — ^^-^j    for 
Af  '  '^      sa 

the  nature  of  the  curve  5  and  it  pafTcs  through  A  i 

iMcaufe  wlicn  x  is  =0,  j  is  =:o. 

G  g  2  P  R  O  B. 
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Fig. 

P  R  O  B.    CLXIV. 

106.  Given  the  trimgU  ABC,  and  drawing  PD  parallel 
to  BC  ;  fuppofe  it  he  always  PM«=PD*— BC»  5 
to  find  the  nature  of  the  curve  BM. 

Put  AB=«,  BC=*,  AP=;f,  PMriy,  then  by 

fimUar  triangles,  a  :  b  :  :  x  :  —  ==PD ,    and  hj 

bhtx 
the  queftion,  -—  -^bziyy^  or  aayy:=,hhxx'^bbaa^ 

h    J 

and  y  =  ^s/ux — aa  •     And    the   curve   paflb 

through  B. 


PR  OR    CLXV. 

10^.  ^the  triangle  ABC  is  given  being  rigbt-at^led  at  B,* 
and  drawing  FM  parallel  to  CB  ,  it  be  every 
where  PF*+PM*=:BC»5  to  find  the  nature  of 
ibe  curve  BM. 

Let  AB=ii,  BCr:^,  APzrjc,  FM=y.     Then 

bu 
hj  fimUar  triangles,  a;  b  :  :  x  :—  =PF.      And 

bbxx 
by  the  queftion,  — —  +yyzibbj  whence  yy^bb^^ 

a#^^ 

,    and  jr—  —  y^aa—-tcxt  the  equation  for  all 

the  points  M.    And  in  A*  where  x  is  o,  jri:^» 
or  AD=CB. 


P  R  O  B. 
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P  R  O  B/   CLXVI. 

If  AB,  CF,  AC  be  right  lines  given  in  pBjiiicn ;  108. 
and  PD,  pi  te  always  parallel  to  AC  \    and  if 
PM  be  every  where  equal  tg  CD  \   to  find  tit 
locus  of  the  point  M. 

Since  AC,  PD  are  parallel ;  AP  will  be  to  CD 

in  a  given  ratio    (Geom.  II.   j  2.  cor.   2.)  %   put 

A?=x^    PM=y^     and  let   a  :  i  :  :  AF   (x)  : 

ix  hx 

— =CD  I   therefore  jr  =:  — .    Therefore  AMm  is 

a  a 

a  right  line,  paffing  through  A.. 

P  R  O  B.    CLXVII. 

If  the  three  lines  CA,  CB,  AB  he  given  in  pefition ;  109; 
and  PM  be  always  drawn  parallel  to  AH  \  and  it 
be  every  where  APxPD=PM*  j  to  find  the  naturi 
ef  the  curve  Mw, 


Let  CAzziaj  AB=i,  AP=y,  PMrrjr j  then  by 
fimilar  triangles,  a.ibi  :  a-^x :  — r-i^^PD,  then 

■ 

by  the  queftion,   bx  zz  yy  j      and    j  = 

/^      

s/  -^Xax+xx  I  and  the  curve  'pafles  through  A, 

fince  both  x  and  7  are  o,  at*  once. 

,  But  if  CB  be  parallel  to  CA,  then  PD=AB, 

and  bx=yy^or y^=z\/bx.    And  if  C  lie  on  the  o- 


ther  fide*  of  A,    then  PD  =  — —  by    and  yzz 


J 


b       -  " 

—  X  ax-'-^x*     In  which  cafe,    when    x=rtf, 

the  n  y=o  ,   and  the  curve  pal&s  there  through 
the  axis  CA. 

G  g  3  Whea 
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Fig.      When  x  is  greater  than  a^  y  is  the  fquare  root 
109*  of  a  negative  quantity,  which  is  impofllble;    and 
therefore  the  curve  goes  no  further  thail  A, 

P  R  O  B.    CLXVIII. 

I  iQ^  Tiere  is  given  the  right-angled  triangle  ABD  ;  and 
drawing  PM,  fm  always  parallel  to  BD  ;  and 
making  PM  ev^y  where  equal  to  BF  j  to  find 
the  nature  of  the  curve  DMm. 

Put  A&—a,   BDz;*,  BP=x,  PM=:^.    Then 
by  fimilar  triangles  »    a  :  b  :  i  a+x  : h 


a 

X 


rr   PF ,     ana   Br*  zz  xx     =   ~ 


saxx + ^^tf tf + 2  biax  +  hhxx         ,       -. 

-  J     therefore 


^^  +  "":;: 1 r: —  ^^»  for  the  nature 

^  aa 

of  the  curve. 


P  R  O  B.    CLXIX. 

Ill,  BA  is  a  given  line^  draw  PM  ferpendiculr  to  BAP  1 
^nd  let  AM  be  always  a  mean  proportional  between 
AB  and  AP  5  /^  /»J  //'^  »tf /irr^  of  the  curvo 
AmM. 

Let  AB=tf,  AP=*,  PM=:jr;  then  AM  = 
V^^+jy,  and  /fir  queft.  a  :  \/ xx -{-yy^-^xx  +  jry 
J  Jf>  and  <ix=:Arx+j;y,  whence  y^zy/ax—xx. 


PR  OB. 


PI.  lK,.pa^.^4 


r  ' 


;  . .  * 


4 
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Fig. 

P  R  O  B,    CLXX. 

fbe  line  CF  and  point  A  being  given  \  from  any  112. 
point  D  in  that  line^    through  A,  draw  DAM, 
and  make  DA  x  AM    always    equal  io  a  given 
fquare\  to  find  the  locus  of  M, 

Draw  BAP  perpendicular  to  CF,  and  PM  per- 
pendicular to  AP,  and  put  ABzz^z,  APzzy, 
PMrrj^,  then  AM^zz  s/xx-^yy^  hh  zi  the  giveiv 
fquare.     By  fimilar  triangles  x  :  Vxx  +^  :  •  ^  : 

-i-^ = AD.     Then  per  queft,  —  X  *x+ jy 

. 

hbx       ,  /^/'^ 

:r^4,  and  xx+yy=  --,  whence  j=  v  "^ — ^^^* 

P  R  O  B.    CLXXI. 

AD  is  a  circle^  C  its  center  \  draw  AB  ferpendicu-  ^^3- 
lor  to  CAP.     ^-&^»  draw  any  line  CB,  tf»^  BM 
parallel  to  AP ;  tf«i  make  always  BMi=DB  ;   to 
find  the  nature  of  the  curve  »iM. 

Draw  MP  perpendicular  to  CP,  andjet  CAr=r, 
APi=x,  PM=jy5  then  CB  zz.y/rr-^-yy  ,  'and 
BD  =  >/rr+yy—r.  But  AP  or  BM=BD,  that 
is,  X  =  y/rr+yy — r^  and  \/rr+yy  ^/+x  ^  and 
fquaring^    rr-^-yy  ^.rr-^irx-^-xx^    whence   3  =r 


G  g  4  FEOB. 
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^^'  P  R  O  B.    CLXXn. 

114,  CAD  is  a  given  angU^  CD  a  given  line ^  ^  a  given 

point  in  i$.     Let  this  line  Jo  move  in  the  angle 

CAD,  that  the  ends  D,  C  nurf  always  touch  the 

fides  AD»  AC  \  to  find  the  curve  defcribed  by  the 

point  M. 

Draw  MP,  MB  parallel  to  AC,  AD,  and  put 
DM=za,  CM=:*,  cof.  LAzic  ^  AP=:x , 
PM=r.    By  fimilar  triangles,    CM  \b)  :  BM  {xj 

ax 
:  :  DM  (a)   :  DP  =  -j.     But  in  the  triangle 

MPD  (Tng.  cafe  5-)  jy  +  -^ J^=^^ 

2acxy        aaxx 
or  yyzzaa  ^ — j^  —  -rr-^  for  the  equation  of 


the  curve* 


P  R  OB.    CLXXIIL 


f  15,  XhelineCA  is  perpendicular  to  AP,  ABM  ir  afjuaee 
whofe  fides  CB,  BM  are  given  \  to  find  the.  curve 
defcribed  by  the  point  M,  fe;i&/^  the  L  B^  ii^  ^ 
C,  move  along  PA,  AC* 

Draw  MP^perpcndicular  to  AP,  CBzitf,  BMn*, 

AP=i;c,  PMzr^i   the  triangles  CAB,    BMP  are 

'  f 

ay 

fimilar,  and  b  :y  i  :  a:  -j-^zz  AB.      And  BP  = 
x/bb-^^y  therefore  y    +  \/bb^^yy  1=.  x  ,    and 

y/bb'^yy  =  x — -j,  and   fquaring   bb-^^zzxx — 

2aiy         aeyy       ^    _       _       ,    aa+bb 

-y-    +   ^.      And   reduced    -Jf^yy  =  bb 


PR  OB. 
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P  R  O  B.    CLXXIV. 

Tbe  lines  AV,  AB,  AE  are  gtven  in  pofition,   the  "^« 
point  V  is  given }  if  the  line  VE  be  a(w(rfs  drawn 
tbreugb  V,  and  the  part  intercepted  C£  be  divide 
in  a  given  ratio  at  Mi  to  fnd  the  locus  of  the 
points  M,  tn. 

t)raw  MP  parallel  to  AB,  and  DM,  BE  pa- 
rallel to  AP,  and  put  AP=Jf,  PM=3r,  AV=ut. 
r  to  «  as  CM  to  ME,    SXBAE^:^,  SXEAP 

or  BEA=«. 
The  triangles  VAC,  VPM.  DCM,  BCE  ue 

fimilar,  and  a+x  :y::a: ^^^zzAC,  and  a+fc 
:y  : :  (DM)  *  ;  ^=DC.  Alfo  r:s:z  CM 
:ME::CD  f^J  :  DB  =  ^.  And  Cftf 
5  CE  : :  r :  r+s  ::x:  — jf=BE,  and  in  the  tri- 
angle BAE,  ^  :  J  : :  BE  (^*  )  :  BA  = 
r+s  sxy 


—pryxd+x  -{-psxyy    which  reduced-  is  (putdng 
r+s  zzd)   dqxx  +  dqax  —  pray+dpxy^    andjr  = 
dq9cx+  dqax  _  dq        ax+xx 
pra+dpx     ""   p  ^  ar+dx' 

P  R  O  B.    CLXXV. 

BCD  is  agivenangle^  D  a  faced  pointy  BM  parallel  ^7- 
to  CP ;   and  BM  fo  MD  are  always  in  a  given 
ratio }  to  find  the  locus  of  M. 

Draw  MP  parallel  to  BCj    and  put'CArr^, 
ADzzi,    cof.  LP=c^   AP=x,    PM=ry  j     Jhct* 

PD=r 


4fS  PROBLEMS    of  air. 


^ig.  PD=*— i»f,  and  BM=iJ+Ar ;  then  (Trig,  cafe  5.) 
^*'MD  ^  J  yy  +  b — X — icy  X* — x^    Whence  k 

is,  aibii  a+x  :  ^jy  +  ^ — x  — zcy  xi — x  ; 

vhkh  (quared  and  multiplied^  kiaa+2iiax+iixx 
^iziaa^+aaik'^^zaaix+aaxx — ^caaiy+zcaayx^  and 
reduced  aayy+icaayx — icaaly  zz  bbxx  +  aaxx  + 
^bbax-^iaabx. 


P  R  O  B.    CLXXVI. 

%  i8f  C,  D  are  tjpo  fixed  J>oin^f  in  the  line  CD ;  and  CM 
f quart  is  every  where  /^  MD  fquare^  in  the  given 
rasi^af  r  to  s.  Tofindtbehcus  of  M% 

praw  MP  perpendicular  to  CD,  and  let  C  A=tf, 
ADzi^,  AFzix,  PM±:jK;  then  CPr=j+je , 
^Jizrzlh^x.       Therefore    \t\srisiiaa\  bb  : : 

(CM*)  yy  +  a+x\  (MD»)  yy  +  ^— x*;  there- 
fore bbyy+bbaa  -\^2btax  +  bbxx  zz  aayy+aabb — 
2aabx+aaxx.      Whence     aayy — bbyyzzbbxx — aaxx 

a-hb 
+2bbax+iaaix*f    and    yy  =  . .  X  laix--^ 

2ab 
ux  az  ?  x-'^xx. 


P  R  O  B.    CLXXVII. 

1 19.  ^be  lines  AB,  AD  are  given  by  fofition ;  the  peinfs 
P,  B,  fl»i  angles  CPD,  CBD  4rtf  ^/w/r.  Now  if 
the  angles  CPD,  CBD  move  about  the  centers  P,  B, 
.  wbilft  the  interfemon  D  {of  the  fides  PD,  BD)  runs 
along  the  line  AD ;  to  find  the  curve  which  the  in* 
terfe£lion  C,  of  the  other  fides^  defcrikes. 

• 

Draw  CS,  DF  perpendicular  to  AB ;    and  put 
AP=a,   Pbzzby  UBg,  Z.PAD=/,  tang.  CPDzzp, 

tang. 


I 


1 

1 
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tang.  CBD=y,    VFzzv,    PS=x,    SC==y,    and  Fig^ 

Then  by  Trigonomctryt    i  :  a+v  : :  /  :  ta+tv 

=DF. 

ta+tv  ^^^ 

And  v:  i:  :  ta+iv :  ■  ^-    i=:tang,  DPP. 

Alfo  X :  I  ;  :  J :  -7-  =  tang.  CPS. 

And  ^ — V  :  I  :  ;  /j+/t; :    ^ ^-  iztang.  DBF. 

And  ^— ;^ :  i ::  y  :  r^  =  tang.  CBS. 

But  (Trig.I.  8.)  i—^y  :  x  :  :  ~~+ ^  •^ 

And  '-7::=ir^i^''^=-7=ir+*i:s--f- 

and  multiplying  the  extreams  and  mcans^ 
pvx-^ptay — pivy=:tax+tvx+vy. 

And  q  X  ^ — V  X^ — ^^  — iaqy—tqvyzzla+lvx  b-^ 
^by — vy^  that  is,  qb  X  b — x  — qv  X  b — x — taqy 
—tqvyzzt^ih — tax+iv  x  b — x  +  by^^vy  \  and  tran- 

fpofing,  tv+qv  X  b — x  +  tqyy  — %j  :zz  qb  x  b — ^ 
-'--'taqy + tax — tab— by.     By  this   and    the  former 

qhb — qbx+taqy — tab+tax — iy     ^^ 

^  *  qb — qx-^-tqy-^-tb — tx—y  '^ 

Z z •— — •    And  fubftituting  for  the  Icnown 

px — ix-^pty — y  ^ 

compound  quantities, 

—ix+Jby+l  nx—sy 

tapbyy  —  tagxx  —  tapgxy  •+■  ^olx  +  taply  zzo. 
+sd    — en       +  tab      — /»     +  sf 

+  sc 

P  R  O  R 
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Fig. 

P  R  O  B.    CLXXVIII. 

lao*  to  find  the  figure  for  the  feSiion  of  a  groin^  the  lafes 
of  the  two  folids  bang  AFL  a  femicircU^  and 
ABC,  aright-angled  ifoceles  triangle. 

Groining  id  joinery  is  fitting  tw6  prifmadc  fo- 
lids, to  join  at  right  angles,  fo  that  the  furfaces  of 
both  may  coincide,  no  part  of  one  being  Jiigher 
than  the  other,  and  the  ends  of  both  of  them  muft 
be  cut  away  to  a  certain  figure,  or  elfe  they  can 
never  join  truly.  i 

Let  the  perpendicular  fedions  AFL,  ABC  of 
the  ibiids  be  perpendicular  tg  the  plane  LACD,  on 
ivhich  the  figure  is  to  be  drawn.  And  fuppofe 
AMD  to  be  the  figure  -,  draw  MI,  MP  parallel 
to  AC,  AL  •,  at  I,  P,  draw  the  ordinates  IF,  PO, 
.  perpendicular  to  AL,  AC.  Now  the  nature  of 
the  groin  requires  chat  the  lines  FI,  and  PO,  which 
are  to  coincide,  muft  be  equal.  Therefore  compute 
FI,  OP  in  both  figures,  and  put  them  equal  to 
one  another. 

Let  AL  or  ACzza^  hVzzx^  FMzzy.     Then 

IF  =  x/aTxTO  =  \/a—yxy  i  and  fince  ABC 
is  a  right  angle  and  AB=BC,    OP  will  mAPj 

therefore  OP=x,  whence  ^rnv^^jf— ^.  Whence 
AM  is  an  arch  of  a  circle  equal  to  AF.  And  for 
the  iame  reafon,  the  part  at  D  of  AMD  is  a  like 
arch,  and  the  whole  curve  AMD  confifts  of  two 

auadrants  of  the  circle  AFL,  meeting  in  the  mid- 
le,  and  turning  contrary  ways;  Therefore  if  the 
ends  of  the  two  folids,  be  cut  into  the  figures 
ELPMAF,  and  BCDMABi.  they  will  exaftly  &t 
9ne  another* 


.1 


PRO  B. 
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Fig, 

P  R  O  B.    CLXXIX. 

To  find  the  figure  of  agroinj  wben  the  hafes  or  ends  i2i« 
of  the  bodies  are  AFL  a  femicircle^  and  ABC  the 
fegment  of  a  circle. 

Let  AMD  be  the  curve ;  draw  MP,  Ml  pa« 
rellel  to  AL,  AC  i  and  IF^  PO  perpendicular  to 
AL,  AC. 

Put  ALzza^  AC=*,  APzrx,  PM=jr.  Then 
becaufe  the  figures' A  PL  and  ABC  muft  always 
be  of  equal  height,  therefore '  1^  =  the  height  of 
ABC.  Then  to  find  the  diameter  of  ABC,  we 
ihall  have  ibb+^aa  divided  by  ia^  for  the  dianae* 
ter;  put  D=diameter»  then  D— ii=:  the  diftance 
of  the  cord  AC  from  the  center,  put  D — azzc^ 
and  PO  or  IFzzv.  Then  by  the  nature  of  the 
circle  (in  the  figure  ABC),  2rv+vt>  =  bx — xxi 
and  4y-tJy=tw,  in  the  figure  AFL.  Therefore 
2cv+a)h^yzzbx — xx^  and  Zfv zzyy -j-bx—xx'^f^ 

alfo  V  =  \/tf7 — -jyr,  and  tctrzzics/ay—jy  zz  j^y— 
af+bx-r-^x ;  which  fquared  and  reduced  gives  aa 
equation  of  the  fouith  power  for  the  locus  of  M. 


P  R  O  B.    CLXXX. 

To  find  a  general  equation  to  the  elUpfis^  referred  to  any 
line  as  an  axis  \  which  ellipjis  will  therefore  be  the 
locus  of  that  equation. 

•  •         • 

Let  BFDG  be  the  cllipfis,  C  the  cchtcr :  Let  12  a. 
the  point  A  be  given,  and  any  line  AL,  given  in 
pofition,  for  the  axis.  Take  the  angle  KAL  at 
pleafure,  and  through  C,  draw  the  diameter  BD, 
parallel  to  AK,  and  FCG  the  conjugate  to  ir, 
and  AN,  PM,  LK  parallel   to  PG.    Put  BC  or 

CD=:/, 
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Fig>  CD=/,  pzz  parameter  belonging  to  BD,  ALzza^ 
tzz.LKzzhy  AK=<-,    CN=/,    AN=«,    AP=r, 
•  PM=y. 

By  the  fimilar  triangles  ALK,  API  i  a  :  i  t  :  m 

:  *^:^PI  i  and  a:it::i:  -'^At.     Then  PR 

a  4 

=  11  +  ~,  RM=y— »—• J,  CR=;^— /.   BR 

cic                          ex      ' 
—t—f  +  — ,  RDn/  +/ ^.    And  by  the  pro* 

ferty  of  the  ellipfis  it-.fw  bRD  :  RM»  :  j  «—r 

• — =^  +  — '  5    and    jnukiplying   cxtreams   and 
means,  and  reducing, 
2aafyy-^4aifxy+2tbkxx^!^aafny+4/ihlnx+2skiinn^(> 

Atrequation  to  the  eUipIis  FD  referred  to  the  axla 
AL.  Where  note,  yy  and  kx  have  the  fame  fign* 
And  if  9cy  is  in  the  equation,  the  fquare  of  half  its 
coeiBCient  is  lefs  than  the  coefficient  of  xx  multi-* 
plied  by  the  cofficient  of  yy.  And  if  ^  be  want- 
ing, XX  and  yy  have  the  fame  fign. 
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To  find  a  general  equation  to  the  hyperbola^  referred 
to  any  line  as  an  axis  \  and  which  hyperbola  will 
€onfe^u^ntly  be  the  locus  of  that  equation. 

123.  I^t  DM  be  a  hyperbola,  C  the  center,  AL 
any  line  drawn  from  the  given  point  A.  Make 
LAK  any  given  angle  ;  and  through  C  draw  the 
diameter  BD,  parallel  to  AK,  and  FCG  its  con- 

jugatc> 
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jugate,  and  draw  AN,  PM,  LK  parallel  to  FG.  Fig. 
Put  BC  or  CD  =1/,;,^=  parameter  of  BD,  AL=«,  123, 
LK=^,    AK=^,    CN=/;    AK=»,    AP=;^, 

PM=y. 
From  the  riiAilar  triaagtei  AOC,  API,  we  fliall 

get  (as  m  the  laft  problem,;  PI  =:  — ,    AI  =  — , 
whence  PR=»  +  t^  RMc:j77«h-— »  and  CR 

^X  fJif  ^x 

•.=  ---/,  and  PR=— lrt-/rTft  andmsxe?.  .. 
^4./.     And  by  the  nitore-Of  thtf  hypcffedia, 

2/:^::  (BRxDR-)  -^  — -^    +/— /^  : 

And    the   mean^.^nd^  csttrcfiff^^  n|ulupli9<^ . ftoa 
4ieo  reduced) 


'  r. 


'     .      •      '      ' )  '  1 

Note,  yrhca  P7  isootin  (he -ek^uation,  ,^^  4nd 
XK  hatve  diSebeot.figQS.  Abd  if  ;gr  "betiierti  titt 
fquare  of  half  its  coefficicAC  idgrjeaiter.th^'the  (!6^ 
cfikient  of  xx  multiplied  by  the  coefficient  of  yy* 


r        '       ■' 


c  .  ' 


\ 


■         '    V 


•      1  •     «  »  ♦         » 

p         »     «  -  >  ■ 


•      • 


t 


» 


Fig. 

SECT.     X. 

Mecbanical  Problem,  ' 
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« 

tt4^  If  thi  vt^bt  P  jtmI  thebumVIEn  wbmfiifftrttd 
h^e  d^  A,  B )  /« jS«i  mbat  tmgbt  will  break  if, 
'  «MM»  /be  ends  D,  E,  »e  fault  *bat  tbef  cmm»t 
rife.  ; 

SUPPOSE  DA=AC,  and  BE=BC  Su^ 
|K>ie  the  beam  cue  through  at  C^  and  let  iP 
be  laid  upon  D,  whilft  iP  remains  at  C  i  then  the 
preflure  at  A  will  be  =:P,  therefore  the  beam  will 
alfo  break  at  A,  having  the  fame  ftrels  there  as  it 
had  at  C  For  the  fame  reafon,  if  jP  be  applied 
to  E,  CE  will  break  at  B.  Confeouently,  if  2P 
be  applied  to  C,  the  beam  beine  whole ;  and  the 
ends  D,  E  fixed  ;  the  beam  will  break  at  A,  C, 
and  B  i  and  therdbre  it  bear;  twice  the  weight  or 
2P»  at  C,  before  it  breaks. 

P  R  O  B.    CLXXXIII. 


tz^.TheJIritigthof  abeam  AB,  iemg  given  \  to  find  its 
frengtb  when  a  bole  {ac)  is  cut  cut  of  the  middk^ 
and  alfo  anejualone  (rn)  in  the  fide. 

By  the  principles  of  mechanics,  the  ftrength  of 
the  beams  whofe  thicknefies  are  db^  da^  dc^  will 
be  as  dh\  da\  and  d^.  Now  as  the  ftrength  of 
all  the  particles  between  b  and  d^  is  denoted  by 
di^%  and  the  ftrength  of  all  the  particles  between  a 

and 


>         <       • 
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and  i,.  by  ad* ;    tl^erefore  rfic  ftcength  of*  all  the  Fjg. 
panicles  Wtween   t  and  «,    (the  point  D  brtng  1 254 
fiSed)  wift  be  d^^-^^  add  the  ftreiigth  bttween 
c  and  4/,    which,  t»--a/^ ;  and  the  ftrei^gch  of  ia 
9nd  cd^  that  is,  the  ftrength  of  the  hollow  beam 
is  di^^^da* +cd*.    Bat  at  the  fe^oo  r  the  ftrength 

Whence  if  ar=:tfr»    the  ftrength  at  ^  to  the 

Ih-^ngth  at  t  h  as*  ittf*^i«*+rt^  t6  d^—<a%  that 
i$,    ^  dh'-'^idc  X  ^<^ — ^^*  to  db^*r^idb  xca-^ca^. 
therefore  if  i&*    be  the  ftrength  of  the  whole 
bdatn ,     idc^ia  X  i»    will    be.   the    defeft    of     . 
ftrength  of  the  hollow  beann  whin  'it  breaks  ac  b ; 

anrf  :a^^iHWC  mcf^  ^^  ^  ftrength  when  it 
breaks  at  «r  or .  j|^  which  is  greatef  than  the  fornner. . 
And  for  the  fanie  frcafort  tte  <J€fc(5t  of  ftrength  to 
break  at  d^  nMUjit^t&i^^acifiMa.  .  "      . 


v/ 
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To/ufparim  l^pti^Mtk  body  berizentathf'  ty  two  1261 
< ^^^  '^  B.)i^fi  iffioUaS'fom  break  in  K  ^  B 

-         •  .... 

f  I 

The  parts  AF  and  BG  lay  no  ,ftWfs  Upph  JQ, 
beips  balanced  by^^c  ^ootrary  weights  DA^  BE, 
egu»  to  them.  ^  Therefore  the  ftrefs  at  Q  ari^s 
f|9ni  tlie  weight  FG  >  and  muft  be  eq^al  to  jhe 
ftreis  at  A,  arifing  f^rbm  the  weights  AD»  AF.. 

.The  ftrefs  at  A  by  the  weight  DF  is  iPFxDF* 
or  ajy,  (Mechan.  70*  and  cor.)  and  the  ftrefs  (by 

FG  fufpended)  atC  is  ABxFG,  or  2y+2xx2X* 
But  (ib.  cor.  5.)  2AC(2jf+2x)  :  AF+ACT^y+x} 

:  :  ftrefs  at  C,  by  FG  fufpended  at  C(2j>+2aX2x> 

to  the  ftrefs  at  C,  in  the  pofition  FG  =:  2;^+xxi^. 
'   ^.  -    ,  H  h  Therefore 
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F'gr  Therefore  ayr:  ajHhx  X  2«.    Or  jgrsr  ajpsr+xxs 
1 26. ^_. J, xj»~vi :  and >^3^ a<g.puw>...  Whence  j s 
«  X  v^2— I.     And  xzzH  X  3*— 2v^a. 

\ 
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127.  ^  mo.  weights  Pj  T  i(d^  mt  another  in  eqmliim^ 
on  she  two  wbdk  to/nfif  radii  are  AB,  CB  i  the 
Jkaif  toolb  AB  of  the  fm/s^  offing  on  the  crooked 
tooth  ^Xy  ^  the  otheT\  to  find  the  frofortion  of 
them^hti  P,  T.  . 


«     p   « •       •    * 


IJfaw  EBP'pctpcncfietifer  tbt^.'EH  petpen- 
dicular  to  AB,  and  FG  perpendicular"  to  BC.  tlie 
point  B  of  the  end  AB,  i&.aded  upon  by  three 
roroes:  i.  in  direAionAB)  a.  in  dire£^tonB£» 
3.  in  diredion  EH  by  the  weight  P }  and  thefe 
forces  are  as  BH,  B]^'  EH. 

Again*  the  podnc  B.  of  the  toipth  BD.  is  aded  on 
by'  tnefe  three  forces :  i.  in  direction  'BC  j  a.  in  ■ 
direction  FB ;  3.  in  dircAion  FG  by  the  weight  T, 
and  r^it  forces  are-its  BG,  BF  atid  FG.  Btit  tke 
a6tion  and  rea£Hon  at  the  point  .^.  bejng  equal » 
we  have  fiE=:BP,  and  in'the  r^t-angled  trianf^ 
BHE,  rad.  ( i )  ,•  EB : :  S.  ABE  r  HE  =EBxS.  ABE. 
And  in  the  triangle  BGF,  rad.  CO  :  BF  ot  EB : : 
S.FBG  ;. GF^EB x  SFBG.  Whence  P  :  T  t  : 
HE  :  GF  :  1  EB  x  S  ABE  ;  EB  j<  S.FBG  j  th«t 
is,  P :  T  : :  cof.  ABD  :  cof.  CBD,  when  the  weight* 
are  tn  equilibrio.  .,.•:,"!•- 

Whence  if  ABC  is  a  right  line,  P=F »  and  if 
^CBD=o,  then  P  ;t  t  :  cof.  ABO ;  radiwt. 


»! 
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pr6b.  ct.xxxvi.    :   ' 

Fig. 

•  ■  * 

s  dkA,  Ug9  tigbidiofs  \  Md  ip/bew  hours  ly  the 
great  wheels  mmtf<lf.l!fjbeMotd^9hi^  fi^tkb  fy 
ihe  haffanee  ttfheel^  md  io  hemfaeonds. 


\  F$r  tht-Huv^ttgfdrtm 

•  •  '     ' '        •      • 

Suppofe  four  wheels  in  thcm^^^ing  |Mrt:  A,. B^  128. 
C,  D»  and  \ti  the  numbers  for  the  wneeb  imd  pi« 
nions  be  denoted  as  in  the  figure,  and  let  /=i  2, 
ib=height  the  weight  defcends,  /^i^rttme  of  goiiig 
down  in  hours,    ,      .  . 

B  • 

for  Otie  of  A,  and  —  ==  number  of  iev6fucioWs C^ 

has  for  one  of  B'j  whence  —  =;Qum6er  of  revo- 

•   *  •         ABC 

iotiona  C  haiforone  ^ A.    And  iijkewire  -r—  r: 

mmber  of  retroftitidhs  D  has  ht  tut<ifh» 
Since  the.  arbor  .of  D  carries  an  indeaf  ta  ftew 

ieconds,  therefbre^  Drr^o,  becaufe  for  eveff  tooth 

there  are  two  beats,  and  aD=^o.  • 
Becaufe  the  arbor  of^  $  carries  an  mdex  ro  Ifaew 

minutes,  and  of  A  u>  fliew  hours ;  confequentty  A 

goes  about  in  12  hours,  and  B  in  i,  wIlence-;^-c=s 
M.    And  becaufe  D  goes  (a  timers  round  for  B's 

once,  therefore  —  =60.       # 

^  A 

Therefore  the  two  equations  — •  =:  12  ,    and 

BC 

— -  z=6o,  win  refolve  the  qucftion  ;  which  bring 

H  h  2  UQ- 
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Fig.  uolimitedf  many  of  them  may  betaken  atpleafure, 

128.  provided  they,  be  all  whole  numbers* 

^  Suppofe  r— 6,  /=r8,  j=:8  i  then  A=96»   and 

BC=:6  X  8  ><  6o»  and  if  B=6o,  th^  C=48  9  or 

62=712,.  8in4  C=:4o.    It  will  be  better  if  3  and  ;» 

C  a^  r  be  prkne  to  one  anothtr* 

To  find  the  diameter  of  the  wheel  for  the  rope, 

:      '       fb 
ic  will  be  t  \b  \\J\  —  =  circumference  ,    and 

fb 
,     ~f — ^=:  diameter. ' 

,,  '  ..  For  tU fir iHug  part ^ 

ILet  L  be  the  fly,    K  the  warning-wheel,  1  the 

detent  wheel,  H  the  pin- wheel,  G  the  great  wheel, 

F    the  count-wheel,  their  teeth  and  pinions  as  in ' 

the  figure;  irzxnumber  of  Ilriking  pins,  and  there 

are  78^(trokes  in  12  hou(sr    F  goes  round  in  12 

hours,  I  goes  round  for  every  ftroke  of  the  dock. 
78  .    '         •    • 

Now  —  =  number  of  revolutions  of  H  in  1 2 

hburs,  and  —r-  =:  number  of  revoliitk>ns  «f  H. 

to  one  of  F,  that  is,  in  i^  hour&^  diefefons 
EG  _;7£ .      . 

'  Agaih,'  I  goes  round  n  times  for  H's  once,  and 
therefore  —  =:».Therefore  from  thcfetwo  Equations 

-j^  =:.  —  ,;and  Hzioi,   all  the  requifites,  may 

be  found;  but  being  unlimited  moft  of  the  num- 
bers may  be  taken  at  pleafure,  fo  as  they  be  alt 
convenient  whofc  numbers. 

Becaufe  the  pin  in  the  warning-wheel  mu((  al* 
ways  come  to  the  fame  place  when  the  clock  has 
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'    .  J  ,     .  .•   .  Fte. 

ftruck  out,  therefore  -^ :;;  a  whole  niimbcn      L  j^l; 

4ind  e  maybe  any  numlxrs,' becaufe  there  is  no! 

phenomenon  to  be  (hcwtr  by  them* 

•  ^     ,     -  -/       ABC      %ii 

The  train,  or  beats  in  an  hour  is  s;;^r^—  X  "~ 

^ABC 
Z5  ^^— ^-     Suppofe  ffm2/tf=:6,.  ^=:8,.  ^~6  ^ 

then  H=:72,  and  FG=  ^7r~  =4  X  78,  therc-^ 

fore  F  maybe  =113  and  G  11:24.    But  note  '-r: 

may  be  put  into  one  wheel  or  more  as  one  pleafes. 
•  If  the  ftring  go  about  the  axis  of  F,  irs  diameter 
is  found  as  in  tne  other.  •  But  if  it  go  roUnd  the 
axis  of  G,  it  mufl:  be  made  lefs  in  proportion  as  a 
to  F.  If  one  weight  carry  both  parts,  their  dia- 
meters muO;  be  but  half  che  former  quantities. 

P  R  O  B.    CLXXXVII. 

•     f  '  .     .    .      ■• 

Supp(^g  wiib  BoRELLi  (pan.  I.  prop.  22.  de  motu 
animalium),  ihai  aftrong  man  can  but  biar  261b. 
at  arm^s  end^  and  that  the  weight  of  his  whole  arm 
is  equivalent  to  4  lb,  at  arm's  end ;  firem  tie  length- 
of  bis  arm  given  \  to  find  the  dime^ifiom  rftbat  manU^ 
army  that  can  bear  no  more  than  its  own  wHgbt.  » 

Suppofe  4  lb.  at  arm^s  end  equivalent  to  8,  th&* 
weight  of  the  arm.  And  fuppofe  the  two  unins,  li«- 
milar  fojids,  and  tho  arm  ==  half  d^  kng^  of.  the* 
body.  Poc  tf  =:length  of  a  commtm.  Wan's  arm, . 
bzz^lb.  W7zz6^ib^  .^=:lesglh  of  lAe  great  poao^s^ 
vm?.  ,  .»#4  ..   «       ^   ' 

The  weight  of  like  bodies  are  as  the  cubes-  of  * 

the  fides^   «' :  y'  i :  2^  :  — r  ==  w'eTiAt '  of  tha 

H  h  3  grc^t 
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Fiir  •  ix^ 

xzl!  9^^  ^^'^^  *"^  and  **^  s  the  weight  at  ann's 

end,  prodiidng  the  iame  ftre& 

And  the  f&di  being^  as  the  length  and  weigb^ 
we  have  t^i xazz  ftrels  of  the  common  man's 

wrmi  and  -^xzz&reb  of. the  great  man's  arm. 

But  (by  madiaiiics)  the  ftrefs  in  this  eafe»  is  as  the 

ftrength,    that  is^   as  the  cubes  of  the  like  fides. 

i^ 

Therefore  4'  :  »»  :  :  w+*  ^  ^  •  jr»   whence  ix^ 

3=  t»+A  X  ^S  Of  xzz  — T—  «  =  ^  =  7  {^ 

Now  if  4==  I  yard  I  then  if  there  be  amanwhofo 
hcigbc  is  above  1 5  yards  i  he  will  not  be  able  v^ 
^etch  out  bis  arm. 


P  R  O  B-    CLXXXVm, 

2Q  Given  the  lengib  andpqfiticn  of  tbejbeam  AD,  leamng 
^'      i^M^  ibi  wall  D£>   l#  find  ibt  f^Jitim  of  ibt 
fkm  BE>  M VBbiA  itm^ ^omA  uuibaut  movhig. 

Let  G  be  the  center  of  gravity  of  die  beam  to* 
nthcr  with  any  weight  if  carries.  Threu|;h  G» 
draw  the  horizonul  fine  BH.  And  fiq>pole  DA 
put.  into  the  pofirion.  J^  infioitetip  near  the  former. 
Now  fince  the  beam  is  to  have  no  inclination  of 
flSoiriog/ivoiB  die  fofitkm  DAv  «r  ^id^  center 
of  gravity  G^g  muft  be  in  the  horizpntal  line  BH* 
tqr  the  prtiudplea  of  mechatiics.  D^w  Gw,  d$m^ 
i^  perpendicular  to  41^  or  AD.  AndktDGzi^^ 
AGt::f,  h^S.DHG^  ^^jfrfirte  and  cot  ADH  j 
^, /=finc  and  co£be  EKSH^ ,  4c:::  tajig.  DAE, 
vszuF.     *  ^  •      . 

Since  DG=:<^=w«,  and  AGzzagssmt-  there- 
lore  Dm=i^gzzar^    lo  the  triangle  Vdmi  S.miD 
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(j)  :  SjiDi  (p)xxnS> :  md  =:  -^  ><  «4>.  or  j  ,  j^, 
X^jfc     And  In    the  Wngk'Qjf^  5,^^  (/;  : 

S.G^*  (i) :  :  ^  :  C«-  5:  j  .)<  ^^f  J^^  By  rthe 
fimilar   txiaories   fdm^    <FG«,   F/  (v  )  :  FG 

(-TXi:«j  *  whence  y   =  — *^ — »   and  jj«:s 
f9f-^fv,  «od  »=  ^Z^-    But  (Trigon.!.  5.) 


v.     »  .  •  f  -    V  *      — 


j^+j/=:*.    Therefore  «  =^.    In  the  cnangjk 

A<r,    I  :  or  pp  iif  i :  «r  t  rA=:Jf  X  ««■'      And  m 
the  finular  triangles  FDm,    FAr,    Fd  (o)  :  m/ 


(^Xg»  )  V  FA   (*+fr-«)   :  J'A    (*X»^  )  > 

^herefbce  vxzz^  x  i+f-— v  »  wd  vfc:zpi+fc 
^>-^»  Md  ti9«+^s^4>^*  and  fiibftiiMlipg  the 
value  of  V,  jpHh?"  X  ^=^pi-^'pf,   and  J/jx  + 

^s«M^  whence  h  =  ^^  V  =  "^j* 
— ~,    Whnee    . 

I.  IfDHfaeperpeDdiBiihBrt»thcliBeboiikifraf» 

t.  If  0H  flOfi^  ecanjc^  wj(k|iA.^  |~^/9^ 
fstt,  then  »3ir-f-^i  «  *J^  ^  .''^ 

Hh4  PROa 
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Fig.  • 

likewye  'shijfeeijic  grjs^vtty  of  a  miiiture  of  item  j 
to  fihif  ^bc  proportion  of  the  iBi^gj  mixed. 

Let  A,  B  be  the  two  things,  and  M  the  mtx- 
tur^y.tf^  ^  c  thf  fpecific  gravity  qf  A,  B,  M  }  A^ 
Bi  M!^tlicir  magnitudes.  Then  fince  the  abfohit^' 
weighp  is  as  the  magnitude  and  fpeciHc  gravity ; 
therefore  4A,  ?B,  «iM  will  be  the  weight  of  A„ 
B,  M.  And  a  A  -rf-^B^jwM  =;j»  x^-rB,  and  tran- 
fgofiflg>  4A— ^wArrfwB-r-^B.  Whence  4!»— -^  t 
^-r-nn.Ki  A  :  B. 

■ 

PROS.    CXC 

flavittg  gi^en  the  weights  and  velodties  of  two  fphe- 
rical  voiiis  perfeQfy  eUJUc^  mnting  one  another  in 
arig^tjin^i  t^  determine  Jh^r  ^ueloqities^  after  re^ 
flexion. 

Let  A,  B,  be  the  weights  of  the  bodies,  tf,  5, 
their  velocities  towards  different  parts,  pe  andjptheip 
velocities  the  contrary  way,  after  reflexion.  Then 
A^,  B^  are  the  quantities  of  motion  in/their  re«. 
ipe^livc  directions,  before  reflexion  ;  and  Ax,  By 
^fter.,  Ab  the  il^odk;^  are  ,elailic,,thcy  wiiU  recede 
frora  one  another,  yf\x3^  the  fame  relative  velocity 
they  met,  whence  4+i;=y+ac...  ApdXby  mecha- 
nics) the  difference  of  the  motions,  moving  the 
lanne  way,  will  remain  the  fame  after  as  before  the 
ft roke,  ^^erefore  Ka^^Ubz^Bj^A  x^  but  y  =a  +Jt 
^i,  ijierefore  Ai— B^i=$«+3*^— B^^— A^  »  ^^^ 

trarifpofingy  Ax  +Bx TzdR + hB—Ag +iBi  4nil  Ar=: 
B— AK^+zR*         J  ^ — tiKi+zAa 

PROB. 


.-PRO  3.    CXCL  V, 


^     *  - 


•  ACDB  is  a  tbread  ffsei  ai  ^  ahi  B,  .at  ipepm^ 

C.  D  of  tiihhreai are  hid  th  tm  tirkds'CE, 

DF,    vattb  the  wught  EF  •, . ,  hapt^  \P^^  ♦*'' 

weight  F,  and thepojition'oftbepfnts  C^ti-t  to 

Jind  the  weight  E.,        .  ^^  -;    ..    !  ' 

Let  thft  weight,  F=w;  iifeigKt  E=:#,  S.Z.CDB  »30< 
=j,  S.FDB=/,  S.DCA=i>,  S-EGAi:;^.  ^ 

The  point  D  is  kept  in  ^quUibrio  Uy  3  forces 
^ndireaioM  DB,  DC,  DF,  wliich  ^re  to  one  ?oOr  , 
ther,  as  the  fines  of  the  angles  they  pafs  through 
(Mechan.  8.  cor:  ^.)    :   therrfo/e    S.CDB  {s)x 
force  at  F  (w)  : :  S.FDB  (/)  :  fbrce  in  DC  23 

*— =  force  in  CD,  becaufe  adion  and  rea&icn  are 
s 

equal  and  c;ontrary. 

Again^  .Ac  point  C  is  drawn  by  three  forces^  in 

dircaiona.CDi  CA,  CE|  therefore,  S-ECA  (j): 

force  CD  \—)   :  :  S.ACD  (p)  :  force  at  E  (xj, 
therefore  f  jf  =   ,  >  *""  ^  ^  v7  *"•  ■  ♦ 


P  R.O  B.    CXCIJ- 


j: 


Tiree  points  of  the  deling^  At  B,  C  are  groen^   to  jjf^ 
wbicb  are  fixed  the  threads  AF,  BF,  CFwhofe 
lengths  are  given  ;  to  thefe  is  fixed  the  thread  FD^ 
with  the  given  weight  D  j  /^/;/i/  /i&^  ten/ion  of  all 
tb/ threads. 

Becaufe  the  triangle,  ABC  \%  given,  and  thb 
lengths  of  the  threads  \  thfe  point  O  wijl  ht  given* 
where  DF  produced  cuts  the  cieling.    Frodude  AQ 

toE,  and  draw  EF*  which  will|)?s  =v^:F{i*+0^^ 

.  i-^'  ^'  :     All 
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Fig.  All  the  ikks  of  the  triangles  CFE,  EFB,  are  gi- 
131,  Fen,  and  cooiMuently -dift -angles.  Now  inftead 
of  the  threads  Ft,  FB,  fuppote  the  thread  FE  to 
ibftain  the  ifeighc  And  then  the  whole  is  Itiftain* 
ed  bj  fflFmo  threkdsr  AF,  F£  adh)g  in  the  per- 
pemucular  plane  AOEF.  Draw  OL  paraUd  to 
AF,  in  the  plain  AEF,  and  LG  parallel  to  CF  io 
the  plane  CFB. 

Pot  AEstf,  AFsrA,  BO=:r,  Ap^d,  EFszf* 
OF=A,  S.i.CFB=/>,  SX:FE=j,  S£FB=/. 

TIkeo  (Medtanl.  9.)  the  lenfion  of  iii»  tltftads 
DP,  AFv  £F,  wiil  be  deaotad  bf  OFi  OL,  LF  » 
•nd  taktf^  awi^she  thread  FE,  the  (enfien  ^  the 
threads  CF,  BF,  will  be  LG,  GF.  Then  to  6nd 
«Hch«    By  dmiiar  triang^  £A  («>  :  AF  {ij  :  t 

£a  (<}  :  OL  =:  ^.    And  EA  (s)  :-AO  (d)  i: 


EF  (/)  :  LF 


=rA 


Aod  in  the  trian^  FLG, 


,«v 


SXCF  (f)  :  LF    (^;  : :  S.IJG  jfi)  :  LG= 

Thefefore  the  tenfions  of  DF,  AF,   CF,  BF. 

-    «.    ,  . .      he      sfd     qfd. 

ate  rpfpeaively  as  *,     -,     -^^  -^ 


r,     • 


'J 


k 
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SEC  T.  :xi. 


>  .> 


Pbilofopbical  cr  phyfi^al  Troilms^^ 


mmiimmmmm'mmmfmimimtmfmmmm^ 


p  R  o  &  ^xcnt. 

■ 

Rifiured  tbi  ht&tbt  •/  tbt  tovwr%  Jrtm- tbt  tep  ^ 
vhiA  •Mffi^K  f*  thehmtmt  the  fund  miU 
rmb  iht4ar4tthe  49ft  im  tkaim  •f  tbtf4iL 

■  • 

PUT  bzniB^i  feety  die  height  a  body  falls  in 
a  iecond. 
rzri  141  feet,  thefpacefoond  moires  dn-ough 

ID  a  fecond. 
iirz^time  of  the  body's  falltng,  I 

Then  i  :  €i:  a:  r^  =:fpace  found  moves  in  the  dme  0. 
And  I ;  M : :  ^ : : im=:height  the  bdl^ftafidf/ 

Therefore  per  qu.  taazicA,  and  a:zrr^j ifeootid^^ 
And  ^0«=r«r:  j"  =:8io88»  the  height.   .. 

P  R  O  B.    CXCIV. 

Then  u  ^  rmmd  iaw^r^  whfi  arimffiraue  h  too 
jarii^  a  fpbral  tube  runs  ahnU^  fromkottamto  tof^ 
ai  an  elevaiim  0/  6i« :  5'.  A  tail  pai  in  a$  tbt 
t9p  of  ibis  tube  will  ran  down  to  ibi  bottom  inSfo* 
€cndsi  to  find  tbe  bdgbt. 

Let  LMSD  be  6i»:5\   AC  peipendicular  to  132, 
K),  and  BC  perpendicular  to  AB.    Then  whQft 
a  body  fiills  through  AC,  aootber  woidd  defteqd' 

through 
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Rgi  Uitough  ABInthe  iametime  (Mechan.  34. cor.  x.) 
JJ2.  Pot  *=ri6.ifefV  iteS",  rszS.ABD.  Then  by 
the  lawk  of  fdlJAg  bodies,  t:  b  :  xdd  '.  bid  =: 
height  ^kfbiq  J&".  ?iAC.  And  rad.  (i)  :  AC 
{bdd)  :':  S.C  (/)  :  bdds=:AB.  And  rad.  (i)  r 
AB  (Md[f)  :  t  S.ABD  (/) :  ^^UfiirAD,  the  height 
fc^oired-  isy9^. • 

t 

P  R  O  B.    CXCV. 

CfViff  ft^  ^JiMce  (jf  the  earth  and  tbf  pioon^  (mi 
their  quantities  of  matter  ^  to  find  the  place  vohext 
a  h((dj,  will  be  attraSed  to  neither  of  them^ 

Let  i/:;:diftancc  of  their  centers,  Izzxtaxxtr  in 
•  the  moon,  /=  matter  in  the  earth,  x=:dilbncc 
from  the  earth  where  the  body  is»  then  ^-^x=:its 
diftance  from  the  moon. 

Then  fince  the  force  of  attraftion  is  as  the  mat- 
ter  direftly,  and  the  fquare  of  the  diftance  inverfc- 

t 

ly ;  therefore  we  hare  —  zz  oarth^s  atcraAion,  and 

I 
m— r  =:  moon's  attraction  j    but  fer  qucft.  thelc 

arc  cquaU  therefore  —  zz  >j_  j    r, —  »    which 

reduced  is  p^Lxx — zdtx+ddtzzQ, 

»  •  ^ 

p  R  o  B.  cxcvi.     ■ 

jt  elock  that  keeps  true  time  on  the  fur  fate  of  fhe 
earth\..b£ing  carried  to  the  t€p  of  a  certain  moun^ 
tain^  loft  «  minutes  in^a  day.  *  fFhat  was  the 
mountain's  height? 


»  » 


Letrcrcarth*s  radius :r 69 8 2000  yards,  ^=1440 
n>inutcs>.  f  z:^  minutes,  <7:z: height  of  the  mountain. 
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Bat  (Mecfaftiu  .40.  cq^.  6^)  ihe  Jbifth  of  »  pen-  fis- 
dulum  is  as  tht  fbrqc  ofgr^it^r  and  ihc  fqu^re  132. 
of  the  time  of  vibration  v  <Md  the  length  I^Sirig 
^▼ci>»  ihe  force  of  gravity'  it  retriprocffi}^  taHhc 
Iquare  of  the  time  of  vibration.  -  *   .  -  '  w. 

But  the  force  of  {^avity^is  a^  >a) .  the  fgpftjser  of    . , 
the  diftance  from  the  earth's  center j  ^'^crefpc^^Ac  * 
time  of  vibration  of  the  fame  pendurum,  js'  ^^  ^ 
diftarice  from  the  earth's  center;:  .?ind  th^  '^Hf^^ 
of  vibrations  in  a  given  time,  reciprocaUy  asr^^al 

diftance.    Therefore  r  :  -r- ;  t  r-^a  :    rf*;V.irtd 
r+a  r   •      v,  kr -,iv/ 


P  R  O  B.    CXQvil;   _'r     .  '. 

/t  laH projeSed  from  the  tep  of  a  towtr^  at^  an  eJe^'^SS* 
•    vaihn  if  3 1  J^^.  aiivk  thtbariziny  did  ih  9*  jfc- 

conds'JfU  2q6o  feel  from  iU^  baf^  i.  to  find  jht 

beigbi. 


*  -  ' 


Let  XrzVB  the  tower^s  height,'  BA=i  the  di- 
ftance, ^;i:cang.  DVCrz  41^0  t—cj{  thetimei 
/rzie.i ;  then 

In  the  time  /,  the  ball  without  gravity  would 
arrive  at  D,  and  in  the  fame  time  it  would  dcfcend 
through  DA.  Whence  i  \  f  w  it  \  ttf^^K  by 
the  laws  of  falling  bodies.  ^  •      - 

And  in  the  triangle  DVC,  i  \  b  x\  d  '.  dbzzVC^ 
ana  DC+CA=:DA,.  or  4/^+A=///»  atid/=/;/ 
— dbzzi^^. 


'?  .  _-.   i?: 


FR  O  B. 
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^  sh^hirppfedjrmtbiiffppfatameramkhi^ 
n^^Mif^kngthit^y  iwlatiiudg  5ii»  wber§ 

ij4«  Let  tllel)od]rfalIatD»  wfailft  the  tower  bj  tbe 
rocitiOA  of  (he  rath  is  earned  ta  IC.  Now  by 
the  laws  of  centiipetal  fbrce*  the  area  AI£t  which 
the  bodyt  moving  in  the  circle  AIF  delchbes ;  is 
equal  to  the  area  AGDE,  which  the  body  moving 
ii^^e  ciinre  AGD  dcfcribes  m  tfab  fame  tiooey  that 
Isy  in  the  time  of  idling  through  AB.  Hence  the 
aita  AGI=area  EGD  i  and  AGDF=£IF.    Bur  \ 

by  reaion  of  the  Imall  diftance  BD,  the  corve  j 

AGD    (which  otherwife  would  be  an  dlipfis)  ia  j 

nearly  a  parabok)  and  the  area  6f  AFD=^AF  X     "       J 
AB=iFlxAE,theareaof  thefeaorElF.  Firft* 
let  A  be  a  place  in  the  equinodial.  I 

Put    Bh=r:=2ioooooo  feet,   AB=:si=528o»  ' 

/r:i6.i»  /=24 hours  =86400^    czz^.i^i^^  41= 
DC,  ^r:cof.  5ii,    Then  by  the  laws  of  falling 

bodies^  ^fi  t  : :  VwT:  V  "T  —  ^"^  ^  fiUBdg 
through  AB.    And  / :  zrc  : :  J-r  :  BC     = 
^JyTzi^  $xidiVDzza+i\   alfo  by  firoilar 


mr+r 


ieOorSv  r  :  r+« :  :  a+i :  -7^-  y^d^i  =  AF. 

i^*4*ai 
And  rial  :r+»  :  — ^  ^  =  FI.       Therefore 

xir+3-X^al  =^^4iXrHHw  5     thcrefbrt? 


m         r+s» 


tf+^X*-   =  ^9    and  iant'^idmzzyra'\r 

3si«i^  and  reduced  tfn  =:4-^4;    ^^^  ^— 

2.88  for  the  lac.  5ii.  PROB. 


Fib  * 

PROE    €X£I^  ^35^ 


TbereanitM  ifiands  A,  C  \  at  C  is  a'^JtU.   JJ^ 

frm  A  t9  C  keeps  pace  %»kh  tiht  woMAvfibtJ^^ 

loa  m  numker^  from  A  ipB.    A^  h  Jbe^firn  a 

fields ;  ani  the  Hum  af  ftttling  fnmh  to  C  dlM  ' 
3  mnsMt  I  tajbdtbedjfimM^JLQi  "      '  i  ^-  ^ 

Let  ^=loo^r=3^i^3';  /rr^ortrln-  <lfe<fefl(^* 
of  a  fecoDd  pendulum^  azzi  1%^  ^t^  -lift  f^toclt^r^ 
of  found  Hi  a  fecomd^*  AC^^,  a^  x^rM-ef^rilth  cr 
a  wave.    •  i  '  *  '    ."'"fir  -L  ^-  ••.• ./. 

Then  by  the  motion  of  ttoidirfuih^  VT^  *  -^^^ 

v^Af :  ^  -y^nscime^of  vibration  of  tihft.pqodiiluw;<^^ 

y^  . «    ,  •  •     •    ,  .      ,    \-      *  > 

-jr  :  X  :  t- 1"  :  vC/i^  sra  %ao^  ;  But  (bf> 

the  principles  of  philofophy)  vj^blle  thelpendutum  x; 
vibratct  once,  the  (hip  or  a  wive  Vyos  through  t^* 
breadth  x ;  or  ia  i  fecpnd  runs  through  the  ipace ' 

And  i":  \//y  -  ^  ^  dv^=CB. 

» ■ .        .  ^ "  •        •      jp*''  ■ 
AUb  by  ;hc  ipotion  of   found   if  :  a  :  :  ^^  c  z 

-r  riCB,  for  the  eccnd  returns  with  the  ikme  velo* 

2 

:\    '  *  ^    •'. 

city  the  found  went.    Therefore  Jv^=  —  ,    and 

i/^  =  — - ,  and  X  =  TTj^i    therefore    AB  = 

,  tccaa     /t    ,        ^    tfa     *  ArrM    Ik 

^x   =-^^.   and  j=^+_.p^.  _^     .___ 


>•  V 


■   i 


~:.    a 
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^3^*  Atif^difiV  ifl^  aid iu  Jdhllite  to  how  h  jck:eukr^ 
mrbUs »  UisroqmrU  tojbuk  ^»botber  tbopatb  of  a 
fiatUiU  is  oomsvo  ortonvpi  tp  thfim^  ^vbon  it  is 
i$  sBmo  hlwotM  tbifim  ki$^its  frimjirf. 

At  the  time  of  .the  coigu|iAUHl« .  .if  the.  planet 
and  iaieltite,  both  defa-ibe  very  fmall  arches  in  the 
fkaietioi^,  whofeveried  fines  ^tretquaU  the  iacel* 
fite  will  then  move  in  a  right' litic-    Let  ABC  be 
f^  orbit  of  tbepl^hc^.EF  t^at;  pf  the  fatellite  ; 
whilft  the  planet  moves  through  AB,  the  orbit  of 
^e  /iHteUite.EF  is  moved  into  tha  pofition  ^  and 
the  fatellite  has  tnoved  from  c  to  6.    Draw  BD» 
m  peiipendictdar  to  A£,  &;   and  CG  perpendl* 
calar  to  AG.    (^ow  put  ADz:iv^»    then  fince  the 
center! :  (of  the,  orbit  JEF,.)A.  i^ :  advanced  tq  B, 
nearer  to  the  line  CG»  by  the  diftance  AT)\  and  the 
point  o  i^  receded  from  the  fame  line  CG^  by  the 
qiftance,//r  equal  to  At)  ;  it  k  plain,  E  and  p  are 
equidiftant  froni  GC»    and  T^o  is  a  right  Ime,  or 
the  fatellite  £>  o»  at  that  time  moves  in  a  right 
line.  ...  .      .   . 

,  Let  a:^eo^  ^rrABj^r^.j^: the  radii  of  ec^  AB. 

Hence  AD=  — ,  and  enzz — ,   and  — '=:  — -• 
,  ,  2s  zr  2s        ir 

Put  ^zrpcriodic  time  of  the  fatcTlitc,    j  =that  of 
the  piintanr;  ^=3.1416  x  a.    Then  crip  :  :  a  : 

^=r  time  of  defcribing  a^  and  —  stimcof  de- 

fcribing*;  thea^  =  <  and  4^=*.  xii. 
°  \    r       s  arr        axx 

vide  this  by  the  former  equation,  and  ^i:  *2^  or 

tP~^*    Therefore  as  f/  is  greater, ^equal,  or 

Jefler 
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lefler  duUi  ^,  dieli  tfaeiiRdlite's.  orfak  is  con-  fal* 

cave,  ftraght^  or  eoDTcac  toinords  the  fuoy,  in  att 
coigunfUoOi 


.  PA  on.   CCt 

To  find  the  divi/ums  tf  swmiocberdf  ii  pnmdidt  iit 
Mf  Miest  itccjarjiUng  to  iqual  intervals  ef  found  i 
and  alfo  to  find  tie  i>anationS  between  thefe  and  the 
harmonic  divi/Hns.  -  ^ 


tt  is  well  know  a' an  o^av^  il  divided  ifttd  St$p 
whole  tones,  dr  1 1  lemicones.  '  Lee  BA  be  the' 
tnonochord  or  Vibrating  firing^  C  the  itii^le 
point ;  then  BC  will  be  an  o&ave  above  BA.  Let 
k/|  Bij  B/;  B^,  ttc.  b^  the  feVeral  lengths  of  the 
firing^  founding  the  half  lietes,  gradu^^  afcend^ 
ing,  above  AB>  by  equal  degrees  of  found.  Then 
mmAd^'de^.ef,  &c.  be  all  unequal  in  length ;  arid 
whatever  part  BJ  is  of  B A;  the'  fkme  ^itt  wilt  B^ 
be  of  B^/  and  B/  6f  Br,  arid  B^  of  1^,  &e.  to 
make  the  feveral'  founds  afrtnd  equally.  There-* 
^  fore  B A,  Bi,  Br,  B/y^&c.  are  a  let  oi  geonletri- 
cal  proportionals  decfreaflng,  continued  to  1 3  terms J  * 
the  laft  6f  which  is  BC.  AHb  Ad,  ie^  if,  Sec.  ird 
a  let  of  Mpnaetrical  proporrionats  in  this  fame  rdtio„ 
Alfo  aJ,  At,  a/,  A^,  &c.  are  alfo  a  fet  of  geo^ 
metrical  proportionals  increaliog* 

Put  BA=i4  BGrsl.  hd^x.    then  BA  (i)  : 
Bd  (9C)  i:  Bd  in)  t  B*  =  xx%  likcwife  B/=*\ 

Bittx*,  &c.  and  BCS:*'»  =:  i.    And  x^  y/JLzi 
•9439-  '  .    * 

Or,  pat  X=:&jf  :  x.    Theh  X  =  ^„ 

1.9749142,    confequentljr  2X,  3X,  4X>  Cffr.    = 
log^tbou  9f ,  0\  .tth  *S  » &t*     Therefore   ap'  ^ 

U  -9439. 


•  V 


%      • 


4#2  I' H  t  S  I  C  A  L    ,  B.  If; 

Fig.  94J9,  «*  =2.981)9  for  amftmieoe,  6?r.   and  the 

137:  reft  arc  as  in  the  foUowing  tabic. 

The  harmonic  divtfioos  of  the  mdnochord»  to 
found  the  pure  concords  will  be,  a»  follows  ;  Ac 
Icffcr  third  =i,  greater  third  I,  fourth  ^  fifth  }, 
leiler  fixth  iy  greater  fixth  4»  eight  I ;  which  fee 
in  thQ  following  cable,  in  dccimsSs; 


Names  af 
the  chords. 

whole  ftring 

i  fccond 

4s  lecond 

kfler  third 
greater  third 
fourth 


4s  fourth 
fifth 
lefler  fixth 


greater  fixth 
t  feventh 
4^  feventh 
Eig^t 


Pore 
concords. 

1. 0000 


.8333 

.8000 

.7500 


«  •  . 


.6666 
.6250 

i«M««iiaHMMI 

•6000 


1     M 


.•5000 


£x]ual 

divilions. 

_ 

I.OOOO 

•9439 
.8909 

.8409 

•7937 
•749* 

.7^« 

.6674 

.6300 


Errors. 


o. 


•   • 


.    .   • 


•h  TT 

4i  tS» 


.    •   . 


.561^ 

.52$r7 

.5Q00   I     o. 


•   • 


.   .   • 


i*^»*«*jMta 


The»  to  find  the  errors  or  variadon  of  the  cor« 
rdjpondent  cMds.  Let  ift  record  bf  column  ad, 
Br=cord  by  column  gd^  ry^rra  whole  tone,  nzz 
number  of  mean  proporfionals  between  Br  and  B^, 

then  ~  wdt  be  the  error,  for  it.fliiswa  what  partr/ 

is  of  the  whole  note  rp:    Here  then  — ^r-r  =  ^-^ 

Br";"' 
aBr  X  .8909,    For  ,8909  •  being  a  whole  note  for 

the 


.     • 
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dieftfiog  z,  Brx»8909  wiH  be  a  note  for  the  Fig. 

ftring  Br,  .  TJ^^rcfore  gp    st^S^o^.    ,Aa4  «xlog: 

gp    =  log:  .8909  s-Mi.94983  1    and    »    sr 
—'-94983     _  _j£5^7__     ju  •;.  i  fifth 

,  .0*017 

/iy:B/'>-^;Br  as  000 joo,  and  *=\o^ogQ(^ '   = 

« 

100  I  whence  the  error  r:  rrr. 

Bat  is  this  variarion  bears  but  a  fmall  propot^ 

tion  to  the  kngtb  of  the  ftHng,  there  will  be.  no 

need  to  make  ufe    of  logarithms.  .   For  iince. 

i«-^.8909  =•  1 09 1  is  the  length  of  a  note  when  die ' 

ftring  is  1  ;  therefore  .1091  xB/z:a  note  for  the 

rt         ri 
ftring  B/.     Whence  zr  or  --^  =  the  crrbr;   or 

Br— B/ 

which  is  the  fame  thing  "^  j;*  -Ij.  r:  the  ei'ror. 

^4109115/ 

As  in  the  fifth,  Br^^B/=.6674--«.6666l^.ttoo7^ 
tnd  .1001  X  B/s:.0727>  and  ;;rrr=io9r  nearly, 

or  -:^  3:  -r— s  the  error.  1 

727         100  ; 

Or  fliorter  thus.  Since  Br — ^B/=twicd  the  dif» 
ference  of  two  adjoining  numbers  in  CoL  3.  or  = 
difierence  c^  two  nunobcrs  2  degrees  divots  tak- 
ing one  greater  and  the  other  leis  thaj^  the  projper 

Br—— B/ 

note  \  therefore  ^.  ^^    nthe  crroi'. 
As  in  the  fifth,    ^!^^^  ■■    ^  rr;  ^^ 

thf  error.  And  m  a  greater  third,  ^^y^;y^g-. 
•0063  t 

'  I  i  2  The 


' »  ' « 
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Fig*     The « errors  for  each  concord  being  thus  compu- 

138.  ted,  are   fet  down  in  the  fourth  column,    which 

Ihews  the  error  of  the  third  column^  as  it  diflSn*$ 

from  the  fecond ;  thofe  below  denoted  by  (^),  thde 

above,  bye*)/ 

In  tuning  a  harpficbord,  fince  the  fifth  muft  be 
12  times  .  repeated  to  make  7  odaves,  therefore 
the  variation,  by  tuning  by  true  fifths,  will  be 

12  I 

— r  Of  about  t  of  a  note,  which  is  an  error  that 
100  8 

a  good  ear  can  difcover ;  apd^being  too  Iharp,  the . 

firths  therefore  ought  to  be  tuned  as  flat  as  the  ear 

WfU  bean 

Hence  the  equal  divifion  of  the  notes  in  an  odave 

b  the  beft  fyftem,  for  the  greateft  error  is  in  the 

kfller  third  and  greater  ftxthi  which  only  amounu 

to  —  of  a  note. 

p  R  o  B.  ecu. 

To  find  the  mm^er  of  beats  made  in  anj  imperfeS  cpn^ 

corJ^  in  mujic. 

• 

I  call  that  an  imperfeS  concord  that  varies  a  little 
from  the  perfed  one,  which  is  made  by  a  barmo** 
nical  divifion  of  the  monochord.     Thus  when  the 
lengths  of  the  firings  are  4  and  5,  you  have  the 
peifedt  cord  (a  greater  third),  but  vary  one  length ; 
as  4,  making  it  3.99,  and  you  will  have  an  im* ' 
perfe&  cord  attended  with  beats. 

A  heat  is  a  jarring  found  made  by  the  irregular 
vibrations  of  two  ftrings,  founding  together,  when 
the  due  period,  or  coincidence  of  their  vibrations 
is  interrupted.  Its  noife  is  (uch  as  this  waw^  aw^ 
a^j  aufj  or  yd^  yS^  ydy  yd,  yd.  Our  bufinefs  is  to 
find  in  how  many  vibrations  this  perturbation  hap- 
pens, w  how  CMtiyyaws  in  a  lecondof  time. 

Let 


a6 


f 


xx 


vco 


f 


h**«- 


K^tSjf 


»     I     <     I   T| 


c     ^7 


& 


T^   f   ^S^ 2 


PI .  XT.  ^it.  ^^^ 


'■  ./ 


t  « 


• 
~     -     ■.        -  -      .    * 


'  .  c  •      1  •  I '     *   r       »  "     ■       *   «  •  '  .• 


■•        *  •  •     >     ■  . 


T    ' 


t  . 


■        1 


■'  t         •• 


■ 


.  ^ 


1.  « 


«      •  * 


«    «       9    '  % 
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Let  the  Koe  AZ  reprefent  one  (econd  of  time )  Fig. 
and  fuppofe  it  divided  on  the  under  fide,  into  the  13^^ 
number  of  vibrations  of  the  lower  nope  or  bafe,  at 
A,  Bf  C,  D,  &r.  and  the  upper  i^dt  into  the  . 
tiumbcr  of  vibrations  of  the  upper  note,  at  n,  h,  r, 
dy  Sec.  Now  if  any  number  of  (Jivilions  on  the 
under  fide  coincide  with '  any  ngmber  of  divifibns 
on  the  uppcr^  cohftantly  and  regularly^  as  at  C 
and  </,  £  and  ^,  &c.  then  the  concord  is  pore, 
and  there  is  no  beat.  But  when  the  points  ^,  r, 
d^  &c.  are  any  of  them  diflck:at<?^»  and  gets  to  the 
other  fide 'of  its  correfponding  one;  then  the  fuc- 
ceflion  of  the  fhort  harmonic  periods  of  coincidence 
Is  diftorbed ;  and  this  caufes  the^noife  called  a  beat, 
fuch  as  happens  at  X  and  Y.  For  r,  /,  /,  &c. 
are  continually  approaching  to  B,  D»  F,  &r*  till 
Chey  fall  in  acX»  Y»  and^ change  fides  :  where  B^ 
Or  jB^,  is  fuppoled  the  leaft  diftance,  in  the  firfl; 
harmonical  period  AC,  fuppofing  ad  was  to  co« 
incide  with  AC.  Therefore  at  ^hc  points  X,  Y, 
(he  fucceflion  of  the  harmbnital  periods  are  con- 
fufed,  (and  thiat  periodically,}  which  fpoils  the 
harmony.  ,  . 

Nowto  find  the  length  of  xhis  period.  Let  AC 
be  one  harmonica!  period,  that  is,  when  d  coin- 
cides with  C,  as  i*  'the  pure  concord.-  In  tiiis  falfe 
cord  we  muft  find  the  time  dCy  which  is  gained  or 
loft  in  the  time  AC.  And  from  thence:  compute^ 
in  what  time.  Be  (the  neareft  distance ),  would  be 
gained  or  loft  •,  in  and  that  will  be  the  time  required. 

*  Let  »=numbcr  of  parts  AB,  BC,  6fr.  or  its 
;  number  of  vibrations*     : 

/nnumbcr  of  vibrations  of  the  upper  ttring 
in  thc.perfeft  cord.   . 

^zrlength  of  its  ftring  on  the  \npnochord. 

r=number  of  parts  ab^  bc^  cd^  &c.  or  its 
'"  /lumber  of  vibrations. 


139 
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Fig.  ^slengtK  ot  its  fbing  on  the  nooQcliord. 

^siHunber  exprefling  the  concord,  =:  -^ 

«  a  * 

for  the  fourch^  ore  -*-for  the  fifth,&c 

Then  ABs'---,  and  ACs:  -^i  alio  4f^z  ~ 

•nd  «i  =^4".    Then  AC-Wsr  •^  —  *^  :c  iC, 

,  -    r  •  •      .  r 

Then  if  <K::|~—- J*)    •»«   '<>»   or  gained   In 
Ae  unie:  A^:  (-f )!  ;„•  AB  «Ui:be  ioft  ia  dx 

»        r 

X  Aft  c:  T—i  X  AB ,    4nd  Bf  will  be  loft  .iboocr, 
irl  pr^^pdrtidp  of  AB  to  Be,  tljat  is,  |n  the  time 

r— :XB^,  which  i«  the  timo  of  thQ  period    Bot 

by  the  Uwi  of  vibration,  r :  i  5 :  ^r  :  *^  :  i  ^;  *» 

.  •    •    '     •    - 

and  p^yr  j :  ^^  :  e  i  whence'  — ;-;  x  Br  a 


T^  X  Bf  =:  the  periodic  time  <rf  the  bcati.    An4 

if  AZ  be  divided  by  the  periodic  time,   you  wxQ 

^'— •A     AZ 
have  — -  X  TTT  =  number  of  beats  in  a  fecond. 

.But  Br=j:^>  AZ=»xAB!,  Aercforr^  =? 

iifXAB  -__.     -    ^^  <-^ 

*  AB    ~^g-     Whence —x*f  =-^  X /^  » 

nun^er  of  beats  in  a  lecond.  ' 

Heoee^ 


5ta.  XI.  iPvR  O  ^  fc  E^M  S.  f Sjt 

Hence*  ffomi  ih«  Jq»g(h  c^.  ^H^  jRi^g  ordivifioo  Fig. 
of  the  moDochordj  as  g^iven  in  the  table  of  the  lafl  1 39^ 
problem^    arid  ^  having  all^  the  Mtnbtif^  of  vtbra-> 
cioDs  ;  the  beats,  will  be  found,   as  in  tins  table* 
Where  the  groundzoxr  lo«aeft^  note  Uii  F  the  clifT- 
note  of  the  bafe. 


*«i 


g.  fixth 
?.  fixtfa 


fbiirdi 
I*  third 


I.  third 
Baie  P 


Coras.      .  Vibrauons. 


««^»«** 


600 

500 
486 


400 

375 


5006 

5946 
630© 


560 


7492 

7937 

8409 

10000 


^00 
OOQO 


tt66 
750b 
8000 


•••<■ 


L 


«333 

OQOO 


.  it^  a 
.5  •  » 

«Mii***Mki 


4  •  5 


5.6 
I  .  I 


BeatSi 


o 

13*1 
It « 


15  7 

o 


This  table  (hews  the  beats  for  all  the  concords, 
reckoning  upwards  from  F ;  when  the  inftrument 
is  tuned  according  to  an  equal  afcenc  of  notes ; 
where  the  flats  and  fharps  {py  il^  )  (hew  whether 
the  upper  note  is^  lower  or  higher,  than  the  true 
concord  in  the  laft  column.  In  the  odave  above» 
the  beats  will  be  twice  aa  ro907 ;  and  in  the 
oflave  below,  Jbuc.  haJX^s  0ViPjJ  being  always 
proportional  to  the  number  df  ^rations  0/  the 
baie  note.  The  ^tb  is  moft  ierviceable  in  tuning, 
and  the  number  of  beats  in  one  fecond>   for  the 


£fthU 


n 


300 


If  it  be  fuppofed  that,  the  beat  is  not  made  at  the 
points  X,  Y,  but  at  fome  intermediate  place,  wiyrre 
they  fdl  thicker  and  more  confufed  \  and  that  at 
Ac  pdTnts  X^  Y^  there  is  the  leaft  imperfeflion. 
Yet  the  pedodic  time  .will,  dill  be  the  fame,  what» 
f^etp^^of  the  cycle  XY  it  fiiUs  in.    When  the 


48f  P  H  y  S  I  C  A  L,  fif^.  B.  n. 

Fig.  cycle  XY  is  very  fliort,  the  fingle  beats  are  im* 
r59.  perceptible^  and  we  hear  nothing  but  a  diiagreea* 
pie  noiie.  All  the  concords  beat,  but  being  ex-!> 
ceedinjg  quick,  they  are  not  perceived  fingly ;  and 
being  regulat*  throughout,  they  exhibit  za  agreea- 
ble harmony. 

When  the  pitch  of  the  two  notes  are  n^t  altered, 
the  beats  focceed  pne  anpther  in. equal  times,  buc 
altering  either  of  them  nearer  to  a  perfefk  har- 
inony,  the  beats  fucceed  in  longer  times,  and  the 
fiearer  tl)e  longer,  till  at  laft  they  vanifli,  when 
the  concord  is  perfcft.  All  the  beats  are  hearcj 
!|n  organs »  -but  only  half  of  thco)  arp  he^nl  |i| 
f^fineed  inftrume^ts* 


♦ 


i  •  •   •  ^  • 


.     r,   -f 


,"•     fJ 


/#       -^ 


I 


$  EC  T» 


*    ♦ 


r     ' 


S  E  C  T^    XU. 

Vrohlem^  relating  to  Series^ 

ml*  '  _  •  ' 


•i 


>t        ^ 


4^3 
Fig, 


A 


t  < # 


r 


pRQB.  ccm,. 


1      •  .« 


Given  the  didmeier  of  a  fircle ;  to  find  tUfiie  tf^, 
regular  foligan^  infer ihed  init.   '  ' 

LET  7/ =r  diamdter,   »=:  number  oF  liides ,» 1401. 
;f=ride  of  the  figure,  :£B.:  "By '  1>iglBho-' 

metry,  ^^~^^  =  arch  DE^a,   by  (abftitution. 
•  An()  (Trig.  I«  12.)  half  the  fide,  or  EA  =  a  >^ 

^A-^B-4^C.»..   A«d,EA«r 
EB  .r  «=„_^  A  -^B  -  ;^C- 

A  a/I 

Or  thas, 

..-    By  a  table  of  natnral  pe9,    Md  thp  llnp  cf 

180  .  *,        .     .     ". 

.-„   =;;»  then  x=:<»,  • 

p  R  o  B.'  ccnr. 

Divide  by  the  leaft  power  of  »,  that  i^  by  **  , 

and  ir-*«f  ij.  *•  ^  he*  =  <fc<«'.    Take  r  the  near* 
;  eft  ropt,  and  put  r+*=x. 

Then 


PROBLEMS    »f 


B.II. 


Thea 


-i  ■  ■  i 


2 


8 


:9  —  ^7 


If 


+   x*  =.f  + 


dcce 


1 1 

"5 


7^^ 

abee 


t 


r 


=0. 


dccx\:;;:^^dccr''' 


Scat 


i 


1      "T*  3 

2  r*  8r^  ' 


I 

Whence 


^   r: 


,   ^Vich  miy  be  repeated  fer 


s   ' 

more  exadtnefs* 


Or  tbuu 


Seek  the  leaft  common  dividend  of  the  denomi- 
nators of  the  indi<ies  of  x,  and,  reduce  the  equaaon, 

..which  wUI  become  x"— f+»^+*^"--:'^^*^ 
*«>.'•  Putari:«'»^j   then  the  •  equatioa  txscoroes 
^o_^^.^^^,«,^««-Q.   .ox  Af'^(^-^¥\'' 
=<,  md  the  root  rWV»^4  gwes  #,  .ana  cortc- 
j)ueotly  v' ^is<  bad. 

•  -  PR  o  fi.   ccv*  : 

141.  Given  ih€ Jtit^  AC,  CBi  if'ihetrimJt  ACBi  ««[ 

/i&^  r/«w  */  AB  /*  tbe  aub  CE  «  ^^aj    W 

,  Jid  MB. 


.^  -    a      • 


Let  AC=r=i4,  CB=J  =  *2,  AB=*,  a«a 
AB-:  CE  :  :  10':  4,  whence  archCEn*  »•  .^^^ 
>=:cof.CAB.  T"** 


BtSLXa.  -3  B  R  I  B  S.  49c 

Thpn  (Trig,  cafe  5.)  ir-4>MH-2rgr=j»,  wfienp:  Kg. 

«  =  ■  ircofi  A  to  the  radius  u  and  ly  n 
■^'^^^  +»Jf  =  cof.  A  to  the  radius  r.  But  (Trig- 
L  12. cor.  I.)  cof.  Anr— —  4-  — j,  &c.  i=  >; 
4**    .  4^  4^ ^- 

•    J*        III  ■'       «^v    ■■  lYfta- 


20or  ^  24.ioooor>        720.  loooooor' 
+  — ,  and  tran^pofing. 


2S         '     2i 

■ii     I     I  ■ 


14* 

2J     20or  ^     ^  2400oors  ^     ^yzooooooor^  "^        ^ 
&c  =  r —    ^  --^  or  Ar*  +  Bx*  +  C^&c  =>, 

by  fubftitution,    then    ( Prob*  Ixii.  L  )   ^    = 
^        B  ^       2BB— AC ,    ^  ^  ^ 

•a'~a'»**+  ^"T^ — *'  ^^*    =''^^*»    •"** 

x=28.93. 

P  R  O  B.    CCVI. 

% 

♦ 

(Tivm  the  artk  ef  the  circle  BHE,  /tnd  thejhe  ED  )  I42< 

/0  jfoi  /i>«  fA/iftf  BC. 

«  ^ 

\ 

Let  BHErzJrrS,  BDss/=?«  Take  an  angk 
f  nearly  eqnal  to  ACB^  nx  finC)  j±:  its  oofine^  , 
|«d.=:i.if=.oi7453^  r=:3.t4t59^6f  thm  •j^:* 
arch  belon^g  to  the  angle  p.  Let  p^^fs^tme 
angle  ACB  %  then  )ip+«y  or  ai^Hhsrs  corHfpon^. 
dtnt  archs  (putting  ssjur);    And  (Trig.  L  i}.)^ 

the  fine  of  9^-|*ar=«+to ->^ — •*""7r+*t^  +"• 

2         o         *4« 

J  s     '        s 

fkt.  =:--rr  — '^ir^«-^-j-2 /^queft»  that  is^ 


493  P  R  O^B  Ll:  191  S    0/         'E:n. 

■ 

Fig.   s  .^a'   '    If    '      a      \  s 


J 


np—^ 


Aflumc  P—SS"*  'hen  a  and  b  will  be  known, 
and  R=-— .boioa^i,'  and  (Prob.  M"i.  1.)  z  or 
'  R'      B  1;        2BB— AC 


A     ^A»"  "^       A* 


R'  (ic.    n: 


.0M084,  and  X  =— ».o62i  degrets,:  which  is, 
3'43"i  ;  therefore  />+x=54'  56'  «6"i  =.^ACB. 
Hence  BC=;34565i3;  •■    ' 

,.         *•     PR  OR    CCVIT., 
143.  Tie  »MnaU  AG,  tf»i  fia^tf  BG  «rf  f »w»  ijndjbe 

'    equation  of  the  curve  U^  zzfypM- — ; — 

-   '       •     •  '  •  *  * 

'  end  a+x—\/aa+zz  i-tobere  ACzzjft  BC=a» 

:  tofafd  AB.  ■  ■•    ' 

1 

Let  jr=:6=:i&,  xzzgzzg^  a=r+€j  taking  r  the 
ncarcft    value    of    a.  Thea,    h.  log  : 

£^  y/^rr+ire+ee+gg  &c.  _  ^  '_  A       ^    1 - 

r+e    '.  —  irrf*  T  r  "^  IT  "*" 

~   fifC.     And    (puttJng  /=:rr+i^),  by  evolu- 


»  ^ 


|jpfl»  teg:    "  ,»ii./r  ■■>■  ;P7~;74-~.-«>it 

«.  -      »  I  •        '  •  * 

«    '■!       t     ^      -i=  numbei"  of   the  hyp.  log  J 

"      •  '  -H-   — -Je-    (putting  »= 
li.  teg:  — )(Prob.  Ixxxv.  I.)  And 


Sea.JXII.           •  S  E'«  .1  E  5.- 

#t' 

And  tnidtiplying  by^^r^et  -'    '   '■ 

Fig. 

■  •  ••     ■".-.■■  i  •■-       ,    ■ 
.  ^.  ^'    t    iS                  nhe    ,    nhHe 

i+f+J  +  ^^'^-'^-r  +    2r» 

"       ■      >'      .:    Miee. 

143. 

J 

1 
• 

Aod  reduced 


«w)» 


r       nb  gg      nth         >        ^     *   * 

•  ••♦^  I..  r  ,^ 

I 

3:69885,  and  xzzy^a/i -^zz^azz^osiS^   fubAl-' 
tutc  this  value  of  ja   for  r  in  the  laft  equation, 
and  the  operatioh  ^  fepeaced»    gives   ^  ftitt  tnoie 
exaft. 

P  R  O  B.    CCVIII.        •  t 

Given  the  length  of  a  pendulum^  Md  the  areb  it'de-; 

Jcribts\  to  find  the  time  U^  by  dtfcriiing  arreater\ 

^ch.  "■■..•  -_      ., 

-  —    •       1* 

Let  r= length  of  the  pendulum*  /=cordof  htif 
the  arch  it  detenbes,  Csrany  other  co^d,    }:±tiRte' 

of  felling  through  ar.  .  P  «-t~^-  /..  Then  by 
mechanics  U  is  founa  that  the  dme  of  i  vibrafiiwl,' 

a  =  P  X  :  X  +^^  +  ^  arc-^of  the  tofcf^  eJ 

CC      oC*  ^  *^ 

•^  =  ^  •  ^ '  +11^+ J;;  ^^-  ^^^"^^  ^'!^^\ 

tadPx:  ^^  +  --^-v   Cw?   &C      - 

ttmtloft  i^  one  Vibration  fbrthe  cord  e.    But 

'  .    .  i»h«j 


:i94  pnoBhEUs  of       b. u ^ 

fjg,  when  ^  b  o,  P  is  the  dioeof  one  vibradMy  wkidi 
does  not  feifibly  difier  from  s  vibration  for  the 
cord  €.    Therdfore  fioce  86400=  the  number  of 

ds  int4hours»  dierfefore — 5 —  2s  number 


«  w  I   I ;  ff  I 


of  vibmtions  for  the  cord  r>  in  24  hours*    There^ 

^     86400     ^     CC— <r   .  ^^ 

Jbte  ~g-xPX     j^yy    &c    or   86400   x  i 

■    7~<'  +  -t;. X-C*-<4  8rc  J  =  feconds  loft  ia 
24  hottrs)  that  Is,    ^^     X     : 
Cc— <^  +  g^  X  C^— ^  &€•  :::  feconds  loft  ia 
24  hours  }  and  ^— -  x  CC— <f  9  is  nearly  s  tfa« 

TT 

feconds  loft  in  24  hours. 
If  r  fwings  feconds,  then  rr:39>l,  andthcdme 

kft  in  24  hours  is  nearly  =  3.53  x  CC«— rr. 

Cor.  If  c  h^Of  and  Czzcord  of  go"".    Afen^' 
idtm  vthfoting  intho  douUe  arch  of  90%    «mtf  kfo 
4  h.  20  a»;i.  iir  24  hours  time. 

And  if  r=€H  then  to  find  the  Ittgth  of  a  jpen^ 
dulum  vibrating  in  the  arch  (^  C  in  the  xoxoA 
time.  Let  r  zz  pendulum  vibrating  in  the  verr 
linall  arch,  x  r:  pendulum  vibrating  in  the  arch ' 
of  C.  Then  the  leng^  "'^Pg  ^  ^"^  fquares  fA- 
die  times  of  vibration,  we  (hall  have  in  the  firft 
caie  y/r  for  U   and  tn  the  fecond  y/x  for  / } 

whence  in  the  firft  cafe  ?=  ^~^  n/r ,   in   the 
&cond  ?=  -^^^    v/^.    And  the  times  being  e-' 

qual  we  flali  iUMre   Px.«    <»  r-T""  v'*'  =  ^i 


St&.  Xll.  S  E  R  1  E  S/  49^ 

^        3'4«6    .      ,      ,    CC  .Fig. 

^rj  '  CC 

-s/xxt  +  j^.  and  rnx  +  -jj,  which  re- 

duced  b  rjr«-^^=:|CC  i  wbeoce  at  will  be  fooiid. 
And  on  the  otMitrary  x  being  given^  r  will  be 
foulid. 

p  R  o  B.  cax. 

Civm  the  latitude  failed  framy   the  deparJur^^   and    * 
difference  cf  longitude  i    to  fnd,  tie  diffirencf  of 
latitude. 


Let  i/ndeparture^  /zzdiff  longitude,  xrz  ardi  of 
latitude  come  to,  zi=its  men  parts,  azz  the  gi veil 
lar.  mrtits  mer.  parts. 

Then  bf  Mercator^s  SaiUt^ ;  as  diffl  lat.  (jiH^xy 
:  mer. diE  latitude (nh^i):  :  d:  ly whence 4i-^4xzz 
dm-'^-dz^  and  dz — Ixzzdm-'^^L  But  Dr.  Hallef% 
Series    for   the    meridional    parts    of    x\      is 

*  +  -7-  X'  +  ---  *5  +  __  y7  &c.     Therefore 

o  24  5^40 

J  d  6id 

^6        ^24        ^  5040 
dm-^al.    And  by  rcvcrfion  of  feries  (Prob.  Ixii.) 
X  will  be  founds  then  243^  =r  latitude  in  mi- 
nutes. 

Orfixfy 

« 

Seek  another  latitude,  by  the  table  of  meridio- 
nal parts,  fucb,  that  the  proper  diffcrenee  of  la- 
titude divided  by  the  mer.  diff.  latitude,   will  be 

d  ' 

equal  to  the  quotient  *r ,  which  is  eafily  done  by 

a  lew  criid^' )  aad  that  b  thx  (xher  ktinide. 

PROB. 


49$  PROBLEMSi&r.  &II. 

Fig. 

P  R  a  B.   ccx. 

I 

t44«  ne  curve  BMD  is  defcribei  with  a  pair  ofcempaffes 
Mpm  ibefurface  of  a  cylinder^  wbitb  ii  i^&nuards 
fintcbed  inSQ  a^M$ui  *o  find  the  ardinait  FM* 

Let  d^dizmtttt  of  the  qrlioder,  azzAB  the 
extent  of  the  Gompafles»  AP=x,  PMnjF,  ti= 
€ord»  whole  arch  is  jr  Then  (Geom.  II.  21.) 
aa  ■  xxzzw.    But  (Trig.  L  ii.  cor.  a.)  v=y — 

by  rererfion  of  feries  y  is  had 

If  the  arch  was  in  a  given  ratio  to  the  chords 
the  figure  would  be  an  ellipfis ;  but  as  this  is  not 
fi)^  the  curve  will  be  a  mechanic^  one. 


V  V  V 


SECT. 
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SECT.    XIU. 

Problems  toncerning  exponential  quantities.    ^  . 

*  •         '  ■  -  r  •  ii  r       •  •  ■•* 

*  •  •»      ■ 

P  R  O  B.    CCXL 

Some  maids  Jrivipg  ajlock  of  Jheep^  were,ajked^  ho'-Jif 
htany  they  had  ?  To  which  they  anfwered^  that  if 
tbe-flock  was  equally  divided  among  them,  thejhare 

'  ofjeacb  would  be  twice  as  many  as  there  were  maids*.  ^ 
And  if  the  terms  of  this  double  progrejfton  i^  2,4, 

'  6,  £srr.  be  ctmnted^  as  often  as  there  are  maids ;  tb6 
Iqft  term  will  be  the  number  offheep. 

JL^fiT  a=j[heep,  ^=:lnaids.  Xkeq  y  =  2^  , 
and  the  e^  term  of  the  progrefGon  i,  2,  4,  8,  £?*.r. 
IT  2~  (Proper,  25.),  therefore  2  '  n^  ,  per 
qufcft.    Whcnte    attiee^    ^nd  2'   r:2tf,  and  t%^ 

pungirtg  a^  2  32 4f^,  or  2  =±  et.  Therefore 
e-r-z  X  log:  2  3:  2log:  €,  or  .30103^  — .6o2o(/ri 
2log:e^  and  .150515^— ^f:^  z:  .30103.  Then  to 
find  e  (by  Rule  5.  Prpb-xcii.^,  aflumc  ^:£:6,  thert 
.1505^ — log:ezz. i2s^  which  (hould  be  .301,  and 
the  error  is  — .176. 

Again j  aflume  etzy^  then  .1  ^05e'--logten20S^' 

and  the  -error  ia  —'.092 .  Then   -^  ■  g  _^  -rr^  rr  i .  i  j 

therefore  ^nS.i  nearly. 

Sappofe  er:8.i  ;  then  .1505^— /i?^:^:s. 31061 
and  the  error  it  +  .bbg6.  And  the  corrcdion 
r;^i.04,  and  ezz8,i — 1.041^7.996  ;  and  ezzS 
cxaift,  and  azziiS* 

K  k  P  R^O  B. 


4^ft  EXPONENTIAL  B,  II. 

Fig. 

PRO  B.    CCXII. 

fiwt  travellers  at  150  DiiUs  difiofue  fit  out  to  met 
a/u  another.  In  the  fever d  dayt^  A  goes  at  this 
rate^  5,  10,  20,.  40,  tSc.  B  goes  6,  10,  14, 
1 8,  &<r.  ndks  \  to  find  in  what  time  tbey  wiU 
meet. 

Let  *=:days,  (by  Gcooi.  Prog.)  A*s  laft  day, 

«riU  be  5  X  «*"'  I  »nd  hi«  journey  5  x  a*  —  5* 
And  (Arith.  Prog.)  B'«  laft  day  is  6+4»— *f  or 

4jf+2,  and  "     ^^  X«,  or  Wf»+  4*  :S  B'a 

journey.     Whence  2'  X5— 5  +V+a**=>5^ 
and  2*  +~  **  +  —«  =  31.    Ai»d  2*  =  31 

*  —  —  *x    And  kg:  2*  or  x  X  i^-* «  — 

8  A 

loi:'oi  — — jf — -^  XX.      By  trials  *  will  be 

found  greater  than  4;    let  »=4»    *nd  «+«=», 

8 
^=4,  e=log:2.    Then  «i+rv=fty;3i— ^»  — 

~-«  _.!. gm.^'^fnf.mm'^  w.    But  the  nombet 
JO        10         10^^     10 

bdongwg  to  (H-i-evzieu  x  :  !+«««  ^"^  *^- 

(Prob.  Ixxxv.)  whence  M+cmmt-t-  ^-^  »c 
8  4  1        8  4 

Ab4 


10 


Sea.  XIII.  PROBLEMS. 


A99 


And  reduced^  onntv  +  --r-?vi»?:3i  *^' 


10  lO 


Which  put  into  numbitt*  tdd  rfevertthg  thfc  feriM, 

•    (Prob.  IxiL),  t^  is  had  =.  j2  j  then  put  new  n  for 

«-^t;  or  4'3%^    and  fq>eat  the  operation  j  and  at 

PROS,  ccxiit 

7f^  ;r  in  Msquaiitn^  k*  ^n^^s^^jZ^^ 

Here  x  will  iM  fbUnd  betwedl  8  ami  9.    Put 
nzzZ^  n+vzzx,  hzzlog:n^  frrAy:  123456789 ;  then 

^%x=:A5f; 1 23456789 2:^  or  »+t>  x/^:»+v=^. 

But   (Prob.  toxiv.)   Ajf :>r.+v  t=  *  4.  ~   — 
Mt;*         Mv>  ^ 

.    ,    ^Mv        fMv^        nViv^  ^ 

zz  Mff  'ir  •^ **^  "    ■■-  .^^  "'         etc, 

^     n  2»*     ^     jj^    ***'• 

and  tranfpofing  and  f educing, 

.^  <>•  t;'  *&♦  *&^ 

=  -jj|-.    And  extrafting  the  ^OC  (Prob.  fciii.) 

v=:,64002,  and  x  Or  new  «:r8.64O0i  "fer  ano- 
ther operation,  which  willgtve  f= 8.6400x68. 

K  k  2  PROB. 


500  EXPONENTIAL  £•  IL 

Fig. 

PRO  B.     CCXIV. 

To  find  the  'oalue  of  y    in  the  equation 
looo — X  X  iog: looo-^x  zz  x. 

Put  b=  I  GOO,    xzza+Vj ,  b-^a  zzg^    p=log:  g  ; 

then  g — V  X  log:g — vzia+v.      And    fubftituting 

•    the  logarithmic  ferics  ihftcad  of  hg:g — v    (  Prob* 

•  V  V^  V*  v^ 

IxxxivO,  g-^  ^'^^Y^Igg'^3t~4£^^^' 
^,a+%  which  multiplied  and. reduced  is,  gfh^^ 

-  ■  ^^ .      V'  V*  v^  v^ 

&c.  =0.    AiSLime  ^11:836,  and  extradin^  the  root 
(Prob.  xciii.)  v::;:.053i5',  and  Ar=:836,053i5. 

PROB.    CCXV. 

To  find  X  in  the  equation 

X  1000 


# 


Jog:  1000 — X    zz 


1000— >r         X    * 


Put   »=iooo,    xzza+Vy    g=n-^j   p::zkg: g. 
Since  x  is  nearly  =860,   afiume  ^=860;    thea 

i2-f-v         n 

the  equation  is  hg:g--v   =  ^::::^— jq^j;-.     But 

leg  :  g^^  ^  p^—^—  &c.    Whence 

, » 

a+v — ng-J^nv  v       'vv        v^' 

Which  equation!  reduced  giv.es ' 

agp  — 3av  +  ^v»  +  6^  W  &C.  =0.      ,  -- 


In 


Sea.  XIII.        PROBLEMS.  501 

In  numbers,      ,      ,  Fig- 

4626.3+71381;  +  3.8702^* — .oio88t;*=:o  ; 
or  1+  1.5431;  +  .0008361;*  —  .  000002 3i;»z:o  ; 
whence,  by  cxt rafting  the  root,  vzz — ,64822,  and 


P  R  0  B.    CCXVL 

*  Having  given  the  equations  x^  ^  =rjf*  »    and 
y^  ^zzx^',   to  find  x  and  j. 

From  the  firft  equation  yzzx  *  ,  and  from  the 

fccond,  j^^^***"-^  ;    therefore  x  *  z=:x  ^'^•^.  And 
equating  the  indices n  -^  ,    and  x^^-y  = 

mn.      Whence  J  =:;f    '"' zz  x     ".Therefore 

by  the  firft  equation,  a:*+^     "  =:/  =  X*^  ,   ' 

and  again  equating  their  iiidices,    x+x^  nzzy/tnn. 
Then  x  being  had  y  is  known  from  the  equa- 

m 

tion  yzzx^  «. 


«« 


To  find  X  put   xzzv^  ,  then  *     *    or  :v   * 


m» 


zzv^  """,  and  v    '\-iy^^  zz^mn.   And  the  root 
may  be  extrafted  by  logarithms. 


Kk3  PRop; 


gpt  EXPONENTIAL         B.  II. 

Fig. 

P  R  O  B.    GCXVII. 

f  9  find  tie  value  af  x  i>  tbu  e^aiion^  X^+i^s:*^ 
X  hiing  the  hyperbolic  hg:  of  x. , 

Here   x  is  between    i    and  2,    therefore  put 
x=:i+t;,  then  (Prob.  Uxxiv.  cor.  i.)    X  z=  v  — 

V*      V'      v^  v*      ^.' 

-+j---j6ic.  Whence  v — J+-&C*    + 

V~—  +  —  &c,    =  ^— ,  and  mukiplykig  and 

reducing  v+— v"' — g-t;'  &c.  zzi,    and  by  rc» 

▼erfion  (Prob.  Ixii.)  vis.56,  and  x^i.56. 
But  b^caule  thit  does  not  converge  faft  enough  1 

JJflt  ir:*:i.5^,  and  n+v^nx^  1:^1:44468^3  zi  hyp. 
og:  Mzzm  X  lojg:  # }  then   (Prob.  Ixiociip.  cor,  a.) 

V         V*         v^ 

X=/+— — 'Tzi  +  TTI*    whence  wc  ihall    have 

M       ami  ^        «       2*« 

And  when  multiplied  and  reduced. 


^      ..  / .-— »  : .    m^i 


/+!  x«/+^+»  +/XV+-— •  w  &c,  :pi. 

In  numbers, 

1.0011991  +  «-53i8o22v  +  i.a46593V*=i ;  or 
5t.03i«+v«^3-^,OQ»7586.  Whence  (l*rob.  W-) 
vs — •ooo?66i,  and  ii+t^.or  9czzi.$5gis$9* 

■ 

Oibifwife  this^ 

Let  /=.4446858  the  h.  log:  1.56,  or  ir,  as  be* 
fore,  /+i;=X  \    then  the  number  {^)  belonging 

to 


&ft.XIII.        P  R  O  B  L  E  M  S*  &oi 

to /+i  or  X=:»x:  x+J+*^^^  +  -g-^*  ««• 
(Prob.  Ixxxv.)  5  whence  l+s*+t+s  :  X n+ns  + 
^  nss  &c.  r:  i  i  and  by  redud!on» 


In  numbers, 

1.0021921 +3-94961  "+5.008515*^  arc.  221. 
or  \7%%^%S'\'Ss— — .ock>437o8  I 
And  cxtrafting  the  root  (Prob.  Ixxxriii.)  i=— 

^0005549,  and  /+*  or  X  =.4441309,  and  jj-a 


s 


•1928836  the  com.  log:  x  •,  or  elfc  —  =:    -^ 

.0002410,  andflncecom.  log:  1.56=.  193 124^^ 
therefore  .193x246 — .0002410  =  .1928836  tho 
common  log:  x«    Whence  Jf=i«559i34* 

PROB.    CCXVIII. 

T^Jlnd  X  intbeeiuaiim  x'    =.  ^H45^7^^* 

Put  ^=123456789,  and  by  a  few  trials  you  will 
^nd  X  near  2.8,  put  s=a.8,  n+t^nAr,  /=k>g:flr» 
ip/z:hyp.  log:if. 

Then    (Prob.  Ixxxv.  cor.  6.)  ;r    ^  =    n    X 

4  +w/v+v.    Put  r  =«*,  tf  =  n*  X  «/*»  +  V  * 

then    x^  r:   r+f  5     let    this     be     aa     ki* 

dcx,  then  ^'    n  y^'^'  =^  1?+^^^  c    (by  th< 

fame   cor.)  /  xi+»fe+'T=i^  /^  qucft:*  Theo 

reftoring  the  values  of  r  and  a  »    )C  1 1 4-  a^ 

Kk  4  M 


5P4  .  EXPONENTIAL  B.  U. 

Fig. 


n 

n  V 


X  mlv+v  +    — :  zzi.     Put  gzzmln  X  ml+i* 


n 


then  »|     X  1  +g'^  +»      '     =:^,    and  by  reducing,* 


^  =:  — '     '  '  \   here  n     n   97620000  ^ , 

n  ,      /I  — I 


«-— I 


i»/:^jl .02962,  ^=:37-33<58$   ;^       =6.38 10, there* 

2/:8200oo  - 

b  ,  /—I 

Or  let   -—:?:/.     Then  v=;     •  .  -_,-         = 


^     =.006054;    then    n+v  or  x=:2. 806054 


43-7  ^7^ 

neafly  ;  or  put  «  =  2.806054.  for  another  operation* 

This  prob'cm  is  eafily  refoved  by   rule  5,  pro^' 
blem  xcii.  by  makii^g  feveral  fuppofuions  for  the 
value  of  ^,  and  finding  the  correttion  every  time; 
and  fo  you  will  continually  approximate  to  the  true 
value. 


P  R  O  B.    CCXIX.     ; 

I/yihe  the  log:  x^  //  is  required  tdfind^^  in  ibt 

^uation  x    4-X*r:i6o. 

«.  .  • 
.  Let»+v=x,  l=]og\n^l+s;=log:n'^'UyLz;z]og:L 
T^en  (Prob.  Ixxxv.)   n+vzzn+nm  &c.  whence 

h+nms^'^'+l+'s'''^'^'  =:  100.    But  (Prob,  Ixxxv/ 
<;or.  ^. )       n+n^i  '*"=  nx  '  T+mls+Ims, 

And  r+s"*"^'  =/•  X  1  +«'Lw  +  J. 

Therefore 
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Therefore  nix  i+2mls  +rx  i+w*Lw+-T=:ioo, 


Or  ;i  x^»/J  +  '  X  «*L»j+y  =:  100— «'— r=^. 
And  Jzr     —7 


To  approach  nearly  to  the  value  of  X,  we  (hall 

have  X  log:x  or  XX  .=:log.  x    ^  and  x  log:  X  z= 

log:  X*  .  Therefore  num.  of  XX  +  num.  of 
xlogiXmoo.  By  a  few  trials^  X  is  found  be- 
tween 1.^5  and  i.26»  but  nearer  1.26;  therefore 
fuppofc  /=  1.257,    ^^^^  «=  1 8.072,    L=:.09933, 

1^  =38.02,  /*z:62.4i,^= — .43,    2mln  =  220.1,* 

»L/'i»*=:594.o,  ^Z**^'   i=  897.4.        Whence 

—  4^ 
/  =  .  zz  —.000251 ,    and    X=i. 256749; 

and  ^=18.0613.* 

Here  we  have  fought  the  logarithm  X,  for  vari- 
ety •,  but  the  nun>j3er  x  might  have  been  founds 
;^fcer  the  manner  of  the  laft  probleqn. 

P  R  O  B.    CCXX. 


X* 


Cfven  *1      +»*  .f.*^""'  -j»  X*  zz^oo  j   /»  fad  x. 


Take  »  rery  near  the  root,  to  be  found  by  fit- 
qurnt  trials,  and  put  n+vzzxt  /=log:»,  r=»*  , 


% 


Then 


iOC      .    "EXPONENTIAL,  (iff,,      B.  if. 

^'S-     Then  X*  3Ji+v'+*  3ir^  4 + mh+v    (Prob» 
Ixxxr.  cor.  2.)  ^r+/rv. 

An*  ?''  r:/:*-^"  =^+5'+^*     =  /    v 


rv 


Alfo  *  '=—  = 


I        ^   f — fv 


And 


»+fr 


I 


(&•  cor.  6.)  r:/— ii/v. 

Therefore  writing  for  the  federal  powtrs  of  x,  thtif 

refpcdive  values,  we  have 

.     I 

200    p    r    /+-^ 

reduced  z^= ->       ...  i,  M,r<  . 

It  eafiljr  appears  that  df  is  greater  than  2*  and 
trying  a}, .  i^  will  be  found  a  Ucde  too  fmall  % 
therefore  afTume  »=:2.27,  whence  there  will  come 
out  vzz — .0009463/ and  therefore  af=:2.26^0537> 
which  xnay.JM  put  for  m^  for  another  eperatiocu 


i' 


SECT. 


SECT.     XIV. 

problems  <tf  Maxima  and  ^mma. 


P  R  O  B.    CCXXI. 

The  Um  AE,  tnd^the  two  points  B,  C,  iung  given  u^g^ 
in  pofition-t  to  Jind  the  point  P,  /» /j&4/ BP+PC 
may  be  the  leaft  poffibli. 

TA  K  E  the  point  f  extreamlv  ne^  P,  and 
drawB^,  Cp,  and  alfo  ;>D  -i-  toBP,  and 
jO  J-  to  CP.  Then  /D  is  the  increment  of  BP; 
and  PO  the  decrement  of  CP,  therefore  DP =OP. 
by  the  nature  of  the  queftion.  And  iGnce  the  \if^ 
pothenufe  Yp  is  common,  pD=:/>0.  And  Z-pPD 
=^PO,  that  is  BPArzCPE;  whence  the  triangles 
BAP,  CEP,  are  fimilar.  Put  AE=*,  AB=f, 
CE=y,  AP=y,  EPz:*— ^  ;  then  AB  (p)  :  AP 
(y)  :  :  CE  f  f ; :  EP  {h-^\  thcrcfdre  qxrziph—px^ 

and  px+qx-pk,  and  ^=^^»  and  ^-  ^; 

P  R  O  B.    CCXXII. 

Tife  lines  ABC,  and  CE  tmg  givfn  in  pojitm^  and  i^ 
the  paims  A,  B,  being  given  \   to  find  the  print 
D  in  the  line  CE,    where  the  angle  ADB  /j  the 
greateft  poffible. 

About  AB  defcribe  a  circle  to  touch  the  line 
CE;  then  the  point  of  contaftD  is  the  point 
required. 

For 
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Fig.      For  to  any  other  point  £,  in  the  line  C£,  drair 
146.  AE,  BE,  and  draw  BF.    Then  the  angle  AEB  is 

left  than  AFB,  or  its  equal  ADB  (Geom.  IV.  i  j.) 
Let  BC=*,    AC=:«/,  CDi=*.     Then  (Geom. 

lY.  21.  cor.  2.)  xxzzbdt  and  *'=L\/bi, 

P  R  O  B.    CCXXIII. 

I47»  ^0  draw  the  Jl^orUfi  line  fojfible^    through  a  given 
point  P,  placed  vAthin  the  right  angle  ABC. 

Let  CPA  be  the  (horteft  line.  Draw  PD  pa- 
ral^l  to  AB,  and  PF  parallel  to  CB,  and  let 
PDiz^,  PFizr,  CDizXj  Crzr^  an  cictrcamly  fmall 
quantity,  PC=:z. 

By  the  fimilar  triangles  CDP,    PEA,  x  :  2  :  : 

r  :    —  =1  AP,  and  by  the  fimilar  triangles  CDP, 

xe  be 

rHC»  z:  X  \  :  e  \  —  -=::.  We.     Alfo   z  \  b  iie  i  — 

z  z 

=HC.     And  by  the  fimilar  triangles  PCH,  PG^, 
z  :  —  :  :  -'    :    -■ — zzaG.     And  by  the  fimilar 

Z  X  zx  ' 

bee    bbce  _ 

triangles  CDP,  tfG A,  x ;  3  :  :  —  :  -—  =  AG. 

_  xe      bbce  bbc        , 

But  Hf=AG,  *atis— =£^--,  or  ^^—^  and 

ifizzbbc^  whence  x=^bbc* 

.     PROS.    CCXXIV. 

J48.  Given  thi  line  EF,  and  two  points  A,  B  ;  to  find 
the  point  D,  fo  that^  tf xAP  +^xBD,  may  Ife  the 
teaji  pojftble  ;  a^  b  being  giien  numbers. 

Take  d  infinitely  near  D,  and  draw  Ai,  Bd  % 
on  which  let  fall  the  perpendiculars  Dr,  D/.  Then 

will 
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will  axAD+ixBDzzaxAd+ixBdj    and  by  fub-  Fig. 
traftion  axAD—A*/  =  *  x  Bi— BD,    or  axdr=  «48. 
ixdf'    But  in  the  triangles  'D<^»  Dc^,    the  hypo- 
thenufe  Dd'  is  common;    therefore   dr  i  dfx.: 
S.4/Dr  :  S.ifD/:  :  cof.  ADF  :  cof,  BDE.     Whence 
axh'.'.cxA,  BDE  :  cof.  ADF. 

Let  AF,  BE  be  perpendicular  to  £F  %  and  put 
AF=f,  BE=</,  EF=«,  DFr:*,  DE=«.    Thca 

=cof.  ADF  ;  then  b\a\\     ,—  •^-    • 

^x  ^  ,      aW 

■  sscof.  BDE  =  S.DBE.  And', -7--= 

'  \v  i  :  I  :  '^BD)  v/^u-^'^;v    ;     therefore     t;     = 

,   y         "  "  >    and  ^i;v^4r+xx  =1    axv  ad+vv* 
^\/cc+xx 

And  fquaring,  bbccvV'\'bbxxwzzaad^xX'\'aaxxw^ 
but  vzin—Xy  put  pirA^ — oigy  then  Pocc+pxxxw 
zzaaddxxy  or  bbcc+pxx  x  nn-^rinx+xxzruiaddxx  i 
fcduced,  px^^-^^pnx^  +pnnxx — 2«^ifr;c+^»r'»*=:o. 

^    '^-^add 


P  R  O  B.    CCXXV. 

S'Ar^^  points  Ay  B^  C  i^/»g-  ^iV^»;  /^/«i  a  fourth  14a: 
/(?/»/  D,  >  /i^tf/    tfxAD+^xBD+^xCD,    »w?y 
be  the  leajt  pqffible ;    where  •  tf ,  ^,    r,  are  given 
numbers. 

Let  D  be  the  point  fought  ;  with  radius  CD, 
defcribe  the  circle  GDH.  Take  the  point  d  in- 
finitely near  D,  and  draw  Ai,  B^  j  on  AD,  BD, 
let  fall. the  perpendiculars  dr^  df.    Then  fuppo- 

fmg 
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Fig.  fing  CD  to  be  girert,  4xAD+^xBD  wilt  be  « 
149.  miaimum.  Buc  istxDr  is  the  increment  of  axAD, 
and  ^xD/  is  the  decrement  of  /'xBD,  therefore 
4xt>r=:^xD/  But  in  the  right  angled  tritnglea  Ddt. 
Vdf,  Dr  :  D/:  :  S.EWr  :  S.t)d/ ; :  S.rDC,  or  ADC 
:  S.mDf  or  BDC.  Therefore  *  :  n  : :  S.ADC  t 
S.BDC. 

Afer  the  fftlne  mMner»  fuppofing  H>  pven^ 
we  (hall  have  €  :a:  :  S. ADB  :  S.BDC. .  There- 
fore when  4ixAD+^xBD+^xCD  =  miniitnum  ; 
n,  6j  Cy  are  refpedively  as  the  fines  of  BDC»  ADC^ 
ADB;  orofBDm^AD^i^BDi't  which  makes ito^ 
Tl^refore  if  a  triangle  be  made  of  the  3  lines  a^t^Ci 
ihe  angles  of  this  triangle  will  be  equal  to  the  an^ 

fles  ac  Dt  viz.  that  oppoiite  to  aizmDB^  t^ 
tzmDA^  to  cziBDr.  Therefore  all  the  angles 
about  the  point  D  being  given ;  the  diftaaces  AD» 
BD,  CD  will  be  found  by  Prob.  cxxku. 


P  R  O  B.    CCXXVI, 

150. Given  the  triat^U  ABD»  and  the  circUCVK  whofi 
center  tf  A;  iofnd  tbepmnt  V  in  the  circumfe- 
rence CFK,  tbnt  tbe  angle  BFD  may  te  the  greats 
eft  poffibk. 

Through  the  points  B,  D,  deicribe  the  cirde 
BFD  to  touch  the  circle  CFK  in  F,  the  point, 
required.  For  to  any  other  point  C,  in  the  ch*- 
cle  CK,  draw  DC  cutting  BFD  in  S,  and  draw 
BS,  BC.  Then  the  Z.BSD  or  BFD=/LBCD+ 
CBS  i  therefore  BFD  is  greater  than  BCD. 

On  BD  let  fall  the  perpendicuhrs,  AH,  FI, 
GE  I  G  being  the  tenter  of  the  circle  BFD.  Then 
to  find  its  radius  GFi   let  BE=:EDr:*,   HErr^ 


^ 
t, 


AH=/>,AF=rvGE=:}f.  Theft  AG =v<iH-«  +'* 
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=  \/^pp+cc+if^+xx  ,     and      GF    rt         Fig, 
y/pp'^cc+zpx+xx'^^  and  BG  =  s/^i^+xx  ,  '50. 

whence  ^/pp'i^ce^^^xxJr^yZv^h+xx  ^   and 
\/>/+rr-|-4/9r+«f  =ir+\/^*+*y,  which  fooared 

is  tt+fp-^tpx+xxizrr+tt+xx+tr  x  x/kl^xx: 
Put  szzcc+jpp-^rr-'^^  %    then    ^+2^  =  ar  x 

xfbb^xx^  and  ii+4^^4l!^^  =  4frW  +  4n:i«i 

reduced,     4^^^^  +  4{^  zz  4rrtk 

Then  x  being  founds  it  will  be  EG  (x)  i  rad/ 
(i)  :  :  BE  (^)  :  tang.  BGE,  or  it«  (u{>plesnent 
BFD.  ■ 

r  R  O  B.    CCXXVIL 

T^find  ibe  gnaU^  area  contaiiud under  any  munisr  9f^5^^ 
right  lines  given^  and  another  line  unknown. . 

Let  ABCDE  be  the  figure  \  then  fince  ABE+ 
BCDE  is  a  maximum  \  it  is  evidentt  whatever  the 
figure  BCDE  ts,  ABE  muft  be  a  right-angled  tri- 
angle,  rigbt^ngled  at  B. 

Again,  fince  ABC+CDE+ACE  is  a  maxi- 
Alum  ;  it  is  evident  whatever  ABC  and  CDE  are,' 
ACE  muft  be .  a  right-angled  triangle,  right-an- 
gled at  C. 

Alfo  fince  ABCO+ ADE  is  a  majdmum  1  it  ia 
plain,  whatever  the  figure  ABCD  is«  ADE  ;nuft 
be  a  right -angled  triangle,  right-angled  D.  And 
fo  on  if  there  were  never  fo  many  lines.  And 
therefore  all  the  angles  ABE,  ACE,  ADE,  fub- 
tended  by  A£,  muft  be  right  angles ;  and  confe- 
qoently  the  whole  figure  is  infcribed  ia  a  femi* 
circle,  whofe  diameter  is  AE,  fo  chat  the  whole 
may  be  a  maximum. 

Therefore  if  it  be  required  to  find  the  area, 
W9  muft  find  the   diameter  AE,    and  dicn  find 

the 


«a  MAXIMA    arid  B.  It 

Fig.  the  area  of  the  poligoa  ABCDE  inicribed  in  a 
femicircle* 

P  R  O  B.    CCXXyilt. 

« 

IS*-  Tc^nd  a  line^  wbicb  with  three  given  Unesi  will  cen^ 

Sain  the  greatefi  area  poJJtbU. 

It  Is  plain  the  line  fought  is  the  diameter  of  the 
femidrcle  in  which  the  three  given  lines  ate  in- 
fcribed. 

Let  ABCt)t  be  the  quadrafigte,  draw  the  dia- 
gonals AC,  BD,  on  which  let  fall  the  perpendi^ 
culars  CP,  BF- 

I^t  AB=:>,  BC==r,  CD=^,  diameter  AD  rzjf. 

Then  BD=:\/j!>— **>  and  kCt=:\/yy—dd.      But 
(Gcom.  IV.  28.)  CPrz  -,   and  BF  -  -.There- 

, y  y 

fore  *  +  —  y/yy--bb   =  a  area    ABCD  ,    and 


he    ^ .  _      cd 


^  '^'Z'>^yy — ^  =2  area  —  b^  —  y/yy — bh  ^ 

J  J  .  • 

and  by^cdy^y/yy-^bb  =  dy-^bc  \/yy — dd^  and 
fquaring  and  multiplying,  bby^'{-Qbcdy^'\'Ccddyy-^ 
b^yy—^ibHdy-^bbccddzzddy^-^-ibcdy^  +  bbc^j—d^yy 
-^ibcd^y — bbccdd.     And  reducing 

--^d      •—  bbcc    —  2b^cd 
+  ccdd 
+  J* 

And  dividing  by  bb — dd 
y%  — ij;  y  —  2bcd^  and  y  being  known,  the 

area  is  known  from  the  foregoing  fteps. 

PROS. 


Fig:  139 

i'    S  'i'   ^    '»'   J 


I       T 


pi.xir.^'.^^ 


».  ^  f 


\' 


•      •) 
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Fig.. 

P  R  O  B.    CCXXK* 

«  •  .  . 

SP  is  perpendicular  to  PM,  and  there  is  given  SP,  '53> 
SN  5  and  drawing  NL,  fo  that  the  angle  LDM 
mof  be  equal  to  SCP  \  to  find  CD,  ^  maximum. 

Draw  N A  perpendicular  to  CD,  thenCAzrAD, 
and  CA.  is  a  maximimi.     Put  SN=:^,    SP=:i/, 

SC=7,  then  CN^*— :y,  CP=\/^y^;i52.      Tlicn 

by  ficnilar  triangles,  y  :  y/yy — dd  :  ^— Jf  :  CA=: 

^T^  v<y>r-<^=  "*«•  ^nd  *~;p  X  '    .     ^   =:    , 
nupc.  =  b—y    —  —  xh^'-^y  .    Incrcafe  j^  by  a 


yy 


very  finall  quantity  ^  then  h—y-^e  j=:b—y  — 20< 
Alfo  jy+<  zzjy+iye,    and   by   divifion 


4^1/  dd        idde     _-,.         f — •        dd 

Whence  h—y    —  —  x 


yy+^ye "  yy       ;"  •"       jp^ 

T-—*        -5 — *  7 —        dd       2dde 


b~^  —  2<  X  *— ^  *    *nd  tnuiiiMfing,    m  x  *— jr 

=  —yT  X*-^    +  -^-Xf—yt  «nd  diTiding 

<«      dd 

hy  u  X  *—y»  I  =  -;  X  *— :r  +  ^,  tod  mul- 
tiplying by  jp*,  we  have  y*zzddt^^ddf+d4ff  or 
y^z^hdd^  mdyzs^tdd. 


LI  PROB. 
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Fig. 

P  R  O  B.    CCXXX. 

»  •  •  • 

154*  GiwM  tbtfitwtm  q/  the  two  pbues  A,  E»  Md  th^ 
river  BD  5  and  fuppofi  a  traveller  going  ^$m 
A  io  C,  can  travel  6  tmles  an  hour  an  tki^  Jido 
the  river  frm  A  to  Ci  and  9  miles  an  -hour  on 
the  other  fidi  frm  C  to  E\  it  is  required  ta 
kmm  tobere  he  muft  erofs  the  rtver  BD,  fo  timi 
homeffgojfrom  A  to  E  w 4hi loe^  time pfffiUo. 

L«t%B,    ED   be  perpendicular  to  BD  •,    kt 
ABnuJDE^^, BD=i,  w=6, azzg.^Czzx.  Then 

CD=d-^.  AC= 


And  for  queft.  fci  :i  : :  v  j*+«*  ••  vff-M£ 


■»• . 


=  time  in  AQ  and  »  :  i  :  :  s/dd  +d^si      : 
^*+^^^,    c   time   in  CE.  .    Thcrcfbtc 


^^^+^^,  +  \/^J^  +  d^^     5S  mimmuin..  Of 
»  n  — 

in/tftf+xx  +)»\/^*+  i-^^ix  min.    Write  sc-^e 
for  X ;    then   xxzzxjs  4-  ax^    and    2— x-w  si 
<^x—  ttf  X  <^*-ir.    Thereft)fe    wc    have 


<      1.1     i>— I     L      »K      '»     ■■*' 


3^  •   '    But 
xe 


y/'4a+xx4^ixe  zi  s/aa-^-xx   +   ">  V      /and 


v^'"  '  :^ 


Seft.XIV.      •     M   A   X    I   MA.  515 

^yw    I .,..;  ^>    ThtTctote   n^iiA-fyy.^i  i^  t  i.    154, 


\/aa'^xx 

v^^^+^— y  ^l^.,.^ 

nxs/^i +dd'^dx-^xx  i;  m^ttx y^'^Vrx !;    and 
fquaring   nniixX'^njuidxxrT-^2fmdx^'i-nmc^z;:fimuUaa 

And  being  ccdwqed  i$^ 

mnxK  ^nuL  2md:(^  '^Jiml4f(M+2wmukmx^f'<>m*^^ 
— mm  +  zmmd  ^mhb  " 

— mmdd 


t 


F  R  o  &  ecxxxi. 


JVitUn  the  given  augU  ACB,  to  cut  off  a  giveB.axt4r  1$$* 

Witt  ^fmtejt  Hue  AB.     '   - 

Let tho  area=^  ;  j,  refine 'ind'coC"€/)'GA;=^ 
CB=7,  then  jvr  queft,  S9^=p^  an4  b|j^ri^QQt. 
mctry  AB—S/pcx+jiy — 2^^  r:  mim  ^ 


k  b 

xx+yjf'^zcxytriLXsiitu  hut  arjp:?  f^%  a*l  jr  =  —  , 

.      ^  ■      ^^       larii. ..     .  /   -. -^ 

therefore  ipr  +  "^— r  -^-^  =:i9i|i.  o^-  xx  +  -rr* 

zzmin.     Put  ^«f^  for  ^>  then  x-H  s  ir*^-^^, 

and  -z=rr  oy  *+^^'  =  ;2.   —  -j,     W^eAce 

L  1  a  XX+ 


5i6  -MAXIMA    ««/  B.n. 

Fie.  bh       1      hh      2e  H 

?''*-  -^  =**»  *"^  *=  5}^-.'  ^"^^^  *•=«• 

*♦         h*      ss        hb         ',      , 
But  7*=  ^4  =  T:  X  ij  =  -  J       therefore 


/=*♦,  and  7=x  =  ^--. 

9 


P  R  O  B.    CCXXXII. 

'  5^»  ;  To  find  the  greateft  parallelogram  infcrihed  in  a 

triangle. 

Let  the  parallelogram  BDEF  be  infcribcd  in  the 
triangle  ABC  Put  AB=tf,BC=:^,DB=:5f,DE=y. 
Then  by  the  fimilaf  triangles  ABC»  AD£,  tf--<jc 

-yii  a  :  J,  and  ^'zzha^^x^  and  yzz  — - —  zz 

•        A«r  ^        bxx 

^  ~  -^.    But  scfz:zmax9   or  bx-^  -^  =  max^ 

Put  i  for  the' fmall  increment  of >>:  then  the  in- 
crement of  bx  is  be^   and  the  dccretnent  of  xx  i» 

x+i  —  xv=;::^^,  and  the  decrement  of  —  s 

rr^,    when<:e  ^^  n  ^ — ,  and  « =  —  ,    ana 
If =5^.    Therefore  v^i^. 

PRO  B.   ccxxxin- 

157.  Given  nfu-prnt  V  vntbin  the  right  angle  ACB  }  /• 
drew  the  line  APB,  fi  that  A?x^^  i^y  he  a 

Pffiw  DP,  PF  parallel  to  CB,  CA }  and  put 
CFs;;^,   CDzr,   A0=*.    Then  by  nm'iUr  tri- 
angles 
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angles  x:i::e:y^  znd  xyzzbcy  and  7=  —  •     f  1?* 
Then  AP=V"^*+xjf,  and  PBs=i/tf-Hy  j     and 
AP?<PB=  v/2J+^  ^"-^^-^  =   min.    and 
fquaring,  Hcc+  -^  +  (£xx  +  ike  =  min.    and 

*cxx  +  —  =inin.    Whence  cc  xx+e*      + 

i*C{  h*ce  

— :- » ^'^^  +  TT 1    or  t(  X  xx.+u«e.  +  *♦«  X 


j;^;--;^  —t(xx-i-  ~.    Whence  2ffw— .  ^,. 

=0.  *  =  jr»  or  «4=:M,  and  *=^,   whence  jr=:f. 

And    AC=x+f=*+r,      and    CB=^4jr=^4-r. 
Therefore  ACsCB. 

*  •        ^ 

And  if  U  ht  r*<p^td  to  have  AP+PB,  d  nam-- 
mumy    we,  fliall .  have .  y/ii^xx.+  y/cc-^jj  = 

min.   or  v^bi+xx   +  J tc+^ti  -  n^jn.  "  But 

» #* 


\/**  +  x+*   —y/imUt    =  •  -  -the 


■»  >  • 


increment  of  v^^J^pw.     And    in   like    manrter 
—-bbece  •  f'^ih^e      " 

*'  V  «+ x^  ■ 


bbce 

>ce        ■■     '      bbce'   •  •;       "     \  '    '  " 

v^wq^  =  Wb-^^*   ^"^  *'=**^'.  -or 

xzzy/bbc^  as.Ip  jPiolji  ccxjuii.rby  s^9d5r?nic^ho4-.> 


«.^  -■- 
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Fig, 

P  R  O  B.    CCXXXIV.  ' 

Given  the /urn  of  thtlegs  if  a  rigbt-a^gled  triangle  i 
tnfind  the  b^s,  fa  ttt  f  eMtain  the  p-ee^  eerea 
foffihle. 

Let  tfr=fum  of  the  legs,  x==  one  of  them  i  then 
JO(0— Hr=:  2  areft  t»m.  therefoi^  tc+e  x  a^^ — r 


zzMXa-^^  that  is,  ax — xx^^^-^ae — xezzax^^ 
M,  amd  #^«-^4^r=:o,  or  uxizn,  whence  x::±\4^ 
and  M'-'^zrzia.  Therefore  the  legs  are  equal.' 
And  therefore  when  the  area  is  given  %  the  fum  d£ 
the  kgs  Win  be  die  fcaft,  when  mey  arc  equal. 

P  R  O  B.    CCXXXV, 

Given  the  area  of  a  right-angled  trimgU  %  fofinithl 
Jides^  fobcH  the  perimeter  is  the  leqfi  ptiffibU. 

Let^rrai^a,  xnAim  of  the  legs,  Vy  jrrithe  t^/o 
Irgs*,  then  vv^yy+i^zzLXXy  ^ut  t)jzz%a.  and 
w+jyzzxx — ivfzuxx — ^a^   and  the  hypothentifc 

~y/w+j(y  =  ^xx — j^'y  therefore  x+^xx-^Jta. 

=z  perimeter    z;  mrn.     write  x+e  for  xi     then 

^  ■« 

^+^  —  4^^  r:  v/*jf+2^^— 4^  =  v/xx-— 4iS 
^        xe  ^ 

Z/^    7^  =  ^  +   v/xx— 4i^,  and  tf+--,J^ 
v*» — ^49  v^xv — 4tf 

=0.    And  ex/xx^^^a^z — xe^     and  f^x» — 4Mee::z 

xxee^  and  4aee^Q,  and  «=:  — ,  or  ^  =:o.      And 

4.a 

therefore    fin«  thfl[  increment  -  of  jf  is  nothing  ; 
therefore  x  is'  a  minimum,    and   when  x  or  the 

'    :  fum 
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film  u  a  minimum  j  then  the  legs  arc  equal,  by  Fig. 
the  laft  problem  j^^therefiwe    v=y=ilx ,    ana 
|MVX2«»  or  x:=:y/ia, 

t 

p  R  O  B.    CCXXXVI. 

Croeu  the  folitUty  tf  a  fyuare  fyramid  BF  5  to  find  15S. 
tbefimi$Jii€  AB  the  kafi  poffiiU. 

l;et  *=iftUdity,   y=CB  the  hdg^  jr=2AC 
>che  breadth,  then  AB=  >/xx-^iyy.    Bot^=:^» 

and  w  =  %•;  therefore  AB=  V** +4;    = 
minimum,    and    «f+*r;  =  «in.     iSit  *+e  for 
X,  then  **=:*x+2x*,  and  ~  =  r^  =  ^ 
-fe  I  whena  xx^  ^+  ^-  ^^  =:»x4-  -. 
and  ««— ^   =»  ,    and  8x^:stS,    whence 

4^x 

p  R  o  B.  cx:xxxvii. 

Crww  Ibe  foMty  vf  tbefquare  pyramid  W^  to  find  ij*- 
thai  which  bos  the  Ue^jurfacey  excluding  tbebsfe. 

f 

Let  *=folidity,    xzzQZ    the  height^  jyz52AC> 
or  2 AD  the  breadth;    Then  ABiz  s/xx+\^  , 
and  iv  X  y/xx'-^lyy  =:DBL,  and  ajv/xjif+^j^    = 

furface.    ^\Xt  ixyyzzbj  ^na  yyzz-^.    Whence  the 

furface  =  ^J^>^J^^-^^-  ^^  3*^+4xi 

L  1  4  =:maxi- 


ftzo  M  A  X  1  M  A    «Mi  B.  IT. 

,^y^  =maximvBn.    And  3^x+  ^^  =:  maxtmumi  or 

izix  +  2>-  srrnjix.  write  x+e  for  x,  then  ^^ 
Mir  xg 

qhb  ahb^         \Zbbe     _,       . 

=:nr+^  =  1?7  —  "I?--    Therefore  i2**+ 

12**   +  ^ -^,   =12**+^;  and  ,i2^«u. 

-^  =0,  or  12*=: —p,  and  iax>=;i8*,-  and 
*'=:—•,  whence  >f=:  v^— ^. 


2  2 


p  R  o  B,  ccxxxvm. 

.  >59-  ''^  ^^  ^*^  ^/tf/^  cylinder^  infcrikd  in  a  gtven  cone. 

« 

Let  axb  ABr:iS  ^  BC  or  BFz:*  ,  rr: 
3-1416,  DB=;c,  DE  or  DGijr.  Then  by  the 
fimilar  triangles  ABC ,  ADE  ,  4 — ^x  :  jr  :  : 
M  :  i»    and  .tf^r:    ba-^x  ,    or    3x  n  ^  «—  ^jr, 

and    ;f    s:       — ^ — •    Bat  fj^^szmaxipnum,  or 

CyX  ~j —  =  — ^-^j — *^=:max.  that  is  t-  X 

iyy — y^zzmm.  and  ^vy— j^rrmaxi  put  7+/ for 
y^  then  ^  becomes  %+2^^,  and  jf*  becomes 
jFJ+37*e.  Whence  hy+2hye--^^—^2S^ez:ihx^'^\ 
And    ztye—jyyezzo  ^  or  2^=13^,    ahd\;=l^. 

whence  a: 2:  — :: — zr — a. 

P  3        .  .  ' 


PROB. 


Se^.XlV.  MINIMA.  521 

Fig* 

P  R  O  B.    CCJXXXIX-    • 

Qivfn  the  wrigbti  if  two  eia/Hc  kodies  A»  C;   /^ 

find  the  height  of  the  .  iniermediafe  hdy  B  ^  > 

ihtt  A  /triking  hai  refit   4nd  B  wiik  the  m^ 

tiM  acquired^  firiUng  C  si  r^^    may  mak  Cs 

.  motion  the  great^  fofihU. 

Let  x= weight  of  B,  if  =:vdocity  of  A* 
^zrvdocicy  of  6,  acquired  by  the  ftroke. 
v=  velocity  c£  C,  by  the  ftroke.  . 

Then  Aa  b  the  motion  of  both  A  and  B,  af* 
ter  theftroke»  as  well  as  befqrei  fnd  a  is  the 
difference  of  their  velocities  ;  therefore  j— tf  is 
tbe  velocitv  of  A  after  the  ftroke.  And  (ince 
the  fum  of  their  ipotions  remains  the  fame  (Me- 

chan,  io,)>therefore  xy+y — a  xAzzAa^  or  xy — Aa 
+Ay  =Atf,  that  is»  xy^AyzzzaA^  and  y  zz 
7aA 

A+x' 

Again,  xy  is  the  motion  of  both  B  and  C,  and 

^  the  difference  of  their  velocities,    as  well  after 

as  befote  the  ftroke  of  B.    Therefore  v-rry  is  the 

velocity  of  B    after    its  ftriking.  C.       Whence 

Cv  +  v^  xx:zxyt  or  Cv+xv;:z2yx.  Whence  vzz 

2yx  4^Ax  *  f 

r>  ,  ■   =  ,■■■■     J.  M  .as=>  =  maximum    per   que-' 

ftion  5    or  «== — ==--*  =   maximum  5     or 
A+xxC+x 

A+jrxC>y  .  . 

'  =  mmimum,   that  is» 


AC+A+C.y  +  xx  .  .  AC     . 

■-■  '*'      ■  r:  mmimuip  »  ^or    — -    + 

A+C 
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W  •  AC 

**  A+C+ysmiainuitt}  therefore  -j^  +  *  =  «ni- 

AC        AC 
AC*        .    ,     ,      AC       AC*  ,      , 

AC  '  ^ '  '  •     .    •      • 

+  x^  and  throwing  (Mt  tbt  iupedltious  qon- 


X 


tidesy   ^ «» ^0 9    and    «ti!:AC,     wbencc 


jfsv'Ae. 


P  R  O  B.    OCXLt 


rd  Jbrf  **— Jf*  /*«   treate/t  fi0k,  MfM  * 

greater  than  »» 

VTrite  x+e  for  «f,  dien.  «+«**  — »*  +»**"  <-, 
and  *+^*  =*"  +wf*~'«i  therefore  Jf+**  — 
i+«"  i=x*— /  i   that  is,  *•  +W 


**=:«*—«*  .     And  bf  fubcraaioa  , 
«/*"**— a***"**  =0,  or  W*"*  =««*"'  »     W 

•         •  •  • 

wx*  =»**  •    Artd  »  being  greater  than  #i,    wc 
have  m^^zzm^  and  ;if*"***  =  *7 *>    whence 


K    = 


=  7^. 


P  R  O  B. 
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'  % 
^  R  O  B.    CCXLI.  »*c* 

T^  Jhd  the  greaUfi  parallelogram  infctAtd  in  tbtgu 

^en  €urvi  AMC«  4 

Lee  MPBF  be  ihe  greaceftparellelogrftm.  To 
the  point  M  where  it  touches  the  CQWe,  draw 
the  tangent  TMD.  Then  if  the  ibbtangtait  PT 
be  equal  to  tilt  heij^t  of  th^  parailclografn  PB» 
then  MPBF  is  the  greateft  parallelogram.  For 
jt  is  plain  from  Pfobkm  ccxxxii,  that  this  paraUe- 
lograiti  is  thie  gretteft  that  can  be  infcrtbed  in  the 
triangle  TDB;  aod  as  this  is  greater  than  any 
other  that  can  be  Infcribed  in  the  triatigle^  io^ 
mudh  mor6,  is  ic  greater  than  any  other  that  can 
be  inicribed  in  the  curve,  fince  the  angle  M  which 
is  in  the  curve,  will  in  all  other  cafes  fall  Abort 
of  the  tangent. 

Therefore  knowing  the  inethod  of  drawing  a 
tangent  to  the  curves  you  muft  feek  the  pK>int  P, 
where  the  crdiMte  PM  beihg  erefttd^  and  the 
tangent  TM  drawn»  TP  may  be  equal  to  PBn 
Thus  if  AM  be  a  parabola  \  put  ABz:4»  APz:;ir, 
then  by  the  nature  of  the  curve,  AF  =x,  Whence 
TPrr:23e,  PB=:fl— X,  therefolrc  2*=:^— x,  ^x-zza^ 
or  xrr4<«. 

And  jthe  fame  will  hok!  good,  if  not  in  all,  yet 
in  moft  curves  which  are  convex  to  the  axis.  For 
(ince  the  parallelogram  is  the  greateft  for  the  tri- 
angle, it  will  alio  be  greateft  for  the  curve, 
fmce  the  curve  ac  that  place  coincides  with  the 
tangeitt. 

Oibtrwife  tbta^ 

Sappofe  the  nature  of  the  turve  be  rx .  :=.y  , 
where   APi:*,   PM=7,    aifo   AB-rf,    BCr:^. 

Then 
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Fjg*  Then  PB  =:<!— x,  and  a^x  X  y  —  tsizx.      But 
i6o.  t    III  X   jf 

jr  =:  r^x",   therefore  tf^  X  r^x*  ^  max.    or 
^ jt  *  —  *  *     =  niaxim.    put   x+ezz9C  j    then 


+  —  tfjp    •  r,  and  ^+^  • 


-:  ^    «     4*  ^^^•^.      Therefore  « 

» — If       m+n  w  «r  «+« 

— ^  iw+ir  —  —       -— . 

iw— ir  m 

whence  — tfx  *  ^  r x"  ^:::i  o  9      .or 


iMx  *    =  m+n  X  *•  ;      arid     dividing   by 

mn^  ' m — m+n  -   .   ^ 

X  ^  ^    ma-rrm+n  XX     •      r:«^+«  x.r,  whence, 

xzr  'ijrryc    ^^^^  *^  general  for  att  parabolical 

j6g€lres.  ^  Thus  if  wrzi,  »:r2,  as  in  tlve  common 
parab6la»  thenxrfitf,  and  if  i»c;2,  «ir:ft .  then 
ijl  xi::|tf,  as'  in  the  fame  parabola,  witji  its  con- 
vexity towards  the  axis.  If  w=i,  »=:i  \  then 
xtz\n^  for  the  triangle,  as  was  prpved  before. 

.    PROP.    CCXUI. 

161,  G/v«»  /i^  iifiance  of  the  point  A  /r««  fhe  perpen- 
dicular plavt^  BC  ;  f^  the  pefitim  of  tbt  plane 
AC,  tbrtugk  Vfbich  a  b^  feall  defend  in  the 
(horteft  Jtif^e  pifffibU  it  tb^plne.  JiC. 

Let  AB  be  perpendicular  to  BC,.  AD  parallel 
5_Ki  and  CD  perpendicular  to  AC.  Put  AB:^*, 
BC=»-5  tfcto  i^Mechan.  s+.cdri  i)  m'thetime  a 

body 
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body  defcends  through  the  inclined  plane  AC,  ano-  Fig* 
body  will  fall  perpendicularly  through  the  fpace  I0i« 

AD.  Therefore  as. the  time  in  AC  mult  be  a 
piinimum,  the  time  in  AD  muft  be  a  minimum^ 
and  AD  itfelf  muft  be  a  minimum.  By  th^  fi- 
milar  triangles  B AC,  CAD,  it  is  BC  {x)'> 
CA  (  s/H+xx  )  :  :  CA  ( ^U+xx  )  :  AD  = 

— - — .=  minimum*     And  — +Af=mm.wntey+f 

X  X 

bb          bb        bbe'  bb 

for  *,  then  -  -.—  = ;     therefore   ^ 

He  bb  'bit' 

—  —  -irx+e  =  —  +x,  «nd  -r-jj  +* =0, '  o» 

bb 
1=:  rr*    Md    xx=ibb,..or.  x=^,     therdore 

XX 

BC=;BA.  '      — 

Otberwife  tbus^  >  .     ^ 

Dcfcribe  the  circle  AGC  with  the  center B,  tod  i^** 
radius  BA  \  draw  AC  and  any  other  line  AE, 
and  CGF  parallel  to  it.  Then  (Mechan.  37.- 
cor.  I.)  the  times  of  a  body's  delcendin^  through 
GC,  AC,  are  equal.  And  the  times  o^  dcfcend- 
ing  through  the  ?qual  lines,  of  equal  iaclinatipo$i 

AE,  FC  are  equal.  But  iht  time  of  defcending 
through  QC  is  lefs  than  the  time  of  defcending; 
through  FC.  Therefore  the  time  of  delcending 
through  AC  is  lefs  than'  the  time  of  defcending 
through  any  other  line  A£. 

P  R  O  B.    CCXLIIL 

AB  i$  n  borizcnlal  UnCy  BD  .an  ineHned  plans.    It  is  1 63. 
reauind  io  find  fbe  pofirion  of  the  plans  AH,  through 
vnricb  a  body  ^tending  from  A  fl>all  arrive  at  tbe 
plane  BD,  in  ibe  leafi  time  poffibU. 

Suppofe  AD  to  be  the  plane,    draw  AL  per* 
pendicular  to  AB,  and  DH  perpendicular  to  AL, 

and 


»  • 


ERRATA, 

Page  328.  line  8.  (from  the  bottom)  read  4=:—. 

p.  336.  line  8,  read  ■ 


p.  430.  line  12.  read  ^J  ttx<+y 


J 


*  *  r 


p.  466t  line  3*  read  9  X  r  a  — i. 


Pl.XnL  Ae£nd. 
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